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Preface 


Vector analysis, which had its beginnings in the middle of the 19th century, has in recent 
years become an essential part of the mathematical background required of engineers, phy- 
sicists, mathematicians and other scientists. This requirement is far from accidental, for not 
only does vector analysis provide a concise notation for presenting equations arising from 
mathematical formulations of physical and geometrical problems but it is also a natural aid 
in forming mental pictures of physical and geometrical ideas. In short, it might very well be 
considered a most rewarding language and mode of thought for the physical sciences. 


This book is designed to be used either as a textbook for a formal course in vector 
analysis or as a very useful supplement to all current standard texts. It should also be of 
considerable value to those taking courses in physics, mechanics, electromagnetic theory, 
aerodynamics or any of the numerous other fields in which vector methods are employed. 


Each chapter begins with a clear statement of pertinent definitions, principles and 
theorems together with illustrative and other descriptive material. This is followed by 
graded sets of solved and supplementary problems. The solved problems serve to illustrate 
and amplify the theory, bring into sharp focus those fine points without which the student 
continually feels himself on unsafe ground, and provide the repetition of basic principles 
so vital to effective teaching. Numerous proofs of theorems and derivations of formulas 
are included among the solved problems. The large number of supplementary problems 
with answers serve as a complete review of the material of each chapter. 


Topics covered include the algebra and the differential and integral calculus of vec- 
tors, Stokes’ theorem, the divergence theorem and other integral theorems together with 
many applications drawn from various fields. Added features are the chapters on curvilin- 
ear coordinates and tensor analysis which should prove extremely useful in the study of 
advanced engineering, physics and mathematics. 


Considerably more material has been included here than can be covered in most first 
courses. This has been done to make the book more flexible, to provide a more useful book 
of reference, and to stimulate further interest in the topics. 


The author gratefully acknowledges his indebtedness to Mr. Henry Hayden for typo- 
graphical layout and art work for the figures. The realism of these figures adds greatly to 


the effectiveness of presentation in a subject where spatial visualizations play such an im- 
portant role. 


M. R. SPIEGEL 


Rensselaer Polytechnic Institute 


June, 1959 
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A VECTOR is a quantity having both magnitude and direction, such as displacement, velocity, force, 


both magninnde 
and acceleration. 
re 


Graphically a vector is represented by an arrow OP (Fig.1) de- 
fining the direction, the magnitude of the vector being indicated by 
the length of the arrow. The tail end O of the arrow is called the 
origin or initial point of the vector, and the head P is called the at 
terminal point oF terminus. y 


Analytically a vector is represented by a letter with an arrow 
over it, as A in Fig.1, and its magnitude is denoted by (Al or A. In 
printed works, bold faced type, such as A, is used to indicate the 
vector A while lal or A indicates its magnitude. We shall use this Fig.1 

Se eee emia all . 
bold faced notation in this book. The vector OP is also indicated as 
a i in such case we shall denote its magnitude by OP, |oPl, 
or |OP}. 


A SCALAR is a quantity having magnitude but @Q)direction, e.g. mass, length, time, temperature, and 
any real number. Scalars are indicated by letters in ordinary type as in elementary alge- 
bra. Operations with scalars follow the same rules as in elementary algebra. 


VECTOR ALGEBRA. The operations of addition, subtraction and multiplication familiar in the alge- 
bra of numbers or scalars are, with suitable definition, capable of extension 
to an algebra of vectors. The following definitions are fundamental. 


I, Two vectors A and B are equal if they have the same magnitude and direction regardless of 
the position of their initial points. Thus A=B in Fig.2. 


2. A vector having direction opposite to that of vector A but having the same magnitude is de- 
noted by --A (Fig.3). 


Fig. 2 Fig. 3 


3. The sum or resultant of vectors A and B is a 
vector C formed by placing the initial point of B 
on the terminal point of A and then joining the 
initial point of A to the terminal point of B 
(Fig.4). This sum is written A+B, i.e. C =A+B. 


The definition here is equivalent to the par- 
allelogram law for vector addition (see Prob.3). 


Extensions to sums of more than two vectors 
are immediate (see Problem 4). 
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Fig.4 


4. The difference of vectors A and B, represented by A—B, is that vector C which added to B 
yields vector A. Equivalently, A-B can be defined as the sum A+(-B). 


If A=B, then A—B is defined as the null or zero vector and is represented by the sym- 
bol 0 or simply 0. It has zero magnitude and no specific direction. A vector which is not 
null is a proper vector. All vectors will be assumed proper unless otherwise stated. 


5. The product of a vector A by a scalar m is a vector mA with magnitude [m| times the magni- 
tude of A and with direction the same as or opposite to that of A, according as m is positive 


or negative. If m=0, mA is the null vector. 


LAWS OF VECTOR ALGEBRA. if A,B and C are vectors and m and n are scalars, then 


I. A+B=B+A Commutative Law for Addition 

2. At (B+C) = (A+B) +C Associative Law for Addition 

3. mA = Am Commutative Law for Multiplication 
4. m(nA) = (mn)A Associative Law for Multiplication 
5. (mt+n)A = mAt+nA Distributive Law 

6. m(A+B) = mA+ mB Distributive Law 


Note that in these laws only multiplication of a vector by one or more scalars is used. In Chap- 


ter 2, products of vectors are defined. 


These laws enable us to treat vector equations in the same way as ordinary algebraic equations. 


For example, if A+B =C then by transposing A = C-B. 


A UNIT VECTOR is a vector having unit magnitude, If 
A is a vector with magnitude A#0, 


Cee 
then A/A is a unit vector having the same dir ection as , 


A. 


Any vector A can be represented by a unit vector a 
in the direction of A multiplied by the magnitude of A. In 
symbols, A= Aa. 


THE RECTANGULAR UNIT VECTORS i, j, k. An impor- 

tant set of 
unit vectors are those having the directions of the pos- 
itive x, y, and z axes of a three dimensional rectangu- 
lar coordinate system, and are denoted respectively by 
i,j, andk (Fig.5). 


We shall use right-handed rectangular coordinate 
systems unless otherwise stated. Such a system derives 


Fig. 5 
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its name from the fact that a right threaded screw rotat- 
ed through 90° from Ox to Oy will advance in the pos- 
itive z direction, as in Fig.5 above. 


In general, three vectors A, B andC which have 
coincident initial points and are not coplanar, i.e. do 
not lie in or are not parallel to the same plane, are said 
to form a right-handed system or dextral system if a 
tight threaded screw rotated through an angle less than 
180° from Ato B will advance in the direction C as 
shown in Fig.6. 


Fig. 6 from b Ap B 


COMPONENTS OF A VECTOR. Any vector A in 3 di- 
mensions can be repre- 


sented with initial point at the Gfiein O of a reetaneular 
coordinate system (Fig.7). Let (A,, A», A;) be the 


rectangular coordinates of the terminal point of vector A 
with initial point at O. The vectors A,i, A,j, and A;k 
are called the rectangular component vectors or simply 
component vectors of A in the x, y and z directions re- 
spectively. A,, A, and A, are called the rectangular 
components or simply components of A inthe x, y and z 
directions respectively. 


The sum or resultant of A,i, Ajj and Azk is the 


vector A so that we can write Fig. 7 
iceaeia es Le — 
The magnitude of A is A= lA = VA; + Ap + A; 


In particular, the position vector or radius vector r from O to the point (x,y,z) is written 


r = xi + yj + zk 


and has magnitude r = |r| = Vx? + y? + oe, 


SCALAR FIELD. If to_each point (x,y,z) of a region R in space there corresponds a number or scalar 


then @ is called a scalar function of position or scalar point function 


and we say that a scalar field @ has been defined in R. 


Examples. (J) The temperature at any point within or on the earth’s surface at a certain time 
defines a scalar field. 


(2) b(x,y,z) = x3y -—z? defines a scalar field. 


LL 
A scalar field which is independent of time is called a stationary or steady-state scalar field. 


VECTOR FIELD. If to each point (x,y,z) of a region R in space there corresponds a vector V(x,y,z), 


then V is called a vector function of position or vector point function and we say 
that a vector field V has been defined in R. 


Examples. (/) If the velocity at any point (x,y,z) within a moving fluid is known at a certain 
time, then a vector field is defined. 


(2) V(x,y,z) = ny? i - Qyzj + x*zk defines a vector field. 
NN 


A vector field which is independent of time is called a stationary or steady-state vector field. 
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SOLVED PROBLEMS 


1. State which of the following are scalars and which are vectors. 
(a) weight (c) specific heat (e) density (g) volume (i) speed 
(b) calorie (d) momentum (f) energy (h) distance (j) magnetic field intensity 


Ans. (a) vector (ce) scalar (e) scalar (g) scalar (i) Scalar 
(b) scalar (d) vector (f) scalar (h) scalar (j) vector 


2. Represent graphically (a) a force of 10 lb ina direction 30° north of east 
(b) a force of 15 lb in a direction 30° east of north. 


N 
N pees} 


Unit =5 1b 


Fig. (a) Fig.(b) 


Choosing the unit of magnitude shown, the required vectors are aS indicated above. 


3. An automobile travels 3 miles due north, then 5 miles northeast. Represent these displacements 
graphically and determine the resultant displacement (a) graphically, (b) analytically. 


Vector OP or A represents displacement of 3 mi due north. 


N 


Vector PQ or B represents displacement of 5 mi north east. 


Vector OQ or C represents the resultant displacement or 
sum of vectors A and B, i.e. C = A+B. This: is the triangle 
law of vector addition. 


The resultant vector OQ can also be obtained by con- 
structing the diagonal of the parallelogram OPQR having vectors 
OP =A and OR (equal to vector PQ or B) as sides. This is the 
parallelogram law of vector addition. 


(a) Graphical Determination of Resultant. Lay off the 1 mile 
unit on vector OQ to find the magnitude 7.4 mi (approximately). 
Angle EOQ =61.5°, using a protractor. Then vector 0Q has 
magnitude 7.4 mi and direction 61.5° north of east. 


(b) Analytical Determination of Resultant. From triangle OPQ, Unit = 1 mile 
denoting the magnitudes of A, B,C by A,B,C, we have by S 
the law of cosines 


c? = a* + B?-2aBcos ZOPO = 32 + 5% — 2(3)(5) cos 135° = 34+15/2 = 55.21 


and C = 7.43 (approximately). 


A Cc 


By the law of sines, ————————- = ————____ 
sin Z OQP sin Z OPQ 


Then 
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Asin Z 3 (0.707 
sin ZOQP = Meee = — = 0.2855 and ZOQP = 16°35’. 


Thus vector OQ has magnitude 7.43 mi and direction (45° + 16°35’) = 61°35’ north of east. 


4. Find the sum or resultant of the following displacements: 
A, 10 ft northwest; B, 20 ft 30° north of east; C, 35 ft due south. See Fig. (c)below. 


At the terminal point of A place the initial point of B. 


At the terminal point of B place the initial point of Cc. 
The resultant D is formed by joining the initial point of A to the terminal point of C, i.e. D = A+BtC. 


Graphically the resultant is measured to have magnitude of 4.1 units =20.5ft and direction 60° southofE. 


For an analytical method of addition of 3 or more vectors, either in a plane or in space see Problem 26. 


Unit = 5 ft 


Fig.(a) Fig.(b) 


5. Show that addition of vectors is commutative, i.e. A+B = B+A. See Fig.(b) above. 


OP +PQ = OQ or A+B 
and OR + RQ 


I 
2 


0Q or B+t+A 


" 
: 


Then A+B = BCA. 


6. Show that the addition of vectors is associative, i.e. A+(B+C) = (A+B)+C. 


OP +PQ = OQ = (A+B), 


B Q 
and PQ +QR = PR = (BtC). 


OP +PR = OR = D, i.e. A+(B+C) 
0Q+QR = OR 


u 
o 


D, i.e. (A+B) +C 


u 
o 


Then A+(B+C) = (A+B) +C. 


Extensions of the results of Problems 5 and 6 show 
that the order of addition of any number of vectors is im- 
material. O 


7. Forces F,,F,,...,F, act as shown on object P. What force is needed to prevent P from mov- 
ing ? 
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Since the order of addition of vectors is immaterial, we may start with any vector, say Fy. To Fy add 
Fy, then F;, etc. The vector drawn from the initial point of F, to the terminal point of F, is the resultant 
R, i.e. RB = Fy +Fo+F3+F,+F, + Fo . 

The force needed to prevent P from moving is —R which is a vector equal in magnitude to R but opposite 
in direction and sometimes called the equilibrant. 


8. Given vectors A, B and C (Fig.1a), construct (2) A~B+2C (b) 3C ~ 3(2A-B). 


(2) 


Fig. 1(@) Fig. 2(a) 


(o) 


— 4(2A—B) 


Fig. 1(6) Fig. 2(6) 


9. 


10. 


11. 
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An airplane moves in a northwesterly direction at —W 
125 mi/hr relative to the ground, due to the fact 
there is a westerly wind of 50 mi/hr relative to 
the ground. How fast and in what direction would 
the plane have traveled if there were no wind ? 


Let W = wind velocity 

Vi = velocity of plane with wind 

V,, = Velocity of plane without wind Unit = 25 mi/hr 
Then Vo = Vp + W or V, = V, -W = VY, + {-W) 


Vv, has magnitude 6.5 units =163 mi/hr and direction 33° north of west. 


Given two non-collinear vectors a and b, find an expression for any vector r lying in the plane de- 
termined by a and b. 


Non-collinear vectors are vectors which are not parallel to 
the same line. Hence when their initial points coincide, they 
determine ® plane. Let r be any vector lying in the plane of a 
and b and having its initial point coincident with the initial 
points of a and b at O. From the terminal point R of r construct 
lines parallel to the vectors a and b and complete the parallel- 
ogram ODRC by extension of the lines of action of a and b if 
necessary. From the adjoining figure 


xa, where x is a scalar 
yb, where y is a scalar. 


oD 
oc 


x(OA) 
y(OB) 


But by the parallelogram law of vector addition 
OR = OD+OC or r= xatyb 


which is the required expression. The vectors xa and yb are called component vectors of rinthe directions 
a and b respectively. The scalars x and y may be positive or negative depending on the relative orientations 
of the vectors. From the manner of construction it is clear that x and y are unique for a given a, b, andr. 
The vectors a and b are called base vectors in a plane. 


Given three non-coplanar vectors a, b, and c, find an expression for any vector r in three dimen- 
sional space. 


Non-coplanar vectors are vectors which are not paral- 
lel to the same plane. Hence when their initial points co- 
incide they do not lie in the same plane. 


Let r be any vector in space having its initial point co- 
incident with the initial points of a, b andc at O. Through 
the terminal point of r pass planes parallel respectively 
to the planes determined by a and b, b and c, and a and ¢c; 
and complete the parallelepiped PQRSTUYV by extension of 
the lines of action of a, b andc if necessary. From the 
adjoining figure, 


OV = x(OA) = xa_ where x is a scalar 
OP = y(OB) = yb where y is a scalar 
OT z(OC) zc. where z is a scalar. 


it 


But OR = OV+VQ+QR = OV+OP+OT or r= xatybtzc. 


From the manner of construction it is clear that x, y and z are unique for a given a, b, c andr. 


12. 


13. 


14. 


15. 


16. 


17. 
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The vectors xa, yb and ze are called component vectors of r in directions a, b and c respectively. The 
vectors a, b and ¢c are called base vectors in three dimensions. 


As a special case, if a,b and c are the unit vectors i, j and k, which are mutually perpendicular, we 
see that any vector r can be expressed uniquely in terms of i, j, k by the expression r = xityj+zk. 


Also, if c=0 then r must lie in the plane of a and b so the result of Problem 10 is obtained. 


Prove that if a and b are non-collinear then xa+ yb = 0 implies x=y=0. 


Suppose x40. Then xa+yb = 0 implies xa=-—-yb or a= —(y/x)b, i.e. a and b must be parallel to 
to the same line (collinear) contrary to hypothesis. Thus x =0; then yb = 0, from which y = 0. 


If x;a+y,b = x,a+y,b, where a and b are non-collinear, then x,= x, and y,= y,. 
x,at+y,b=x,a+y,b can be written 
xyatyb~-(xpatyob) = © or (x,- %_)a + (¥y- ¥_)b = O. 


Hence by Problem 12,  x1- %5=0, yy-¥g=0 or x)= %%, H= YQ- 


Prove that ifa, b andc are non-coplanar then xat+yb+zce = 0 implies x=y=z=0. 


Suppose x/#0. Then xat+yb+zc = 0 implies xa = —-yb-ze or a= —(y/x)b—(z/x)e. But 
—(y/x )b — (z/x)e is a vector lying in the plane of b and c (Problem 10), i.e. a lies in the plane of b and c 
which is clearly a contradiction to the hypothesis that a, b and c are non-coplanar. Hence x=0. By sim- 
ilar reasoning, contradictions are obtained upon supposing y #0 and z #0. 


If xja + y, b+ z,¢ = x a+ y,b+ z,c, where a, b and c are non-coplanar, then x,=%,, 7, =p; 
2,=2 
aSt2* 


The equation can be written (x;-x,)a + (yy-¥2)b + (z4-Z,)e = 0. Then by Problem 14, xy-% =0, 


2 

¥y-¥g=9, 24y-2%_=9 oF %y=%yr Vy =Vq» 2 =2q- 
Prove that the diagonals of a parallelogram bisect each other. 

Let ABCD be the given parallelogram with diagonals in- 
tersecting at P. B , C 

Since BD+a =b, BD =b-a. Then BP = x(b-—a). 

Since AC = a+b, AP = y(a+b). 

a a 

But AB = AP + PB = AP — BP, 
i.e. a = y(at+b) — x(b—a) = (x ty)at (y—x)b. 

Since a and b are non-collinear we have by Problem 13, A D 
x+y =1 and y-x=0, i.e. xy = and P is the mid- b 


point of both diagonals. 


If the midpoints of the consecutive sides of any quadrilateral are connected by straight lines, 
prove that the resulting quadrilateral is a parallelogram. 
Let ABCD be the given quadrilateral and P,Q, R,S the midpoints of its sides. Refer to Fig.(a) below. 
Then PQ = z(a+b), QR = 2(b+c), RS = 2(c+d), SP = 2(d+a). 
But at+b+ct+d=0. Then 
PQ = (a+b) = —3(c+d) = SR and QR = 2(b+e) = —2(d+a) = PS 


Thus opposite sides are equal and parallel and PQRS is a parallelogram. 
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18. Let P,, P,, P; be points fixed relative to an origin O and let r,,r,, r; be position vectors from 
O to each point. Show that if the vector equation Q,T, + G00 +450; = 0 holds with respect to 
origin O then it will hold with respect to any other origin O’ if and only if a,+a,+ a, = = 0. 


Let Me ry and r‘, be the position vectors of P,. Py and P, with respect to oO’ and i v be Le position 
vector of 0’ with respect to 0. We seek conditions under which the equation ast, ta, a ri, + a5 5 =0 will 
hold in the new reference system. 


From Fig.(b) below, it is clear that Ty=V+ rs Tn =Vt t 53 r5=Vv + rs, so that a,¥, + 4,0, + az0z = 0 
becomes 


a a i 
a,r, + apt, + a,t, a,(v+ r,) + a,(v+ r,) + a,(v+ r;) 


i ! so] 
(a, + ap +az)V + a,0, + apr, + azT; = 0 


The result a1; +a, r, + az i; = 0 will hold if and only if 


(a, + a, t+az)v = 0, i.e. a, + a, + a; = 0. 


The result can be generalized. 


Fig.(a) Fig.(b) 


19. Find the equation of a straight line which passes through two given points A and B having posi- 
tion vectors a and b with respect to an origin O. 


Let r be the position vector of any point P on the line 
through A and B. 


From the adjoining figure, 
OA+AP = OP or at+AP=r, ic. AP=r-a 
and OA+AB =OB or a+AB=b, ie. AB=b-a 


Since AP and AB are collinear, AP=tAB or r-—a=t(b—a). 
Then the required equation is 


r = a+ t(b-a) or r = (1-¢f)a + th 


If the equation is written (1-—t)a+tb-—r = 0, the sum 
of the coefficients of a, bandris 1-4+¢-—1= 0. Hence by 
Problem 18 it is seen that the point P is always on the line 
joining A and B and does not depend on the choice of origin 
O, which is of course as it should be. 


Another Method. Since AP and PB are collinear, we have for scalars m and n: 


mAP = nPB or m(r—a) = n(b-r) 


a t+nb 
Solving, r = ——— which is called the symmetric form. 
mon 


10 


20. 


21. 


22. 


23. 
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(2) Find the position vectors r, and r, for the 
points P(2,4,3) and Q(1,—5, 2) of a rectangular 
coordinate system in terms of the unit vectors 
i,j,k. (6) Determine graphically and analyti- 
cally the resultant of these position vectors. Q(1,—5,2) 


(a) r, = OP = OC + CB + BP = 2i+ 4j + 3k 


1 
r, = 0Q@ = OD+ DE + EQ = i- 5j+ 2k 


2 


(b) Graphically, the resultant of r, andr, is obtained 
as the diagonal OR of parallelogram OPRQ. Ana- 
lytically, the resultant of r, andr, is given by 


r,+ nr, = (2i+4j+3k) + (i-5j+2k) = 3i—j + 5k 


Prove that the magnitude A of the vector A = 
A,it+A,i+A,k is 4 = VA{+ A, +A4,. 
By the Pythagorean theorem, 
(PY = (0) + (PY 
where OP denotes the magnitude of vector OP, etc. 
Similarly, (00)? = (ORY + (RQ). 


Then (OP) = (OR) + (ROY + (QP) or 


2 _ 42 2 2. _ fy2 2 2 
A“ = AD + Ast BGs i.e. A = Ay FAG Ags 


Given re 3i — 2] +k, te 2i — 4j — 3k, i —~j{+2j+2k, find the magnitudes of 


(a)r,, (b)t,+t,+t,, (c) W,- 3r,— Sr. 
(a) |r] = |-i+ 294+ 2k] = V(-1)?4+(2)7+ (2% = 38. 


(b) nyt tjtt, = (3i-29+K) + (2i-4j)—3k) + (-i+2)+2k) = 44-45 +0k = 41-4) 
Then |r,+r,+r,| = [4i-4i+0K| = V4)" 4+(-4)°+ (0)? = V82 = 4V2. 


(c) 2r,-3r, —5r, = 2(3i—2j +k) ~ 3(21-4j—3k) — 5(—i + 24 + 2k) 
= 6i — 4j + 2k — 6i + 12) + 9k + 5i—10j-10k = 5i-2j+k. 


Then |2r,—3r,-5r,| = [5i-2j+k| = ¥(5)?+(-2% + (1)? = /30. 
If Tr, = 2i-jtk, Ec i+ 3j — 2k, I, = ~2i+j-3k and L= 31+ 2) + 5k, find scalars a,b,c such 


that r, = ar, + br, + cr, . 


We require 3i+2j+5k = a(2i-j+k) + b(i+3j—2k) + c(—2i+j-3k) 


It 


(2a +b —2c)i + (—a +36 +ce)j + (2-26 —-3c)k. 


Since i, j, k are non-coplanar we have by Problem 15, 
2a +b—2e = 3, -a+3bt+e = 2, a-2b—3c = 5. 


Solving, a =-2, b=1, e=-3 and r,= —2r, + ro— 3r, - 


The vector r, is said to be linearly dependent onr,,¥r,,and r,; in other words r,,1r,,1r, andr, constitute a 


linearly dependent set of vectors. On the other hand any three (or fewer) of these vectors are linearly in- 
dependent. 


In general the vectors A, B, C,... are called linearly dependent if we can find a set of scalars, 
a,b,c,..., not all zero, sothat aA+bB+cC+...=0, otherwise they are linearly independent. 


VECTORS and SCALARS 11 


24. Find a unit vector parallel to the resultant of vectors r, = 2i + 4j — 5k, Cs i+ 2j+ 3k. 


Resultant R = Fe (21 +4j —5k) + (i +27 4+3k) = 31 + 6] ~ 2k. 


R= |r| = |3i+ej-2n] = V(3)?+ (6+ (-2)? = 7. 


eer ae 
Then a unit vector parallel to R is a ad) Bea =i + 8 | = 25 ‘ 
R 7 7 7 7 


3, 6. 2 3.2. ,6.2 2.2 
Check: -i+—-j-+ = =yt+(=yt+(-=y = 1. 
ec qit ad = k | aj (>) (7) ( 7 


25. Determine the vector having initial point Pi,, Vist) 
and terminal point Q(«,, y,, z,) and find its magnitude. 


The position vector of P is r= x,i + y,j + z,k. 


The position vector of Qis 4, = x,i + yj + 2k. 
r, + PQ = r, or 
PQ > rior, = (ity, itz k)— (x,ity,jt+z,k) 


F(xo~ x, it  —y%)I+ 7 %)k. 


Magnitude of PQ = PQ =Vix,—x,) + (yy) + (%- 24) - 


Note that this is the distance between points P and Q. 


26. Forces A, B and C acting on an object are given in terms of their components by the vector equa- 
tions A=A,i+A,j+ Ak, B= B,i+B,j+Bjk, C=C,i+C,j+C,k. Find the magnitude of the 


resultant of these forces. 


Resultant force R = A+Bt+C = (A,+ B,t+ C,)i + (Ag+ B,t C,)j + (A, + B, +C,)K 3 
Magnitude of resultant = V(A,+ B,+ cy + (A, + B,+ Cy + (A, + B, + C,y : 


The result is easily extended to more than three forces. 


27. Determine the angles a, 8 and y which the vector 
r=xi+yj+zk makes with the positive direc- z 
tions of the coordinate axes and show that 


cos* & + cos? 8B + cos? y = 1. 


Referring to the figure, triangle OAP is a right 
triangle with right angle at A; then cos @ = = . Sim- 
¥y 


ilarly from right triangles OBP and OCP, cos B = ip] 


Zz 
and cosy = "hk Also, |rj=r = Vx2+y2+22, 
r 
x Zz 
Then cos @=—, cos B= 2, cos ‘y = = from 


which @, By can be obtained. From these it follows 
that 


x? + y? + 2? 


2 
cos @ + cos*B + cos? y = 1. 


r2 


The numbers cos @, cos B, cos Y are called the direction cosines of the vector OP. 


28. Determine a set of equations for the straight line passing through the points P(x, Yas z,) and 
OKs, Yor 25) 
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Let r, and r, be the position vectors of P and Q respec- 
tively, and r the position vector of any point R on the line 
joining P and Q. 


T 
= 
g 
a] 
aw 


r, + PR =r-e 
r+ PQ=rfr or PQ = fr, - 1, 
But PR =¢PQ where ¢ is a scalar. Then r-r, = 


t(r, _ r,) is the required vector equation of the straight line 
(compare with Problem 19). 


In rectangular coordinates we have, since r = xi + yj + zk, 


(xi t+ yj + zk) — (x,it+y,i+2,k) = t [(xpi +y,j+2,k) -— @it+y,it z,k)] 
or 
(x — x,)i + (y- ¥,)5 + (z2- z,)k = t[(x, - x,)i + (y, - ¥,)5 + (z, _ z,)k] 


Since i,j, k are non-coplanar vectors we have by Problem 15, 
ety = t(x,- x4), | de 7 £(% — 4)» ee t(z, — z,) 
as the parametric equations of the line, ¢ being the parameter. Eliminating t, the equations become 


x~- % YrN A) A 


Xo ~ %q Yo V4 Bo Aq 


29. Given the scalar field defined by (x,y,z) = 3x°z — xy°+ 5, find d at the points 
(2) (0,0,0), (6) (1,-2,2) (ce) (-1,-2, -3). 
(a) $(0,0,0) = 3(0)7(0) — (00)? + 5 = O-0+5 = 5 
: (b) P(1,-2,2) = 3(1)7(2) — (1)(-2)7 + 5 = 6+8+ 5 = 19 


(c) (—1,-2,-8) = 3(-1)?(-3) - (-1)(-2 + 5 = -9-8 +5 = -12 


30. Graph the vector fields defined by: 
(a) V(x,y) = xi+ yj, (b) Vix,y) = ~xi - yi, (c) V(x,y,z) = xi + yj + zk. 


(a) At each point (x,y), except (0,0), of the xy plane there is defined a unique vector xi+yj of magnitude 


Vx? + ye having direction passing through the origin and outward from it. To simplify graphing proce- 


dures, note that all vectors associated with points on the circles x?+y*=a%, a>O have magnitude 


a. The field therefore appears as in Figure (a) where an appropriate scale is used. 


Fig.(a) Fig.(b) 


31. 


32. 


35. 


36. 
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(b) Here each vector is equal to but opposite in direction to the corresponding one in (a). The field there- 
fore appears as in Fig.(d). 


In Fig.(a) the field has the appearance of a fluid emerging from a point source O and flowing in the 
directions indicated. For this reason the field is called a source field and O is a source. 


In Fig.(b) the field seems to be flowing toward O, and the field is therefore called a sink field and O 
is a sink. 


In three dimensions the corresponding interpretation is that a fluid is emerging radially from (or pro- 
ceeding radially toward) a line source (or line sink). 


The vector field is called two dimensional since it is independent of z. 


(c) Since the magnitude of each vector is Vx? + y? + z?, all points on the sphere x?+ y?2+ z? = a?, a>0O 
have vectors of magnitude a associated with them. The field therefore takes on the appearance of that 
of a fluid emerging from source O and proceeding in all directions in space. This is a three dimension- 
al source field. 


SUPPLEMENTARY PROBLEMS 


Which of the following are scalars and which are vectors? (a) Kinetic energy, (6) electric field intensity, 
(c) entropy, (d) work, (e) centrifugal force, (f) temperature, (g) gravitational potential, (h) charge, (i) shear- 
ing stress, (7) frequency. 
Ans. (a) scalar, (b) Vector, (c) scalar, (d) scalar, (e) vector, (f) scalar, (g) scalar, (h) scalar, (i) vector 

(j) scalar 


An airplane travels 200 miles due west and then 150 miles 60° north of west. Determine the resultant dis- 
placement (a) graphically, (6) analytically. 
Ans. magnitude 304.1 mi (50V37), direction 25°17’ north of east (are sin 3111/74) 


Find the resultant of the following displacements: A, 20 miles 30°south of east; B, 50 miles due west; 
C, 40 miles northeast; D, 30 miles 60° south of west. 
Ans. magnitude 20.9 mi, direction 21°39’ south of west 


. Show graphically that -(A-B) = -A+B. 


An object P is acted upon by three coplanar forces as shown in Fig.(a) below. Determine the force needed 
to prevent P from moving. Ans. 323 lb directly opposite 150 lb force 


Given vectors A,B,C and D (Fig.(b) below). Construct (2) 3A-~2B~(C-—D) (b) =c + =(A-B + 2D). 


a 


Fig.(a) Fig.(b) 
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37. 


38. 
39. 
40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


ol. 


52. 


53. 


54. 
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If ABCDEF are the vertices of a regular hexagon, find the resultant of the forces represented by the vec- 
tors AB, AC, AD, AE and AF. Ans. 3AD 


if A and B are given vectors show that (a) |A+B| < |al+|Bl, () |a-B| > |al —-|Bl. 
Show that |A+B+c| < jal +({Bl + fel. 


Two towns A and B are situated directly opposite each other on the banks of a river whose width is 8 miles 
and which flows at a speed of 4 mi/hr. A man located at A wishes to reach town C which is 6 miles up- 
stream from and on the same side of the river as town B. If his boat can travel at a maximum speed of 10 
mi/hr and if he wishes to reach C in the shortest possible time what course must he follow and how long 
will the trip take? 

Ans. A straight line course upstream making an angle of 34°28 with the shore line. 1 hr 25 min. 


A man travelling southward at 15 mi/hr observes that the wind appears to be coming from the west. On in- 
creasing his speed to 25 mi/hr it appears to be coming from the southwest. Find the direction and speed of 
the wind. Ans. The wind is coming from a direction 56°18’ north of west at 18 mi/hr. 


A 100 lb weight is suspended from the center of a rope 
as shown in the adjoining figure. Determine the ten- 
sion T inthe rope. Ans. 100 lb 


Simplify 2A+B+3C— {A—-2B—2(2A-3B-C) }. 
Ans. 54-3B+C 


If a and b are non-collinear vectors and A= (x +4y)at 
(4+ y+1)b and B= (y—2x+2)a + (2x-3y—1)b, 
find x and y such that 3A = 2B. 

Ans. x=2, y=-1 


100 1b 


The base vectors a,,a,,a, are given in terms of the base vectors b,,b,, b, by the relations 


a, = 2b, + 3b, - b,, a, = b, — 2b, + 2b, . a, = - 2b, + b, — 2b, 
If F = 3b, — b, + 2b, , express F in terms of a,,a, and a, - Ans. 2a, + 5a, + 3a, 
If a,b,c are non-coplanar vectors determine whether the vectors r, = 2a— 3bt+c, fs: = 3a-—5b+2c, and 
i= 4a—5b+c are linearly independent or dependent. Ans. Linearly dependent since r= Sr, = 2r, : 


If A and B are given vectors representing the diagonals of a parallelogram, construct the parallelogram. 


Prove that the line joining the midpoints of two sides of a triangle is parallel to the third side and has one 
half of its magnitude. 


(a) If O is any point within triangle ABC and P,@Q,R are midpoints of the sides AB,BC,CA respectively, 
prove that 0A +OB+OC = OP + 0Q+OR. 
(6) Does the result hold if O is any point outside the triangle? Prove your result. Ans. Yes 


In the adjoining figure, ABCD is a parallelogram with 

P and Q the midpoints of sides BC and CD respec- @ B 
tively. Prove that AP and AQ trisect diagonal BD at 

the points E and F, 


Prove that the medians of a triangle meet in a common 
point which is a point of trisection of the medians. 


Prove that the angle bisectors of a triangle meet in a 

common point. 

Show that there exists a triangle with sides which are » QO Cc 

equal and parallelto the medians of any given triangle. 

Let the position vectors of points P and Q relative to an origin O be given by p and qrespectively. If R is 


a point which divides line PQ into segments which are in the ratio m:n show that the position vector of R 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 
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+ Pecos : 
is given by r= Be SES and that this is independent of the origin. 
mtn 
If r,,0,-+-,8y are the position vectors of masses m,,m,,...,mn, respectively relative to an origin O, 


show that the position vector of the centroid is given by 
mt, + mor, + ... + mntn 
m, + m+ ... + mn 


and that this is independent of the origin. 


A quadrilateral ABCD has masses of 1, 2,3 and 4 units located respectively at its vertices A(—1, —2, 2), 
B(3, 2, -1), C1, -2,4), and D(3,1,2). Find the coordinates of the centroid. Ans. (2,0, 2) 


Show that the equation of a plane which passes through three given points A,B,C not in the same Straight 
line and having position vectors a,b,c relative to an origin O, can be written 


ma + nb + pe 


mt+at p 
where m,n,p are scalars. Verify that the equation is independent of the origin. 


The position vectors of points P and Q are given by r, = 2i+3j—-Kk, 4i-3j+2k. Determine PQ in 
terms of i,j,k and find its magnitude. Ans. 2i-—6j+3k, 7 


If A=3i-j-4k, B=—2i+4j-3k, C=i+2j—-k, find 
(a) 2A-B+3C, (6) [|A+B+C|, (c) |3A-2B+4C|, (d@) a unit vector parallel to 3A—2B+4C. 
Ans. (a) 11i-8k (6) V93. (c) 308 (d) 2A=2B44C 


V 398 


The following forces act on a particle P: a 2i+ 3j~ 5k, E> —5i + j+ 3k, r= i— 2j+4k, EF. 4i= 
3j —2k, measured in pounds. Find (a) the resultant of the forces, (b) the magnitude of the resultant. 
Ans. (a) 2i-j_(b) V5 


In each case determine whether the vectors are linearly independent or linearly dependent: 
(a) A=21i+j-3k, B=i-4k, C=4i+3j—k, (6) A=i-3j+2k, B=2i-4j-—k, C =3i+ 2j-k. 
Ans. (a) linearly dependent, (5) linearly independent 


Prove that any four vectors in three dimensions must be linearly dependent. 


Show that a necessary and sufficient condition that the vectors A= A,it+tA,j+A,k, B= B,i+B,j+B,k, 
Ay A, A, 
B, By Bs 


1 9 &g 


C=Ciit Co + Ck be linearly independent is that the determinant be different from zero. 


(a) Prove that the vectors A= 3i+j—2k, B= —-—i+3j+4k, C= 4i-—2j—6k can form the sides of a triangle. 
(b) Find the lengths of the medians of the triangle. 
Ans. (b) V6, 2VY114, $7150 


Given the scalar field defined by (x,y,z) = 4yz°+ 3xyz—27+ 2. Find (a) $(1,-1,-2), (b) $(0,-3,1). 
Ans. {a) 36 (6) -11 


Graph the vector fields defined by 


(a) V(x,y) =2i-yi, (b) Vix, y) = yi-xi, (ce) Vix,y,z) = Revi tek 


V x2 4 y? + 2? 


Chapter 2 


THE DOT OR SCALAR PRODUCT of two vectors A and B, denoted by A-B (read A dot B), is de- 
fined as the product of the magnitudes of A and B and the cosine 
of the angle G between them. In symbols, 
A-B = AB cos @, ofan 
ieee nN 
Note'that A-B is a scalar and not a vector. 


The following laws are valid: 


l. A'B = B-A Commutative Law for Dot Products 
a 
2. A*‘(B+C) = A‘B+A°C Distributive Law 


3. m(A:B) = (mA):B = A‘(mB) = (A°B)m, where m is a scalar. 
4, ii =j-j=kek=1, i-j = j-k = k-i = 0 
eee ee 

5. If A = Aji +A,j+A,k and B = B,i + Bj + Bk, then 
A-B = A,B, + A,B, + A,B, 
A-A = A? = A? + Al + AP 
nn a 
B-B = B? = Bi+ Be + BS 

6. If A-B=0 and A andB are not null vectors, then A and B are 


perpendicular. 


THE CROSS OR VECTOR PRODUCT of A and B is a vector C = AxB (read A cross B). The mag- 
nitude of AB is defined as the product of the magnitudes of 

A and B and the sine of the angle @ between them. The direction of the vector C =A xB is perpen- 

dicular to the plane of A and B and such that A,B and C form a right-handed system. In symbols, 


AXB = ABsinOu, 08 6$n 


where u is a unit vector indicating the direction of AxB. If A=B, or if A is parallel to B, then 
sinQ=0 and we define AX B=0. 


The following laws are valid: 

1. (Commutative Law for Cross Products Fails.) 
2. AX (B+C) = AXB + AXxC Distributive Law 

3. m(AXB) = (mA)XB = AX (mB) = (AXB)m,_ where m is a scalar. 


4, ixi = jxj = kxk = 0, ixj-k) ixk -(i) kx i =@ ) 


5. If A = Aji+A,j+A4,k and B = Bi+Bj+8k, then 
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i j k 
AxB = 1A, A, A, 
B, B, B, 
6. The magnitude of AxB is the same as the area of a parallelogram with sides A and B. 


7. If AXB = 0, and A and B are not null vectors, then A and B are parallel. 
al 


TRIPLE PRODUCTS. Dot and cross multiplication of three vectors A,B and C may produce mean- 


ingful products of the form (A:B)C, A-(BxC) and Ax (BxC). The follow- 
ing laws are valid: 


1. (A*B)C # A(B°C) 


2. A: (BxC) = B-(CxA) = C°(AxB) = volume of a parallelepiped having A, B and C as edges, 
or the negative of this volume, according as A,B and C do or do not form a right-handed sys- 
tem. If A = Axi + Aoj + Ask, B = Byi + Boj + Bsk and C = Ci + Coij + Cak, then 


A, A, Az 
A-(BxC) = Bo Bs B, 
C, C, Cs 
3. Ax (BxC) # (AxB)xC (Associative Law for Cross Products Fails.) 


4. Ax (BxC) = (A-C)B —- (A-B)C 
(AxB)xC = (A°C)B - (B-C)A 


The product A-(BXC) is sometimes called the scalar triple product or box product and may be 
denoted by [ABC]. The product Ax (BxC) is called the vector triple product. 


In A: (BXC) parentheses are sometimes omitted and we write A* BXC (see Problem 41). How- 
ever, parentheses must be used in Ax (BxC) (see Problems 29 and 47). 


RECIPROCAL SETS OF VECTORS. The sets of vectors a,b,c and a’,b’,c’ are called reciprocal 
sets or systems of vectors if 


a-a’ = beb’ = e-e’ = 1 
a-b = a'-c = b’-a = b’-c = c'-a=ec':b =O 
The sets a,b,c and a’,b’,c’ are reciprocal sets of vectors if and only if 


bxc cxa axb 
a = — b= — ci = 


9 ? 
a-bxec a-bxc a-bxc 


where a- bxc #0. See Problems 53 and 54. 
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SOLVED PROBLEMS 


THE DOT OR SCALAR PRODUCT. 


1. Prove A-B= B°A. 


A-B = ABcos @ = BAcos@= B-A 


Then the commutative law for dot products is valid. 


2. Prove that the projection of A on B is equal to A-b, where 
b is a unit vector in the direction of B. 


Through the initial and terminal points of A pass planes per- 
pendicular to B at G and H respectively as in the adjacent figure; \ 
then \ { 


— eas \ 


Projection of Aon B = GH = EF = Acos@= Avb H 8 


3. Prove A‘(B+C) = A-B+A°C. 


Let a be a unit vector in the direction of A; then 


1 


Projection of (B+C) on A = proj. of Bon A + proj. of ConA 
(B+C)-a = Bea + Cra 

Multipiving by A, 
(B+C)-Aa = B-Aa + C°-Aa 

and (B+C)-A = B-A + C°A 


Then by the commutative law for dot products, 
A°(B+C) = A°-B + A°C 


and the distributive law is valid. 


4. Provethat (A+B)-(C+D) = A-C+A°-D+B-C+B-D. 


By Problem 3, (A+B)*(C+D) = A:(C+D)+ B-(C+D) = AC+A-D+B-C+B-D 


The ordinary laws of algebra are valid for dot products. 


4 
5. Evaluate each of the following. 
(a) i-i = lil [il cos 0° = (HMA) = 1 
(b) ick = |il [k] cos 90° = (1)(1)(0) = 0 


(c) k-j = |k| |i] cos 90° = (1)(1)(0) = 0 
(dZ) j-(2i-3j +k) = 2j-i~ 3j-j+j-k = 0-3+0 = ~3 
(e) (2i-j): (Bi+k) = 2i°(8i+k) —4j- (Bi+k) = Giri + Qik -—3j-i-j-k = 6+0-0-0 = 6 


iT] 


6. If A = Aji+Aj+A,k and B= B,i+B,j+B,k, prove that A-B = A,B, + A,B,+ A,B,. 
A-B 


(A,i + A,j + Agk) -(B, i + Boj + B3k) 


Ai: (B,i+ Bj+ Bk) + 4,j-(B,i+ Bj +B,k) + Ajk-(B,i+ B,j+ Bk) 
A,B,i-i + A,Bji-j + A,Byi-k + A,B,j-i + A,B,3-j + A,Bgi-k + AGB, kei + AQBjk-j + AZB,kek 


10. 


11. 
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= A,B, + A,B, + A,B, 


since i-i = j-j = k-k = 1 and all other dot products are Zero. 


If A = Aji+A,j+A,k, show that 4 = /A-A = VAT + AD + AD, 


A-A = (A)(A)cos 0° = A*. Then A= VA-A. 
Also, A+A = (A,i+Agi +Agk) © (Ayi + Aoi + Agk) 
= (A,)(A,) + (4,)(A,) + (Ag)(Ag) = AP + AS + AG 
by Problem 6, taking B =A. 
Then 4= VA-A = VAP + Ae + Ae is the magnitude of A. Sometimes A-A is written A’. 


. Find the angle between A = 2i+2j-k and B = 6i-3j + 2k. 


A-B=ABcos6, A = V(2)? + (2)? +(-1)% = 3, B= V(6)* + (-3)* + (2)? = 7 
A-B = (2)(6) + (2)(-3) + (-1)(2) = 12-6-2 = 4 


A-B _ 4 a Gd 0.1905 and @ = 79° approximately. 


Then cos@ = pane 
AB (3) (7) 21 


. If A: B = 0 and if A andB are not zero, show that A is perpendicular to B. 


If A’B = ABcos @ = 0, then cosQ=0 or @=90°. Conversely, if G= 90°, A*B=0, 


Determine the value of a sothat A = 2i+aj+k and B = 4i-2j—2k are perpendicular. 


From Problem 9, A and B are perpendicular if A-B=0. 
Then A-B = (2)(4) + (a)(—2) + (1)(—2) = 8 - 2a —-2 = 0 for a 


Ul 
ie) 


Show that the vectors A =3i-2j+k, B=i-3j+5k, C =2i+j-4k form aright triangle. 
We first have to show that the vectors form a triangle. , 
2 (2) 
(2) (3) 
(1) (1) 
(a) (b) 


From the figures it is seen that the vectors will form a triangle if 
(a) one of the vectors, say (3), is the resultant or sum of (1) and (2), 
(6) the sum or resultant of the vectors (1)+(2)+(3) is Zero, 
according as (2) two vectors have a common terminal point or (6) none of the vectors have acommon terminal 
point. By trial we find A=B+C so that the vectors do form a triangle. 

Since A+ B= (3)(1) + (~2)(-3) + (1)(5) = 14, A-C = (3)(2) + (-2)(1) + (1)(-4) = 0, = and 
B-C = (1)(2) + (—3)(1) + (5)(—4) = —21, it follows that A and C are perpendicular and the triangle is a 
tight triangle. 
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12. Find the angles which the vector A = 3i-—6j+2k makes with the coordinate axes. 
Let d, By be the angles which A makes with the positive x,y,z axes respectively. 
(A)(1) cos @ = V(3)2+(-6)2+(2)? cos @ = 7 cos a 


(3i-6j+2k)-i = 3i-i-6J-i+ 2k-i = 3 


Avi 
A-i 
Then cos @ = 3/7 = 0.4286, and @= 64.6° approximately. 
Similarly, cos 8 =-6/7, B=149° and cos y= 2/7, y= 73.4°. 
The cosines of @, GB, and Y are called the direction cosines of A. (See Prob. 27, Chap. 1). 


13. Find the projection of the vector A =i-—2j+k onthe vector B= 4i-—4j+ 7k. 


B 4i~4j+ 7k 4. 4, 17 
A unit vector in the direction Bis b = 3 Be ee ee —i- 9! + ok. 


V(4)? + (-4)7 + (7)? 


4 4 7 
{j—-21+k)- (~i-~—i+—k 
(i — 2j + k) (Si j 9 ) 


Projection of A on the vector B = A-b 5 


4 4 te SAO 4 
(dy) k= 2) (= 5 (1) (>) = 5 


14. Prove the law of cosines for plane triangles. 


From Fig.(a) below, B+C =A or C=-A-B. 
C-C = (A-B) -(A~B) = A*A+B-B-—- 2A-B 
C2 = A? + B? ~ 2AB cos @. 


Then 


and 


ie i 


O B 


Fig.(@) Fig.(b) > 


15. Prove that the diagonals of a rhombus are perpendicular. Refer to Fig.(b) above. 
OQ = OP +PQ =A+B 
OR +RP = OP or B+RP= A and RP =A-B 
Then OQ-RP = (A+B)-(A-B) = A?-B® = 0, since A=B. 
Hence OQ is perpendicular to RP. 


16. Determine a unit vector perpendicular to the plane of A= 2i~-6j-3k and B= 4i+ 3j-k. 


Let vector C = e,i + CJ tak be perpendicular to the plane of A and B. Then C is perpendicular to A 
and also to B. Hence, 


u 
Oo 


C:-A or (1) 2c, — 6c, = 3c, 


C’B = 4c, + 3c, - c= or (2) 4c, + 3c, = 6, 


2c,- 6c, - 3c, 


om] 
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er 2 2 se SE Es 
Solving (J) and (2) simultaneously: c, = 53° 27 33 Pe Oe @ (si 3] +k). 
1 1 
re ae 
er Cc og(oi- sith 3. 2. 6 
Then a unit vector in the direction of C is ra = «SO tHei- zi + =k). 


17. Find the work done in moving an object along a vector r = 3i + 2) — 5k if the applied force is 
F = 2i-j-—k. Refer to Fig.(a) below. 


Work done = (magnitude of force in direction of motion) (distance moved) 
= (Fcos 0)(r) = Fer 
= (2i-j—k)-(3i+ 23—5k) = 6-2+5 = 9. 


Fig.(a) 


Fig.(b) 


18. Find an equation for the plane perpendicular to the vector A=2i+3j+6k and passing through the 
terminal point of the vector B = i + 5j + 3k (see Fig.(b) above). 


Let r be the position vector of point P, and Q the terminal point of B. 
Since PQ=B-r is perpendicular to A, (B-—r)-A=0 or r-A=B-:A is the required equation of the 
plane in vector form. In rectangular form this becomes 
(xi +yj +zk)-(2i+ 37 +6k) = (i + 5j + 3k)-(2i + 3j + 6k) 
Oo 2x +3y +6z = (1)(2) + (5)(3) + (3)(6) = 35 


19. In Problem 18 find the distance from the origin to the plane. 


The distance from the origin to the plane is the projection of B on A. 


49% 
A unit vector indirection Ais a = Pi SE OS ace 25 + a4 + Die 


A Yar+ayteey 7 T 7 


Then, projection of Bon A = Bea = (i+ 55 + 3k) (3 Si + Blo = 1(2) + 5(2) + 3(2) = 5. 


20. If Ais any vector, prove that A = (A-i)i + (A-j)j + (A: k)k. 
Since A= A,i+A,j+A,k, A-i = Aji-i + Apj-ei + Ajk-i = A, 
Similarly, A-j =A, and A-k =A, . 

Then A =A,i+A,j + 4,k = (A+ i)i + (Asi +(A-K)k. 
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THE CROSS OR VECTOR PRODUCT. 


21. 


22. 


23. 


24. 


25. 


Prove AxB = -BxA. 


Fig.(a) Fig.(b) 


AXB=C has magnitude AB sin 9 and direction such that A,B and C form a right-handed system 
(Fig.(a) above). 


BXA=D has magnitude BA sin @ and direction such that B,A and D form a right-handed system 
(Fig.(b) above). 


Then D has the same magnitude as C but is opposite in direction, i.e. C =-D or AXB= —-BXA., 


The commutative law for cross products is not valid. 


If AxB=0 and if A and B are not zero, show that A is parallel to B. 
If AXB =AB sinO u=0, then sinQ=0 and G=0° or 180°. 


Show that |axB| + |A-B| = {al (BI. 
| axB | + la-Bl = | AB sin ul + | AB cos 6 |" = A®B? sin?@ + AB? cos*@ 
- #6? = [AP iaP 
Evaluate each of the following. 
(a) ixj =k (f) 7xj = 0 
(b) jxk = 1 (g) ixk = -kxi = -j 
(c) kxi = j (h) (23) x (3k) = 63Xk = Gi 
(qd) kKxj = -—jxk = -i (i) (31) x(—2k) = -6ixk = 6j 
(e) ixi = 0 (7) Qxi-3k = -2k—-3k = ~5k 


Prove that Ax (B+C) = AxB+ AxC for the 
case where A is perpendicular to B and also to 
Cc. 


Since A is perpendicular to B, AXB is a vector 
perpendicular to the plane of A and B and having mag- 
nitude AB sin 90°=AB or magnitude of AB. This 
is equivalent to multiplying vector B by A and rotating 
the resultant vector through 90° to the position 
shown in the adjoining diagram. 


Similarly, AXC is the vector obtained by multi- 
plying C by A and rotating the resultant vector through 
90° to the position shown. 


In like manner, Ax (B+C) is the vector obtained 


26. 


27. 
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by multiplying B+C by A and rotating the resultant vector through 90° to the position shown. 


Since AX(B+C) is the diagonal of the parallelogram with AxB and AxXC as sides, we have 
Ax(B+C) = AXB+AxC. 


Prove that Ax(B+C) = AxB+ AXC inthe gen- 
eral case where A,B and C are non-coplanar. 


Resolve B into two component vectors, one perpen- 
dicular to A and the other parallel to A, and denote them 
by B, and B,,respectively. Then B =B,+ Bi. 


If Gis the angle between A and B, then B,=B sind. 
Thus the magnitude of AXB, is AB sin © the same as 
the magnitude of AXB. Also, the direction of A XB, is 
the same as the direction of AXB. Hence AXB,=AXB. 


Similarly if C is resolved into two component vec- 
tors C,, and C,, parallel and perpendicular respectively 
to A, then AxC, = AxC. 

Also, since B+C = B,+B,,+C,+C,, = (B,+C,)+(B,,+€,,) it follows that 

Ax(B,+C,) = AxX(Bt+C). 


Now B, and C, are vectors perpendicular to A and so by Problem 25, 
AX (B, + C1) = AXB,+AxC, 
Then Ax(B+C) = AXxB+AxC 


and the distributive law holds. Multiplying by —1, using Prob. 21, this becomes (B+C)x A = BxA + CxA. 
Note that the order of factors in cross products is important. The usual laws of algebra apply only if prop- 
er order is maintained. 


ij k 
If A = Ai + A,j + Ask and B= B,i + Boj + Bgk, prove that AXxXB = | A, Ap As 
B, Bo Bs 


AXB = (AyitAoj + Ask) x (Byi + Boj + Bgk) 
= A,ix(Byi + Boj + Bak) + Aoj x (B1i + Boj + Bgk) + Agk x (Byi + Boj + Bgk) 
= A,B,ixi+ A,Boixj + A, Bgixk + AoB,jxi + ApBojxj + AoBgjxk + AgB4kxi + AgBokxj + AgBgkxk 
i j k 
= -(ApBg — AgBo)i + (AgBy — A1Bs)§ + (A1Bp — ApBi)k = | A1 Ao As 
B, Bo Bg 


28. If A=2i-3j]-k and B=i+4j-2k, find (2) AB, (6)BxA, (c) (A+B) x (A-B). 


ia *& 
(a) AxB = (2i-3j-k) x (i+4j-2k) = |2 -3 -1 
1 4 -2 
= 2 -1 2 3 
=} -~ ij + = 101 + 3j + 11k 
i| 4 a if; -2 Kk; Al pea 


Another Method. 
(2i-3j -—k) xX (i+4j—2k) = 2ix(it+4j-—2k) -— 3jx(i+4j—2k) ~ kx (i+ 4j — 2k) 


= 2ixi+ 8ixj-4ixk — 3jxi — 12jxj + 6jxk —kxi-—4kxj+ 2kxk 


0+8k +4j+3k-0+6i-j+4i+0 = 10i + 3j + 11k 
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i jk 
(6) BXxA = (i+4j-2k) x (2i-3j-k) = 1 4 +2 
2 -3 -1 
4 -2 1 -2 1 4 
= j - j + k = ~10i — 3j — 11k. 
i] I 2 | EF -3 ’ 
Comparing with (2), AXB = ~BxA. Note that this is equivalent to the theorem: If two rows of 


a determinant are interchanged, the determinant changes sign. 


(c) A+B = (2i-3j-k) + (i+ 4j — 2k) 


3i + j — 3k 


A-B = (2i-3j-k) -— (i+4j-2k) = i-7j+k ijk 
Then (A+B)xX (A-B) = (3i+j—-3k) x (i-7i¢+k) = [3 1 -3 
ry a | 
= j = = & if} o + «|3 A = —20i ~ 6j — 22k. 
Another Method. 
(A+B) x (A-B) = Ax (A-B) + Bx (A-B) 
= AXA~AXxB+ BxA—BXB = 0—AXB-—AXB—O = —2AxB 
= -2(10i+3j+11k) = —20i - 6j -— 22k, using (a). 


29. If A=3i-j+2k, B=2i+j-k, and C=i-2j+2k, find (a2) (AxB)xC, (6) Ax(BxC). 


i j k 
(a) AXB = {3 -1 2{ = -i+ 7j + 5k. 
2 1 -1 
i j ik 
Then (AxXB)xC = (-i+7j+5k) x (i-2j+2k) = |: 7 5] = 241i + 7j — 5k. 
1 -2 2 
i j k 
(b) BxC = | 2 1 ~1] = Oi ~5j -—5k = ~5j — 5k. 
1 -2 2 
i j k 
Then Ax(BxC) = (3i-—j+2k) x (~5j-—5k) = [3 -1 2) = 15i + 15j — 15k. 
0 -5 +5 


Thus (AxXxB)xC #Ax(BxC), showing the need for parentheses in AXBXC to avoid ambiguity. 


30. Prove that the area of a parallelogram with sides A 
and Bis |AxB|. 

h|B| 

|A| sin 0 |B{ 

|AXB|. 


Area of parallelogram 


Note that the area of the triangle with sides A and 
B= 3|AxB|. 


31. Find the area of the triangle having vertices at P(1, 3,2), Q(2,-1,1), R(-1, 2,3). 


PQ = (2-1)i + (-1-3)j +(1-2)k = i-4j-k 
PR = (-1—-)i+ (2-3)j +(3~-2)k = -2i-jt+k 
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From Problem 30, 


area of triangle = 3| PQx PR| = 2|(i-4j—-k) x (-2i-j + &) | 
i jk — 
= $]{ 1 -4 -1|| = 3)-si+j-on| = $V(—5)?+ Q)?+(-9% = £7107. 
=). af 31 


32. Determine a unit vector perpendicular to the plane of A =2i-—6j—3k and B= 4i+ 3j—k. 


AXB is a vector perpendicular to the plane of A and B. 


ij k 
AxB = {2 -~6 ~3 = 15i — 10j + 30k 
4 3-1 
: ere 
A unit vector parallel to AX Bis Bh ll ae ewe = Si - 23 + Sk 
laxB| (15)? + (—10)? + (30) 
Another unit vector, opposite in direction, is (—3i + 2}—6k)/7. 
Compare with Problem 16. 
33. Prove the law of sines for plane triangles. 
A 
Let a,b and c represent the sides of triangle ABC 
as shown in the adjoining figure; then a+bt+c =90. Mul- 
tiplying by a X,b x and c X in succession, we find é 
axb= bxc= cxa b 
i.e. absinC = becsinA = casinB 
B 
i sinA _ sinB = sinc © 
a b c C 


34. Consider a tetrahedron with faces F,,/,,5,Kh. 
Let V,,V.,“%,M be vectors whose magnitudes are 
respectively equal to the areas of F,,F,,F3,F, and 
whose directions are perpendicular to these faces 
in the outward direction. Show that V,+V,+V,+V, = 0. 


By Problem 30, the area of a triangular face deter- 
mined by RandSis 3|RxS]. 


The vectors associated with each of the faces of 
the tetrahedron are 


Then V,+Vot+tV3t+V, = 3[AXB + BxC + CxA + (C~A)x(B—A)] 
- 4[AxB+ BxC + CxA + CxB—CxA —AxB+ AxA] = 0. 


This result can be generalized to closed polyhedra and in the limiting case to any closed surface. 


Because of the application presented here it is sometimes convenient to assign a direction to area and 
we speak of the vector area. . 


35. Find an expression for the moment of a force F about a point P. 


The moment M of F about P is in magnitude equal to F times the perpendicular distance from P to the 
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line of action of F. Then if ris the vector from P to the ini- 
tial point Q of F, 


M = F(rsin@) = rF sin@ = |rxF| 


If we think of a right-threaded screw at P perpendicular 
to the plane of r and F, then when the force F acts the screw 
will move in the direction of rx F. Because of this it is con- 
venient to define the moment as the vector M=rxF. 


36. A rigid body rotates about an axis through point O with 
angular speed w. Prove that the linear velocity v of a 
point P of the body with position vector r is given by 
v =W@xXr, where @ is the vector with magnitude w whose 
direction is that in which a right-handed screw would 
advance under the given rotation. 


Since P travels in a circle of radius r sin 6, the magni- 
tude of the linear velocity v is w(r sin 0) = |wxr|. Also, v 
must be perpendicular to both @ and r and is such that r,w and 
v form a right-handed system. 


Then v agrees both in magnitude and direction with @ xr; 
hence v=q@ xr, The vector@ is called the angular velocity. 


TRIPLE PRODUCTS. 


37. Show that A*(BxC) is in absolute value equal 
to the volume of a parallelepiped with sides 
A,BandC. 


Let n be a unit normal to parallelogram /, 
having the direction of Bx€C, and let A be the 
height of the terminal point of A above the par- 
allelogram /. 


B 


Volume of parallelepiped = (height A)(area of parallelogram /) 
(A-n)(|BxC}) 

A-{|Bxe[n} = A-(Bxc) 

If A,B and C do not form a right-handed system, A-n <0 and the volume = | a- (Bx c) | : 


38. If A=A,i+A,j+Ask, B=8,i+Boj+Bsk, C=C,i+C,j+Csk show that 


A, Ag As 

A- (BxC) = B, Bo Bs 

C1 Cy Cz 
ij ik 
A-(BxC) = A+|B, Bo Bg 
C, Co Ces 


(Aqi + Aoi + Agk) + [(BoCg—BagCo)i + (BaC,—B,Cg)j + (ByCo— BoC,)k ] 


A, Ag As 
4,(BoCq—-B3Co) + Ao(BgC1— B,Cs) + 4q(B1Co—BoC,) = |B, Bo Be 
C, Cy Cg 


U 


The DOT and CROSS PRODUCT 27 


39. Evaluate (2i-3j) - [Gi +4—-k)x(3i-k)]. 


2 -3 0 
By Problem 38, the result is 1 1 -1} = 4. 
3 0 -1 


Another Method. The result is equal to 
(2i~ 3j) - [ix(3i-—k) + jx(3i-k) — kx(3i-k)] 
(2i-—3j)- [3ixi -ixk + 3jxi — jxk — 3kxi +kxk] 
(2i-3j)-(0 + j — 3k — i — 3j + 0) 
(24 —3j)+ (-1-2j -3k) = (2)(~1) + (-3)(—2) + (0)(-3) = 4. 


40. Prove that A:(BxC) = B:(C XA) = C:(AxB). 


A, Ag As 
By Problem 38, A: (BXC) = |B, Be Bg 
C, Co Cg 


By a theorem of determinants which states that interchange of two rows of a determinant changes its 
sign, we have 


a Ome B, Bo Bs B, Bo Bs 
B, Bo Bsl = -—|4, Ao 4sl = | Cr Co Cal = B-(CXA) 
Ci. CG ope oe or A he Ae 
Ae Ae tas Ge Ce Gs Cy. Ca: 05 
B, Bo Bz = = ER Bo Bs = c Ay Ag = C-(AXB) 
ae eae om Ae oe. Ae Ba Bsn Be 


41. Show that A-(BxC) = (AxB)-C. 


From Problem 40, A:(BxC) = C-(AxB) = (AXB)-C 


Occasionally A-(BXC) is written without parentheses as A- BxC. In such case there cannot be 
any ambiguity since the only possible interpretations are A-(BxC) and (A*B)xC. The latter however 
has no meaning Since the cross product of a scalar with a vector is undefined. 


The result A- BXC = AXB-C is sometimes summarized in the statement that the dot and cross can 
be interchanged without affecting the result. 


42. Prove that A-°-(AxC) = 0. 


From Problem 41, A*(AxC) = (AXA):-C = 0O. 


43. Prove that a necessary and sufficient condition for the vectors A,B and C to be coplanar is that 


A°BxcC = 0. 
Note that A» BxXC can have no meaning other than A-(BxC). 


If A,B and C are coplanar the volume of the parallelepiped formed by them is zero. Then by Problem 
37, A>BxC = 0. 


Conversely, if A*>~BXC = 0 the volume of the parallelepiped formed by vectors A,B and C is Zero, 
and so the vectors must lie in a plane. 


44. Let r=xityjtak, tr =X%ityojt+zk and rg=%it+ysj+z,k be the position vectors of 
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45. 


46. 


47. 
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points Pi(%, 91,21), P(X2o, Yo, 22) and Py(xs, ¥s5 2g). 
Find an equation for the plane passing through P,, 
Po and Ps . 


We assume that P,,P, and Pg do not lie in the same 
straight line; hence they determine a plane. 


Let r=xit+yj+zk denote the position vector of any 
point P(x,y,z) in the plane. Consider vectors P, Pp = 
fo-%, PiPg=tg-% and P,P =r-1 which all lie in 
the plane. 


By Problem 43, P,P:> PxP2X* PiPs = 0 or 


(r—1,)+ (fo—0,) X(fg~-,) = 0 


In terms of rectangular coordinates this becomes 
((x—x4)d + (y—yq)5 + (z—z,)k] - [(%_~%4)1 + (%—74)5 + (z5~24)k] x [(xg—%,)1 + (yg—¥,)5 + (zg~-2,)k] =0 


xX ~— XX y—-y1 2-24 


or, using Problem 38, Ko~%1 Yow.) Ze 21f = O. 


%g~%4 y3~Y¥1 2g—- 24 


Find an equation for the plane determined by the points P,(2,-1,1), 2(3,2,-1) and P.(~1,3, 2). 


The position vectors of P,, P>, Ps and any point P(x, y,z) are respectively ry= 2i-j+k, rm=3i+2j—-k, 
Ige=~it+3j+2k and r=xityj+zk. 


Then PP,=r-—m%, PoP,=fe-m, PsP1= %s—-%% all lie in the required plane, so that 


(r—1%) * (fo-%) X(fg—r,) = O 
i.e. [xe -2)i tly t+1)j+ (z-Dk] + [i +3) - 2k) x [-31+4j +k] = 0 
[(e—-Qit(yt+Hj+(z—-Dk] + [1li + 5j+13k] = 0 


11(x ~2) + S(y +1) + 13(z-1) = 0 or 11x + Sy + 13z = 30. 


If the points P,Q and R, not all lying on the same straight line, have position vectors a,b and c 


relative to a given origin, show that axb +bxec+cxa is a vector perpendicular to the plane 
of P,QandR. 


Let r be the position vector of any point in the plane of P,Q amd R. Then the vectors r-—a, b-—a and 
ce-—a are coplanar, so that by Problem 43 


(r—a)* (b—2) X (c~a) = 0 or (r—a)* (aXb + bXc +cxXa) = 0. 


Thus axb+ bxc + cxa is perpendicular to r—a and is therefore perpendicular to the plane of P,Q 
and R. 


Prove: (2) AX(BxC) = B(A°C)-—- C(A‘B), (6) (AxXB)xC = B(A’C) — A(B‘C). 
(a) Let A = Aji + Aoj + Agk, B =B,i + Boj + Bok, Cc =C,i + OPS + C3k . 

i jk 
(Ayi + Apj+Agk) X | By Bo Bs 

Ci Co Ce 


(Ayi + Agj + Agk) x([BoCg—BgCo]i + [BgC1—ByC3]j + [B1C2— BoC,] k) 


Then Ax (BXxC) 


The DOT and CROSS PRODUCT 29 


i j k 
= Ay Ag Ag 
BoCg~-—BsgCp Bgl 4—-B,Cg = By Cp — Bo 


= (AoB,Co — AoBoC, — AgBgC, + AgB1Cg)i + (AgBoCg— AgBgC2 — A,B,C + A1BoC1)j 
+ (A,BaC, = A,B,C3 - AoBoCg + AgBaCo) k 


Also. B(A*C) — C(A:B) 
= (Byi + Boj + Bak) (A,C1 + ApCo + Aglg) — (Cyi + Coj + Cgk)(A1B, + ApBo + AgBs) 
= (ApB,Co + AgB1C3— AoC Bo —Agl1Bs3)i + (BoA,C, + BoAgCg ~ CoA, By — Co AgBs)j 
+ (B,A1C, + BgAgCo — CgA1 By — CgAoBo)k 
and the result follows. 


(b) (AXB) XC = -C X (AB) = — {A(C:B) — B(C- A)} = B(A*C) — A(B-C) upon replacing A, B and 
C in (a) by C, A and B respectively. 


Note that Ax (BxC) # (AXB) xC, i.e. the associative law for vector cross products is not 
valid for all vectors A,B,C. 


48. Prove: (AxB):(CxD) = (A:C)(B:D) - (A-D)(B’C). 


From Problem 41, X-(C XD) = (XXC)-D. Let X = AXB; then 


(AxB) - (Cx D) {(AxB) x C} - D = {B(A°C) —- A(B-C)} - D 


(A:C)(B:D) — (A: D)(B-C), using Problem 47(d). 


49. Prove: AxX(BxC) + Bx(CxA) + Cx(AxB) = 0. 


By Problem 47(a), AX(BxXC) = B(A-C) — C(A:B) 
BxX(CXA) = C(B-A) — A(B:C) 
Cx(AxB) = A(C-B) — B(C- A) 


Adding, the result follows. 


50. Prove: (AxB) x(C xD) = B(A:CxD) —- A(B-CxD) = C(A:BxD) - D(A’ BxC). 


By Problem 47({a), Xx(CxD) = C(X-D) — D(X:C). Let X=AxB; then 


(Ax B) x (CxD) C(A x B- D) ~ D(A xB-C) 


= C(A-BXD) ~ D(A: BXC) 


By Problem 47(b), (AxB) x ¥ = B(A-Y)— A(B-Y). Let Y=CxD; then 
(A XB) x (CXD) = B(A-C xD) — A(B-CxD) 


51. Let PQR be a spherical triangle whose sides p,q,r are arcs of great circles. Prove that 
sinP _— sinQ _ sinR 


sin p sin q Sin r 


Suppose that the sphere (see figure below) has unit radius, and let unit vectors A,B and C be drawn 
from the center O of the sphere to P,Q and R respectively. From Problem 50, 


(1) (AXB) xX (AxC) = (A°BxO)A 
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A unit vector perpendicular to AXB and AxC is A,so 
that (J) becomes 


(A-BxO)A or 
A-BxC 


(2) sinr sing sinP A 


(3) sinr sing sinP 


By cyclic permutation of p,q,r, P,Q,R and A,B,C we 
obtain 


B-CXA 
C-AxB 


(4) sinp sinr sinQ 


(5) sing sinp sinR 


Then since the right hand sides of (3), (4) and (5) are 
equal (Problem 40) 


sinr sing sinP = sinp sinr sinQ = sing sinp sinR 


: sin P sin Q sin R 
from which we find sinp sin g ane 


This is called the law of sines for spherical triangles. 


Prove: (AXB)- (BxXC)x(CxA) = (A: BxC)*. 
By Problem 47(a), XX(CXA) = C(X-A)—- A(X-C). Let X=BxC; then 


(BXC) xX (CxA) = C(BXC-A)- A(BXC-C) 
= C(A-BXxC) - A(B-CXxC) = C(A-BxC) 


Thus (A x B)-(B XC) x (CXA) = (AXB)- C(A-BxC) 
= (AXB-C)(A-BxC) = (A-BxC)* 
: ; bxec ; cxa P axb . 
Given the vectors a = ——-—_,, = —— and c = ———., show that if a-bxc #0, 
a-bxc a-bxec a-bxc 


(a) a-a = bb = ce = 1, 
(b) ab = a'-c = 0, BD-a = b-c = 0, ca = cb = 0, 
(c) if as-bxc = V then a-bxec’ = 1/V, 


(d) a',b’,and c’ are non-coplanar if a,b andc are non-coplanar, 


Gs Ghar Ste age ee ay 
a-bxc a-bxc 
cx a b-cxa a-bxc 
b b = b-b . = —— SS] 
a-bxe a-bxc a-bxc 
! ! axhb c-axb a-bxc 
Cc Cc = Cec = eo: ~—Ss = -~--:lCC_- —=thl i = 1 


(b) a-b = b-a = b: 


Similarly the other results follow. The results can also be seen by noting, for example, that a’ has 
the direction of bxc and so must be perpendicular to both b and c, from which a-b=0 and a-c=0. 


From (a) and (6) we see that the sets of vectors a,b,c and a’,b’, c’ are reciprocal vectors. See 
also Supplementary Problems 104 and 106. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 
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' bxc t cxa t axb 
(c) a= ’ b = 9 20S 
V V V 
ryt _ (bxe)-(Cxa)x(axb) — (axb)- (bx ¢)x(ex a) 
Then a-bxc = mr: = — po _ 
2 2 
E V 1 
= LS = FT using Problem 52. 
V V V 


(d) By Problem 43, if a,b and c are non-coplanar a-bxec # 0. Then from part (c) it follows that 
U ? f U U q 
a-bxc # 0, so that a,b andc are also non-coplanar. 


Show that any vector r can be expressed in terms of the reciprocal vectors of Problem 53 as 
r = (r-ajat(ar-b)b+(r-e)c. 


From Problem 50, B(A'CxD)—A(B:CxD) = C(A°BxD)—D(A:‘BxC) 


A(B- Cx D) B(A: Cx D) z C(A:- Bx D) 


then ae A-BxC A-BxC A-BxC 


Let Aza, B=b, C=c and D=r. Then 


r-bxc recxa r¢-axb 
at b + 


r = 


a-bxc a-bxc a-bxc 
ee, ¢ cxa bs xb 
7 axe : ‘ach we. be” 


= (r-a)a + (r-b)b + (r-c)e 


SUPPLEMENTARY PROBLEMS 


Evaluate: (a) k°(i+ 9), (6) (i-— 2k)°(Q@ + 3k), (c) (21 — 4+ 3k)-(3i + 2] — k). 
Ans. (a)0 (b)—-6 (c)1 


If A=i+ 3j—2k and B= 4i— 2j+4k, find: 
(a)A-B, (b)A, (c)B, (d) |3A+2B!, (e) (2A+B)-(A—2B). 
Ans. (a)—10 (b)V14 (c)6 (d)V150 (e)—14 


Find the angle between: (a) A = 3i+2j—6k and B = 4i-—3j+k, (5) C = 4i—-2j+4k and D = 3i—6j—2k. 
Ans. (a) 90° (b) arc cos 8/21 = 67°36" 


For what values of a are A = ai—2j+k and B = 2ai+aj—4k perpendicular? Ans. a=2,—-1 


Find the acute angles which the line joining the points (1,—3,2) and (3,—5,1) makes with the coordinate 
axes. Ans. arc cos 2/3, arc cos 2/3, are cos 1/3 or 49°12", 48°12", 70°32" 


Find the direction cosines of the line joining the points (3,2,—4) and (1,—1,2). 
Ans. 2/7,3/7,-6/7 or —2/7,—3/7, 6/7 


Two sides of a triangle are formed by the vectors A = 3i+6j—2k and B = 4i—j+3k. Determine the angles 
of the triangle. Ans. arc cos 7/V75, arc cos V26/V75, 90° or 36°4', 53°56’, 90° 


The diagonals of a parallelogram are given by A = 3i—4j—k and B = 2i+3j—6k. Show that the parallelo- 
gram is a rhombus and determine the length of its sides and its angles. 
Ans. 5V3/2, arc cos 23/75, 180° — arc cos 23/75 or 4.33, 72°8’, 107°52' 


65. 


66. 
67. 
68. 


69. 


70. 


71. 
72. 
73. 


74, 


75. 


76. 


77. 


78. 


79. 


80. 


81. 


82. 
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Find the projection of the vector 2i~-3j+6k onthe vector i+ 2j + 2k. Ans. 8/3 


Find the projection of the vector 4i — 3j + k on the line passing through the points (2,3,—1) and (~-2,—4,3). 
Ans. 1 


If A= 4i-—j+3k and B= —2i + j — 2k, find a unit vector perpendicular to both A and B. 
Ans. +(i—2j—2k)/3 


Find the acute angle formed by two diagonals of a cube. Ans. atc cos 1/3 or 70°32 
Find a unit vector parallel to the xy plane and perpendicular to the vector 4i—3j+k. Ans. +(3i+4j)/5 
Show that A = (2i—2j+k)/3, B = (i+ 2j+2k)/3 and C = (2i+,j—2k)/3 are mutually orthogonal unit vectors. 


Find the work done in moving an object along a straight line from (3,2,—1) to (2,—1,4) in a force field given 
by F = 4i—3j+2k. Ans. 15 


Let F be a constant vector force field. Show that the work done in moving an object around any closed pol- 
ygon in this force field is zero. 


Prove that an angle inscribed in a semi-circle is a right angle. 
Let ABCD be a parallelogram. Prove that AB*+ BC? + CD? + DA? = AC? + BD?. 


If ABCD is any quadrilateral and P and Q are the midpoints of its diagonals, prove that 
AB? + BC? + CD? + DA? = AC? + BD? + 4PQ? 
This is a generalization of the preceding problem. 


(a2) Find an equation of a plane perpendicular to a given vector A and distant p from the origin. 
(b) Express the equation of (a) in rectangular coordinates. 
Ans. (a) ren=p, where n=A/A; (b) Ayx + Any + Agz = Ap 


Let r, and ro be unit vectors in the xy plane making angles ® and 8 with the positive x-axis. 
(a) Prove that r,= cos@ i + sin@® j, ro= cos B i+ sin B j. 
(6) By considering r4-ro prove the trigonometric formulas 

cos(@—8) = cos@ cos8+ sind sinB, cos(@+B) = cos cos®—sind@ sinB 


Let a be the position vector of a given point (x,,y,,2,), and r the position vector of any point (x,y,z). De- 
scribe the locus of rif (a2) |r —a| = 3, (b) (r—a)-a=0, (c) (r—a)-r=0. 
Ans. (a) Sphere, center at (x1, 71,24) and radius 3. 

(b) Plane perpendicular to a and passing through its terminal point. 

(c) Sphere with center at (x, /2, y,/2, z,/2) and radius 3V xe + yt oe or a sphere with a as diameter. 


Given that A = 3i+j+2k and B = i—2j—4k are the position vectors of points P and Q respectively. 
(a) Find an equation for the plane passing through Q and perpendicular to line PQ. 

(b) What is the distance from the point (—1,1,1) to the plane ? 

Ans. (a) (fp—B)*(A—B) = 0 or 2x+3y+6z = —28; (6) 5 


Evaluate each of the following: 
(a) 2jx(3i—4k), (6) (i+ 2j)xk, (c) (2i—4k) x(it+2j), (d) (4i+j—2k)x(3i+k), (e) (2i+j—k)x (3i— 2j+4k). 
Ans. (a)—8i~6k, (5) 2i-j, (c) 8i—-4j+4k, (d)i—10j—3k, (e) 2i—11j—7k 


If A = 3i—j--2k and B = 2i+3j+k, find: (@) |AxBlI, (b) (A+2B)x(2A—B), (c) |(A+B)x(A—B)|. 
Ans. (a)V195, (b) —25i+35j—55k, (c) 2V195 


If A=i—2j-3k, B=2i+j—k and C =i+3j—2k, find: 

(a) |(AxB)xCl, (c) A‘ (BxC), (e) (AXB) x (BxC) 

(b) |A x (BxC)], (dq) (AxB)-C, (f) (AxB)(B-C) 

Ans. (a) 5V26, (b)3V10, (c)—20, (d)~—20, (e) —40i—20)+20k, ((f) 35i—35j+35k 


Show that if A#0 and both of the conditions (2) A*-B = A-C and (6) AXB = AxC_ hold simultaneously 
then B=C, but if only one of these conditions holds then B#C necessarily. 


Find the area of a parallelogram having diagonals A = 3i+j—2k and B = i—3j+4k. Ans. 5V3 
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Find the area of a triangle with vertices at (3,—1,2), (1,—1,—3) and (4,—3,1). Ans. %V165 


If A = 2i+j—3k and B =i—2j+k, find a vector of magnitude 5 perpendicular to both A and B. 


aa BY 44+) 
Use Problem 75 to derive the formulas 
sin (a — 8) = sin& cos B — cosa sinB, sin (+ B) = sind cos B + cosa sin B 


Ans. 


A force given by F = 3i + 2j — 4k is applied at the point (1,—1,2). Find the moment of F about the point 
(2,—1, 3). Ans. 2i—- Tj — 2k 


The angular velocity of a rotating rigid body about an axis of rotation is given by # = 4i+j—2k. Find the 
linear velocity of a point P on the body whose position vector relative to a point on the axis of rotation is 
2i-—-3j+k. Ans. —5i— 8j — 14k 


Simplify (A+B)- (B+C)x(C+A). Ans. 2A° Bx 
Aca Avb Are 

Prove that (A*BxC)(a-bxc) = B-a B-b B-c 
C-a Ch Cre 


Find the volume of the parallelepiped whose edges are represented by A = 2i—3j3+4k, B=i+ 2j—k, 
C = 3i-—j+ 2k. Ans. 17 


If A-BxC = 0, show that either (a) A,B and C are coplanar but no two of them are collinear, or (b) two 
of the vectors A,B and C are collinear, or (c) all of the vectors A,B and C are collinear. 


Find the constant a such that the vectors 2i—jt+k, i+2j—3k and 3i+aj+5k are coplanar. Ans, a =—4 
If A=x,aty,bt+z,c, B=x,at+tyb+z,c and C=x,a+y,b +z,c, prove that 


Ri. 04, St 
A-BxC = [x5 Yo Z| (a-bxc) 


*3, Ye 48 


Prove that a necessary and sufficient condition that Ax (BxC) = (AxB)xC is (AxC)x B=0. Dis- 
cuss the cases where A-B=0 or B*-C=0. 


Let points P,Q and R have position vectors r,= 3i—2j-k, 1,=i+3j+4k and r,= 2i+j—2k relative to 
an origin 0. Find the distance from P to the plane OQR. Ans. 3 


Find the shortest distance from (6,—4,4) to the line joining (2,1,2) and (3,—1,4). Ans. 3 


Given points P(2,1,3), Q(1,2,1), R(—1,—2,—2) and S(1,—4,0), find the shortest distance between lines PQ and 
RS, Ans. 3V2 


Prove that the perpendiculars from the vertices of a triangle to the opposite sides (extended if necessary) 
meet in a point (the orthocenter of the triangle). 


Prove that the perpendicular bisectors of the sides of a triangle meet in a point (the circumcenter of the tri- 
angle). 


Prove that (AxB)-(CxD) + (BxC)-(AxD) + (CxA)-(BxD) = 0. 


Let PQR be a spherical triangle whose sides p,q,r are arcs of great circles. Prove the law of cosines for 
spherical triangles, 


cosp = cosq cosr + sing sinr cos P 


with analogous formulas for cos gq and cos, obtained by cyclic permutation of the letters. 
[Hint: Interpret both sides of the identity (AxB)-(AxC) = (B:C)(A*A) — (A*C)(B- A).] 
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102. Find a set of vectors reciprocal to the set 2i+3j—k, i—j—2k, —it+2j+2k. 


2 1 8 . 7 Tee 5 
. Sit= —-i+j-— —--it+tj-—= 
Ans 31 3 Ke 3! j 3k. 3! j 3k 
103. If a’= PX° bo CORR and 1’ = COED. prove'thiat 
a-bxc’ a-bxec asbhxc’ 
b’x c’ exa a xb’ 
a aoa? 7) . | Paar ae ja ae t ‘ t 
a-bxc a-bxce a-bxec 


104. If a,b,c and a’, b’, c’ are such that 


a'-b = ac = bea = bec = cea = cb = 0 
prove that it necessarily follows that 


1 bxc ’ cxa ’ axhb 
a = ——, b = ——, c = —— 
a>bxc a-bxe a-bxc 


105. Prove that the only right-handed self-reciprocal sets of vectors are the unit vectors i,j,k. 


106. Prove that there is one and only one set of vectors reciprocal to a given set of non-coplanar vectors a,b,c. 


Chapter 3 


ORDINARY DERIVATIVES OF VECTORS. Let R(u) 
be a vector depending on a Single scalar variable u. 
Then 

= Au) —R 
AR — R(w+Au) — Riu) AR = R(u+Au) — Ru) 


Au Au 


where Au denotes an increment in u (see adjoining 
figure). oO 


The ordinary derivative of the vector R(u) with respect to the scalar u is given by 


dR _ AR _ jim 9=R(u tAu) — Ru) 
du Au-~o Au Au-0 Au 


if the limit exists. 


Since m is itself a vector depending on u, we can Consider its derivative with respect to u. If 
dR 


u 
this derivative exists it is denoted by du? . In like manner higher order derivatives are described. 
u 


SPACE CURVES. If in particular R(u) is the position vector r(u) joining the origin O of a coordinate 
System and any point (x,y,z), then 


r(u) = x(uji + y(u)j + z(u)k 


and specification of the vector function r(u) defines x,y and z as(functions of u. 


As u changes, the terminal point of r describes 
& space curve having parametric equations z 


x=x(u), yry(u), z =2z(u) 
Ar _ r(utAu) — r(u) 


Then = is a vector in the di- 
Au Au Ar at 
rection of Ar(see adjacent figure). If lim — = — 
Au~0 Au du 


exists, the limit will be a vector in the direction of 
the tangent to the space curve at (x,y,z) and is giv- 
en by 


dr dx dy. dz 
—_ = —yF + — —k 
du du du d 
If u is the time ¢, * represents the velocity v with 
2 
which the terminal point of r describes the curve. Similarly, a = ‘4 represents its acceleration a 


along the curve. 
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CONTINUITY AND DIFFERENTIABILITY. A scalar function d(u) is called continuous at wu if 
jim dutAu) = d(u). Equivalently, d(u) is continu- 
“0 

ous at u if for each positive number € we can find some positive number 6 such that 


ld(utAu) — d(u)| < € whenever | Aw | < $. 


A vector function R(u) = R,(u)i + R,(u)j + Ro(u)k is called continuous at u if the three scalar 
functions R,(u), Ro(u) and Ro(u) are continuous at u or if jim R(u +Au) = R(u). Equivalently, R (uv) 
u-0 


is continuous at u if for each positive number € we can find some positive number 6 such that 
Rw +Au) — Riu) | < € whenever | Au | < 8s 


A scalar or vector function of u is called differentiable of order n if its nth derivative exists. A 
function which is differentiable is necessarily continuous but the converse is not true. Unless other- 
wise stated we assume that all functions considered are differentiable to any order needed in a par- 
ticular discussion. 


DIFFERENTIATION FORMULAS. If A, B and C are differentiable vector functions of a scalar u, and 
¢ is a differentiable scalar function of u, then 


d _ dA , dB 
fy ne ae ae 
ee 
9 4 A.B) = a.oB Fa dA» 
* du du du 
a OSE a a Oe 
3 4 Ax B) = A dB + dA B 
* du a bi 
OS 
d dA , dp 
so dee?) 7 aa = du is 
: dC , ,.dB dA 
ge BxC) = A Bx + A feo BxC 
a 7 dC dB dA 
6. 7 {AxX(BxC)} = Ax (Bx 5) eet xC) + 5" x (Bx C) 


ee em me ee ee oe mers SN 


The order in these products may be important. 


PARTIAL DERIVATIVES OF VECTORS. If A is a vector depending on more than one scalar variable, 
say x,y,z for example, then we write A =A(x,y,z). The 

partial derivative of A with respect to x is defined as 

oA ‘i A(x+Ax, y,2) — A(%,y,2) 

Ox Axo Ax 


if this limit exists. Similarly, 
OA ._ A(x, y tAy, z) — A(x,y,z) 
= = lim 
oy Ay-~0 Ay 

OA _ Al(xy, 2+Az) — A(x,y,z) 


li 
Oz hee 0 Az 
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are the partial derivatives of A with respect to y and z respectively if these limits exist. 


The remarks on continuity and differentiability for functions of one variable can be extended to 
functions of two or more variables. 


For example, $(x,y) is called continuous at (x,y) if 


Pus p(x tAx, ytAy) = d(x,y), or if for each positive number € we can find some positive number 
x0 
Ay~0 


S such that |d(x+Ax, y+Ay) — d(x,y)| < € whenever |Ax| < & and |Ay| < &. Similar defi- 
nitions hold for vector functions. 


For functions of two or more variables we use the term differentiable to mean that the function 
has continuous first partial derivatives. (The term is used by others in a slightly weaker sense.) 


Higher derivatives can be defined as in the 


calculus. Thus, for example, 
A _ 0 9A OFA _~ 9 /9A) OA _ 9 OA 
Ox? Ox Ox’ Oy? oy oy , 027 Oz Oz 
OA | 2 (9A) CA 2 (3A) oA _ 2 (SA, 
Ox oy Ox oy : Oy Ox Oy Ox , Ox O27 Ox Oz? 
3A oA 
If A has continuous partial derivatives of the second order at least, then Ao Oe Be oe? i.e. the 
order of differentiation does not matter. pees ies 


Rules for partial differentiation of vectors are similar to those used in elementary calculus for 
scalar functions. Thus if A and B are functions of x,y,z then, for example, 


Ay ue: _ ,.oB , OA, 

< 1. ride a eee Ox Ox e 

in. 3B. OA 

5, (AX B) a + Ac 

{ 

' 2 

OG psc nas OLS OLY ae, _ 9 7,,0B , OA 

l3 Dye he = ae a OY on a 

| 2 0B , 0A. 2B, 0A. 2B, OA 2 

= Bo he A °“B, etc. 
yor” Oy. Oe Oe Oy * Tey de 


DIFFERENTIALS OF VECTORS follow rules similar to those of elementary calculus. 
1. 


For example, 
If A= A,i + A,j + Ak, then dA = dA,i + dA,j + dAgk 


d(A: B) 


A:dB + dA:B 


d(Ax B) = AxdB + dAxB 


an acanyemenns S00 | 


OA 


f A= oe 
If A= A(x,y,z), then dA aE dx + 


oy Oz 
ON ey, Pia RO _ 
. ~~ Nerccwracre ON arenes ann a RRS Ue 


DIFFERENTIAL GEOMETRY involves a study of space curves and surfaces. If C is a space curve 


defined by the function r(u), then we have seen that o is a vector in 
u 

the direction of the tangent to C. If the scalar u is taken as the arc length s measured from some fixed 

point on C, then dr 


as is a unit tangent vector to C and is denoted by T (see diagram below). 


The 
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rate at which T changes with respect to s is a mea- 


sure of the curvature of C and is given by . The 


direction of ar at any given point on C is normal to 
Ss 


the curve at that point (see Problem 9), If N is a 
unit vector in this normal direction, it is called the 


principal normal to the curve. Then qT = KN, where 


kK is called the curvature of C at the specified point. J 
The quantity o =1/x is called the radius of curva- 
ture. 


A unit vector B perpendicular to the plane of T and N and such that B = TxN, is called the bi- 
normal to the curve. It follows that directions T,N,B form a localized right-handed rectangular co- 
ordinate system at any specified point of C. This coordinate system is called the trihedral or triad 
at the point. As s changes, the coordinate system moves and is known as the moving trihedral. 


A set of relations involving derivatives of the fundamental vectors T,N and B is known collec- 
tively as the Frenet-Serret formulas given by 
dT dN dB 


Ae EN dg 7B-AT, a OTN 


where 7 is a scalar called the torsion. The quantity o = 1/7 is called the radius of torsion. 


The osculating plane to a curve at a point P is the plane containing the tangent and principal 
normal at P. The normal plane is the plane through P perpendicular to the tangent. The rectifying 
plane is the plane through P which is perpendicular to the principal normal. 


MECHANICS often includes a study of the motion of particles along curves, this study being known 
as kinematics. In this connection some of the results of differential geometry can be of 
value. 


A study of forces on moving objects is considered in dynamics. Fundamental to this study is 
Newton’s famous law which states that if F is the net force acting on an object of mass m moving 
with velocity v, then 


d 
F=— 
FF (mv) 
where mv is the momentum of the object. Ifmis constant this becomes F = m = ma, where a is 
the acceleration of the object. 
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SOLVED PROBLEMS 


1. If Ru) = x(u)i + y(u)j + z(u)k, where x,y and z are differentiable functions of a scalar u, prove 


dR dx. . dy. , dz 
that ae Tut + quad + du mee 
dRo_ jm Ru tAu) — RU) 
du Au-0 Au 
[xu +Au)i + y(u +Au)j +z +Auyk) — [xq)i + yu)i + 2u)k] 
= Mim ES Oe Ee 
Au-0 Au 
a. Soe x(u+Au) — x(u) y(u +Au) — y(u). z(u+Au) — z(u) 
re : Au zie Au ° 


2. Given R = sinti + cost j + tk, find (a) R, (b) dR , (c) bul (d) Es ae ‘ 
dR d ; d ; d _ " ° 
(a) ae 7, (sineyi + qi oss + ra = costi sintj +k 
d*R d dR d dd | 
(b) We * nd” a (008 #1 - qin t)j + a tk = —sinti— cost j 


(ce) a = V(cost)? + (—sint)? + (1)? = V2 
(d) BS; B| V(—sint)? + (—cost)* = 1 


3. A particle moves along a curve whose parametric equations are x = e' y =2cos 3t, z = 2sin3e, 
where ¢ is the time. 
(a) Determine its velocity and acceleration at any time. 
(b) Find the magnitudes of the velocity and acceleration at ¢ =0. 


(2) The position vector r of the particle is r = xi+ yj+zk = e~*i + 2cos 3¢ j+ 2sin3¢k. 
dr ~¢ 


Then the velocity is v = ae = —e “i — 6sin3¢j + 6cos 3tk 
t 
, : d°r at; ; ; 
and the acceleration is a= he = e~47 — 16cos3tj — 18sin3¢k 
t 
dr , d°r ; 
(b) At ¢=0, a = AE Oe and az 17 18. Then 


magnitude of velocity at t = 0 is Vv (A1)- + (6) = V37 


magnitude of acceleration at t=O is V(1)2+(—18)° = V325. 


4. A particle moves along the curve x = 227 , y= t°—4t, z =3t-—5, wherezt isthe time. Find the 
components of its velocity and acceleration at time ¢=1in the direction i — 3j + 2k. 
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dr. 
dt 
4ti + (22—4)j + 3k = 41 —- 2j + 3k att=1. 


Velocity (2074 + (12 —4t)j + (3t —5)k] 


i — 3j + 2k _ 1-3) + 2k | 
V(1)? + (—3)?+ (2/7 V'14 


Then the component of the velocity in the given direction is 


Unit vector in direction i— 3j + 2k is 


(4i — 2j + 3k): (i — 3j + 2k) (4)(1) + (—2)(-—3) + (3)(2) 16 8V 14 
V14 : V14 V14 7 
d*r d dr d [ ] 
i ==> = —(—) = —l4i t+ (2¢-4)j + 3kj = 4i + 2j + Ok. 
Acceleration 7 dt a? 4ti + ( jj + 3 j k 
Then the component of the acceleration in the given direction is 
(44 + 2] + Ok)- (i — 3j + 2k) _ (4)(1) + (2)(—3) + (0)(2) -2 = Vv 14 
V14 V14 V'14 7 


5. A curve C is defined by parametric equations x =x(s), y =y(s), z =z(s), Where s is the arc 
length of C measured from a fixed point on C. If r is the position vector of any point on C, show 
that dr/ds is a unit vector tangent to C. 


d 


ax 
ds 


d 
The vector eee ae +yj+zk) = i+ ey) + Lan is tangent to the curve x= x(s), y=y(s), 
d ds ds ds 


s 


z =2(s). To show that it has unit magnitude we note that 


y) 2 2 2 
(B82 4 Ae 4 42 z (dx) ayy ete) a 4 
ds ds ds (ds) 


since (ds)* = (dx)? + (dy)? + (dz)? from the calculus. 


6. (a) Find the unit tangent vector to any point on the curve x =t?+1, y =4t—3, z = 207-62. 
(6) Determine the unit tangent at the point where t=2. 


(a) A tangent vector to the curve at any point is 
dr 
dt 


The magnitude of the vector is | =| = V(2t)? + (4)? + (4¢—6). 


ati + 4j + (4¢—6)k 
V (2 + (4)? + (4¢-6/ 


= © (a?+1i + (4t—3)j + (2t7— 6t)k} = 2ti + 4) + (4¢—6)k 


Then the required unit tangent vectoris T = 


; adr ds dr/dt dr 
N th —_ == T = = —. 
See rae Ge a dt dejae de 
(b) Att=2, the unit tangent vectoris T= —2tS +2 . 2, ,2;41,, 


Var+apt a2 3 3 8 


7. If A and B are differentiable functions of a scalar u, prove: 


ain py = a. 2B , GA, Us = dB, dA 
(a) 7 (AB) = Avy + 7B, (b) 7 (AXB) = Ax 7” + xB 


d 
—(A-B 
(2) aoe 


Au-0 Au 
: AB , AA AA 
2 OB , OA, DA AR = 
poe = Au Au cats Au : 


Au-0 
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lim (A + AA)-(B + AB) — A‘B 
Au 


_ A*AB + Aa-B + AA-AB 
lin —_—_O fe 


Acle 


dB 


du 


+ —.B 


Al 


Another Method. Let A = A,i + A,j + Agk, 


B = B,i + Boj + Buk. Then 


2 (a-B) = 4 (A,By + ApBo + AaB) 
du du 
dB dB dB dA dA dA dB dA 
= (A, 1 4+ e272) 4 ~_ 3) + (-24B, 4+ 2 + 03 = A.— + —“°.B 
Ae ge ae” ae a dus du 
(b) 2 Ax B) - um + AA) x (B+ AB) — AxB 
du Au~o0 Au 
- ym AXAB + AaxB + AAxAB 
Au-0 Au 
Ap , AA AA dB , dA 
= lim Ax— + —*xB + ==xAB = Ax + —"xB 
Au~0 Au Au Au du du 
Another Method. 
nother Metho i j k 
d d 
quit * B®) = ds Ay Ao Ag 
B, Bo Bs 
Using a theorem on differentiation of a determinant, this becomes 
i j k i j k 
dd; ddg dds} _ , dB, dA 
ae Ae As ‘i du du du ~ sate du ? du xB 
dB, dB, Bs 
du du du By ne Bs 


8. If A=5i2i+t]—ek and B=sinti — coséj, find (a) £(a- B), (b) £(AxB), (c) £(A+ A). 


dB dA 
A-— + —-B 
dt dt 


fon. 
(2) em) 


(5t7i + ti — e°k)+(costi + sinej) + (10¢i + j — 3¢7k)* (sine i — cost j) 


5t° cost + tsint + 10¢sint — cost = (5t?—1) cost + lltsine 


Another Method. A+B = 5t*sint —tcost. Then 


£ (A-B) = £ (64? sinz —tcost) = 5t?cost + 10¢ sint + t sint — cost 


(5t?—1) cost + llt sine 


d dB dA : j : J . 
(b) de (Ax B) Ax ie + dt xB 5t t t + 10¢ I 3t 
cost sint 0 sint —cost 0 
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[2 sinei — t2 cost j + (5t?sint — ¢ cost)k] 


+ [322 cost i — 3¢? sine j + (—10¢ cost — sint)k] 


(t? sint — 3? cost)i — (t2 cose + 3t2 sine)j + (5t2 sint — sint — 11¢ cost)k 


Another Method. 


i j k 
AxB = 5t2 t —¢3} = —@costi — t3sintj + (—5t?2 cost — ¢ sint)k 
sint —cost 0 
d 3. 2 : 3 2. 2 2. : 
Then aA*B) = (t sint — 3¢°cost)i — (¢ cost + 3¢°sint)j + (5¢°sint —11t cost — sint})k 
d _ ,,d74 , dA, _ 4, dA 
(c) (AA) = ALS + Sha = 2A. 
= 2(5¢7i + tj — ¢2k) -(10ci + j — 3t7k) = 100¢7 + 2¢ + G25 
Another Method. A-A = (5t2)° + (t)* + (—03)% = 254 + #2 + £8 


Then  (a5t* + (2 + 08) = 100¢2 + 2¢ + 6¢°. 


9. If A has constant magnitude show that A and dA/dt are perpendicular provided | dA/de | ¥ 0. 


Since A has constant magnitude, A-A = constant. 
dA , dA 


d = . e = _—_— = 
Then op (A-A) = A he + dt A = 2A ie 0. 
Thus A: aA = 0 and A is perpendicular to aA provided [eA # 0. 
10. Prove f A-BxO) = A-Bx 2 + A-By + dA Bx, where A,B,C are differentiable 
du du du du 


functions of a scalar uw. 


By Problems 7(a) and 7(6), £ 4-(Bx€) = A: + (Bx) + qA By 


du du 
= A- [Bx Ze + Bo] + ArRxe 
d. du u 
dc dB dA 
= . — + .——— + =e 
A’Bx7> + At=xC 1, BE 
d= dvV_dv 
11. Evaluate —(V-—x-—->). 
dt‘ dt dt?) 
d= dv dv dv d°v d’v_ d°v dv dv d°v 
—(V-—x —) = “— KX OH OV oe eS dO 
By Problem 10, a dt ‘ dt? bi de dt? i aw * dt? dt dt : dt? 
dv da°v dv_ dv 
= blero ee + + = e—_— 
Mt ong oe esa vos ae 


12. A particle moves so that its position vector is given by r = cosa@ti+ sinwtj where w is a con- 
stant. Show that (a) the velocity v of the particle is perpendicular to r, (6) the acceleration a is 


directed toward the origin and has magnitude proportional to the distance fromthe origin, (c) rxv= 
a constant vector. 
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dr : : : 
(a) Vv eee —-® sin@ti + @ cosa@tj 
Then r-v = [cos @ti + sinwt i] 7 [—w sin wt i +w@ coswt il 


(cos Wt)(—W sinWt)+ (sinWt)(W cos Wt) = 0 


and r and v are perpendicular. 


dr dy ; ; z 
b) —- = — = -—w?%cosati — w? sinwt j 
() 2 dt 


= —~w7?[coswti+ sinwtji] = —w*r 


Then the acceleration is opposite to the direction of r, i.e. it is directed toward the origin. Its 
magnitude is proportional to |r| which is the distance from the origin. 


(c) rxv = [cos we i + sinwt j] x [—w sinwt i + @ cos wt i) 
i j k 
= COs Wt sin Wt 0; = @ (COs ?wt + sin?wt)k = Wk, a constant vector. 


—W sinwt Wececosewt O0 


Physically, the motion is that of a particle moving on the circumference of a circle with constant 
angular speed Ww. The acceleration, directed toward the center of the circle, is the centripetal accel- 


eration. 
2 2 
d B d A d dB dA 
13. Prove: AX — —- —xB = —-(Ax— — —xB). 
dt? dt? ae dt dt ) 
day dB _ dA, _ d dB ddA 
ie ane dee a ae aaa 
d°B , dA. dB dA_dB , d7A 7 d°B  d7A 
= Ax22 + 4,8 - oe + 2 OxB) = ee ad Se 
dt? dt dt ae it dt2 * is dt? dt? 
14. Show that A- 74 = 444. 
dt dt 
A ‘ 2 2 2 
Let A = Ayi+A,j+Agk. Then A = VA, + Ap + Az 
dA ms A 
oon 5(Ay + As + Asy/2(24, “1 + DdyF2 + 24q—2) 
dAy |, dAy dA, dA 
Ar + 40m ai + Asa Ana dA dA 
= = ; i.e Ah arn 
At Ae A 
Another Method. 
Since A-A = A” ee ay Seg 
S = ’ des as ) “ dt‘ ). 
din, - -,.f@A , dA, . aA d ;42 dA 
aA A) = A Pi + Fi A = 2A Te and te (A*) 2A cP 


dA _.,dA dA _ ,dA 
Then 2A°7, = 24 FP or A+ = Aes 


Note that if Ais a constant vector A» dA = 0 as in Problem 9. 


dt 
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ee eee Cen cane ee ina: 2A, 28,8, TA, DA, SA 
15. If A (Qx*y — x*)i + (e y sinx)j + (x* cosy)k, find: Oe Oy ox Ox dy Oy Ox 


= = SL (an2y — x41 + L(y sinx)j + 2 (4? cosy)k 


= (4xy ~ 4x9)i + (ye*) —y cosx)j + 2x cosy K 


OA fe) . fe) P re) 
= = x (2x?y — x4)i + —(e*Y~y sinx)j + —(x? cosy)k 
oy oy oy oy 
= Wx2qi + (xe~Y—sinx)j — x? siny k 
2 
“4 = S (ary — 424 + Lye—y cosx)j + (ox cos y)k 


= (4y —12x2)i + (y2e%+y sinx)j + 2cosy k 


oe = <2) + (ee) sina)§ - <a siny)k 


= 0 + x2eXVj — x2 cosy Kk = x2e~™ jG — x? cosy k 


3 A 3 OA 3 Q¥Q° O x ° 0 2. 
ass le = —(2x a i pee A es k 
Ox oy Ox os ; Ox ( . Ox re sal he any) 


= 4xi + (xye~) +e*¥ —cosx)j — 2x siny k 


OA _ 0 OA, _ 0 ee eee 30: 
oy: = Sy on a 4x")i + ayo" y cosx)j + (2x cosy)k 


oy 


= 4x i + (xye™¥4+e"—cosx)j — 2x siny k 


2 
Note that oA = =o , i.e. the order of differentiation is immaterial. This is true in general if A 
x x 


has continuous partial derivatives of the second order at least. 


8 
16. If d (x,y,z) = xy?z and A = xzi—xy?j+yz?k, find a) (pA) at the point (2,—-1,1). 
¥ - y y Ix? Oz 

PA = (xy2z)(xzi—xy?ftyz2k) = x2y?2z2i — x2y4z 5 + xy2 28k 

2a) = SL (a2y2e2 i — aBy4z § + xye? k) = 2x?y?z4 — x?y45j + 3xy3z22k 
z z 
o Pee ee ee 2 3,2 = 25% 4; 3,2 

a2 Bg (ey BA mPy8 J + Bxy22? ke) = Axy?z db — Qny* J + By%2? k 
x Oz x 


3 


535, OM) - (aye 1 — Dey J + 8792? by = 4y2zi — dwy*j 
x 


If x=2, y=—1,z=1 this becomes 4(—1)°(1)i — 2(-1)°j = 44 — 2j. 
17. Let F depend on x,y,z,¢ where x,y and z depend on ¢. Prove that 


FO OF | OF dx | OF dy | OF dz 
dt ot Ooxdt ody dt dz dt 


VECTOR DIFFERENTIATION 45 


under suitable assumptions of differentiability. 


Suppose that F = F,(x,y,z,t)i + Ej(x,y,z,t)j + E(x.y.z.t)k. Then 


dF = dF,i + dF,j + dFjk 


(Sa + Ba ay SA aol 2 (Ba + Sg + Pa + SB ae] 
* [Ba + ha + Pea + Beale 
= B + 3 + Biya + oh oy SB iy 
+ ce a + Bod + eejack + 8 wa 
ai + F ay # a + Paz 


dF _ OF , OF dx , OF dy | OF dz 


dt “Ot Oxdt Ooydt -obdt 


DIFFERENTIAL GEOMETRY. 


18. Prove the Frenet-Serret formulas (a) x = KN, (b) eB =-—7N, (c) oN = TB-KT. 


(a) Since T-T = 1, it follows from Problem 9 that 7.42 = 0, i.e. a is perpendicular to T. 


If N is a unit vector in the direction aM then ot = KN. We call N the principal normal, kK the 
curvature and 0 = 1/K the radius of curvature. 


(b) Let B= TxN, sothat 2B = px2N 4 2Tyy 2 rx i unxn = 7xPX. 
ds ds ds ds F ds 
Then q. 7B = T.Tx2N = 0, so that T is perpendicular to GB 
ds ds ds 


But from B:B=1 it follows that B.S = 0 (Problem 9), so that 2 is perpendicular to B and 
is thus in the plane of T and N. 


Since oR is in the plane of T and N and is perpendicular to T, it must be parallel to N; then ae = 
-—TN. We call B the binarmal, T the torsion, and 0 = 1/7 the radius of torsion. 


(c) Since T,N,B form a right-handed system, so do N,B and T, i.e. N=BxT. 


Then dN = px 22 + aB yp = BXKN — TNXT = —-KT +78 = TB — kT. 
ds ds ds 


19. Sketch the space curve x =3 cost, y=3 siné, z = 4¢ and find 
(a) the unit tangent T, (b) the principal normal N, curvature «x 


and radius of curvature po, (c) the binormal B, torsion 7 and 
radius of torsion o . 


The space curve is a circular helix (see adjacent figure). Since 
=z/4, the curve has equations x = 3 cos(z/4), y = 3 sin(z/4) and 
therefore lies on the cylinder x? + y? = 9. 


(a) The position vector for any point on the curve is 
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r = 3costi + 3sintj + 4k 
dr ; : 
Then Bee —3sintei + 3cos¢j + 4k 
de GOR): i. Me ce aaa cee ee 
ae ie = rhe? (~-3 sint)“ + (3 cost)” + 4 5 
dr dr/dt ; eee 3 P 4 
a ass = ———— ees > + : 
Thus T as ds /di 5 sint i 5 cost j 5 k 
dT d 3), ; 3 4 3 : 3. As < 
— = panei (paren + = + = = ees —~ = 
(b) at ii 5 sinc i 5 cost j 5 k) 5 costi 5 sint j 
dT _ aTft _ _ 3 a 
a ds/dt 35 cost i 35 sint j 
Since a || |x| |n| = K as K20. 
a eae 3 I 25 
Then K = = | Zeost? + 55 cost’ + (-— 35 sint)? = 35 and /p See 
From aT = KN, we obtain N = 1 aT = ~-costi -— sintj 
ds K ds 
i j k 
(ec) B = FXN = — 2 sine 2 cost = = = sine i — 4 cose j + 2k 
— cost — sine 0 
dB 4 4 dB dB/dt 4 . ae 
—_— = — fe t —> ss = —— = _ t + — t 
a 5 cost i 5 sintj, qs rPEP 35 cost i 35 sint j 
; 4 , 4 2; 4 I _ 25 
_ = _ — a = —_ + — =_—_ =— = 
TN T (— cost i sint j) 35 costi 35 sintj or 7 25 and o& aa 


20. Prove that the radius of es of the cure with parametric equations x =x(s), y = y(s), z = 2(s) 
1/2 


ss oe d° x.2 2 
Ss b = oo + 
is givenby p sy + G iP) eS ae 


The position vector of any point on the curve is r = x(s)i + y(s)j + z(s)k. 


2 2 2 
dr _ dx, dy dz ae aT __dx,,@y.,a@z 


Then T=— = —~i+—~j+—k d — —k 
Ss ds ds j ds ds ds2 24 ds2 
dT dT /d°x2o  d*y2 d*z2 1 
But — = KN sothat kK = |— | = ——) + (—) + (—~) andtheresult follows sin =—* 
ds | ds Oe (is? ie? eet K 
2 3 
dr driodr T 
21. Show that —-+—3x*x>=5 = <3 
ds ds? ds® pp? 
dr dt dT d't dN ai di dt 
K 
—_— = — S—— = —_—_ = —_— + —_— = _ oo} = _ _ 
2 3 
dr dr dr _ oq 4 aK 
ae Js2 * eas = T° KNX(KTB—K be N) 
= T(K27NxB — NXT + KEL NXN) = Te(K°TT + KB) = KAT = AG 


ds p 
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The result can be written ! t t 
x y z 

roe [@")? + ty")? 4 (2")?] 73 Pi y" Pe 

“ie Ve tf 
x ¥ Zz 


where primes denote derivatives with respect to s, by using the result of Problem 20. 


22. Given the space curve x=t, y=", z = 248, find (a) the curvature x, (b) the torsion 7. 


(a) The position vectoris r = ti + ¢?7j + 2°k : 
Then dt = j + 2tj + 21? k 
dt 
ds _ |at| . /at.dt - Jats cy? 4 ay? = 1+ me? 
dt ee dt dt (1) + (ae) + (2t") 
_dr _ dr/dt _ i+ 2j + 2°k | 
and alae: ds/dt 1 + 202 
dT — (1 + 2¢2)(2j + 40k) — (i + eG + We? kY(4e) _ —4ei + (2—40°)j + Ack 
dt (1 + 2¢7)? (1 + 207)? 
e Qr% 
Then dT _ 4TH - —4i + Ga + 4¢tk ; 
ds ds/dt (1 + 2@*)° 
sie MP es oe Ee V(—40)? + (2-407)? + (40? _ 2 
ds ds ae 23 (+ 2° 
* 2.. 
() From:@), N= DCP = abt Ge i te Ss as 
K ds 1 + 2t 
i j k 
2 2: A 
The B Shen = (oS: St. ae es Bee 
AQ. “YA ge? a4 oe 1 + 242 
—2t 1 — 2¢7 Qt 
1 + 207 1+ 22 1+ 207 
: 2 e e 2 7 
Now 7B - 4ti + (4 esa) Mi 4tk sa dB _ dB/dt _ 4ti + (4¢ = ol 4tk 
dt (1 + 2¢*) ds ds/dt (1 + 20°) 
—2ti + (1 — 27)j + 2k d 
Also, —TN = a7 | molly Seti a ] Since cB = —7N, wefind 7 = : 


1 + 202 ; a (1+ 22% 


Note that «K = 7 for this curve. 


23. Find equations in vector and rectangular form for the (a) tangent, (5) principal normal, and (c) 
binormal to the curve of Problem 22 at the point where ¢ = 1. 


Let T,,N, and B, denote the tangent, principal normal and binormal vectors at the required point. 
Then from Problem 22, 


ee ee ree oo ey 
T =! 2j aK N. = 2i j ay. B _ 2i 2j k 


fe) 3 fe) 3 O 3 
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24. 


25. 
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If A denotes a given vector while To and r denote respectively the position vectors of the initial point 
and an arbitrary point of A, then r—r. is parallel to A and so the equation of A is (r—r,) XA = 0. 


fe) 
Equation of tangent is (r—Ilo) XT, = 0 
Then: Equation of principal normalis (—-r,) XN,= 0 
Equation of binormal is —Io) XB, = 0 


In rectangular form, with r=xi + yj + zk, ro =i+jt 2k these become respectively 
x~—1 y~-1 z—2/3 x-1 y-1l _ 2-2/3 x—1 y-1 _ 2-2/3. 


to ee 2 —2 =i 2 2 —2 1 
These equations can also be written in parametric form (see Problem 28, Chapter 1). 


Find equations in vector and rectangular form for the (a) osculating plane, (5) normal plane, and 
(c) rectifying plane to the curve of Problems 22 and 23 at the point wherez =1. 


(a) The osculating plane is the plane which contains the tangent and principal normal. If r is the position 
vector of any point in this plane and r, is the position vector of the point ¢=1, then r—r, is perpendic- 
ular to Bo, the binormal at the point ¢=1, i.e. @—r,) + By = 0. 


(6) The normal plane is the plane which is perpendicular to the tangent vector at the given point. Then 
the required equation is (rf—T)° To = 0. 


(ec) The rectifying plane is the plane which is perpendicu- 
lar to the principal normal at the given point. The 
required equation is (rf —ry) "NaS 0. 


Normal Plane Osculating Plane 


In rectangular form the equations of (a), (b) and (c) 
become respectively, 


2(x—1) — Wy—1) + 1(z—2/3) = 0, 
I(x—1) + 2y—1) + 2(z—2/3) = 0, 
—2(x—1) —lfy —1) + 2(z—2/3) = 0. 


The adjoining figure shows the osculating, normal 
and rectifying planes to a curve C at the point P. 


Rectifying Plane 


(a2) Show that the equation r = r(u,v) represents a surface. 
(6) Show that or x or represents a vector normal to the surface. 
(c) Determine a unit normal to the following surface, where a > 0: 
r = acoSu sinvi + asinu sinv Jj + acosuv k 


(a) If we consider u to have a fixed value, 
say uo, then r=riuo,v) represents a 
curve which can be denoted by u = Uo: 
Similarly u=u, defines another curve 
r=rtu,,v). As u varies, therefore, r = 
r(u,v) represents a curve which moves in 
space and generates a surface S. Then 
r=r(u,v) represents the surface S thus 
generated, as shown in the adjoining fig- 
ure. 


The curves u=uo, u=uy4, -.. represent definite curves on the surface. Similarly v=u), v=v,, 
... Tepresent curves on the surface. 


By assigning definite values to u and v, we obtain a point on the surface. Thus curves u = uo and 
v = Uo, for example, intersect and define the point (uj,v,) on the surface. We speak of the pair of num- 
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bers (u,v) as defining the curvilinear coordinates on the surface. If all the curves u=constant and 
v=constant are perpendicular at each point of intersection, we call the curvilinear coordinate system 
orthogonal. For further discussion of curvilinear coordinates see Chapter 7. 


(b) Consider point P having coordinates (Ug %) 
on a surface S, as shown in the adjacent dia- 
gram. The vector Or/ Ou at P is obtained by 
differentiating r with respect to u, keeping 

=constant =v). From the theory of space 
curves, it follows that Or/dou at P repre- 
sents a vector tangent to the curve v = Vo at 
P, as shown in the adjoining figure. Similar- 
ly, Or/ ov at P represents a vector tangent 
to the curve u=constant=u,. Since Or/ du 
and or/ Ov represent vectors at P tangent 
to curves which lie on the surface S at P, it 
follows that these vectors are tangent to the 


Or Or 


surface at P. Hence it follows that = x= 
Ou Ov 


is a vector normal to S at P. 


(c) Or = —asinu sinv i + acosu sinv j 
Ou 
or z : . 
a = acosu cosv i + asinu cosv j — asinv k 
Vv 
i j k 
Or. Or : p 
Then SS = —a sinu sinv acosu sinv 0 
Ou ov 
a coSu cosv a sinu cosv —a sinv 


: , 2. pee 4 : 
—a* cosu sin? v i — a? sinu sin? v j - a* sinv cosv k 


represents a vector normal to the surface at any point (u,v). 


A unit normal is obtained by dividing & x or by its magnitude, | at x 
u Vv u 


ie? 


| » given by 


fey 


v 


4 


a* cos*u sintv + a* sin?u sin*v + a* sin?v cos?v 


4 


sin? v cos?v 


oo: : P 
: - a“ sinv if sinv > 0 
Va* sin? v (sin?v + cos?v) = { 


Va* (cos?u + sin2u)sintv + a 


a* sinv if sinv < 0 
Then there are two unit normals given by 
+ (cosu sinv i + sinu sinv j + cosv k) = in 


It should be noted that the given surface is defined by x=acosu sinv, y=a sinu sinv, z=a cosv 
from which it is seen that x*+ y? + z* = d , which is a sphere of radius a. Since r=an, it follows that 


mn = cosu sinvi + sinu sinv j + cosuv k 


is the outward drawn unit normal to the sphere at the point (u,v). 


26. Find an equation for the tangent plane to the surface z = x7 + y? at the point (1,—1, 2). 


het. +24, y= 0, <= u-+v- be parametric equations of the surface. The position vector to any point 
on the surface is 
ro = ui + vj + (u?+v7)k 


30 
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Then a = i+ Qk = it 2k, a = j+2vk = j—2k at the point (1,—1,2), where u=1 and v =~—1. 
“ 
By Problem 25, a normal n to the surface at this point is 
n = Or, Or = (i+ 2k)x(j—- 2k) = —2i+ 24t+k 
Ou Ov 


The position vector to point (1,—1,2) is Ry =i—jt+ 2k. 
The position vector to any point on the plane is 


R = xityjt+zk 


Then from the adjoining figure, R—Rp is perpendicular to 
n and the required equation of the plane is (R—R,)-n=0 


or [wityjt+zk)—Gi~—j+ 2k)]-[-2i+ 2+k] = 0 
i.e. —2(x—1) + @Ayt1) + (z—-2) = 0 or 2k ~—2—z=2. 


MECHANICS 


27. 


28. 


Show that the acceleration a of a particle which travels along a space curve with velocity v is 
given by 


where T is the unit tangent vector to the space curve, N is its unit principal normal, and ¢ is the 
radius of curvature. 


Velocity v = magnitude of v multiplied by unit tangent vector T 


or v = 0T 

Differentiating, a = a = £ (oT) = a a 
But by Problem 18(2), a - a a 2 xn 5a oes oz oN 
fee ai ZT + 0M) = ea + EN 


This shows that the component of the acceleration is dv/dt in a direction tangent to the path and v2/o in 
a direction of the principal normal to the path. The latter acceleration is often called the centripetal accel- 
eration. For a special case of this problem see Problem 12. 


If r is the position vector of a particle of mass m relative to point O and F is the external force 
on the particle, then rxF =M is the torque or moment of F about O. Show that M =dH/d, where 
A =rxmv and v is the velocity of the particle. 


d 
M = rxF = rx oF (mv) by Newton’s law. 
a d ar 
But di (rxXxmv) = rx oF (mv) + dt xX mv 
. ad a 
cx (mv) + VxmvV aaa (mv) + 0 

on, Seb _ ai 

Le. MF Gp xmv) = FF 


Note that the result holds whether m is constant or not. Hi is called the angular momentum. The result 


29. 
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states that the torque is equal to the time rate of change of angular momentum. 


This result is easily extended to a system of n particles having respective masses m,,m,..., my 
n 
and position vectors Tye kos eo Ty a external forces FL. Foe eee F,,. For this peas or rx v, 
is the total angular momentum, M = > rx F, is the total torque, and the result is M = a as before. 
R=1 
An observer stationed at a point which is fixed rel- Z 
ative to an xyz coordinate system with origin O, as z f 
shown in the adjoining diagram, observes a vector \ me 


A=A,i + A,j + Agk and calculates its time de- 
rivative to be day i+ dA jt dAg k. Later, he 
dt dt dt 
finds out that he and his coordinate system are ac- 
tually rotating with respect to an XYZ coordinate 
system taken as fixed in space and having origin 


also at O. He asks, ‘What would be the time de- ee, 


rivative of A for an observer who is fixed relative 
to the XYZ coordinate system ?’ 
dA dA 


X x 


(a) If ade P and ar. | denote respectively the time derivatives of A with respect to the fixed 
m™ 


and moving systems, show that there exists a vector quantity @ such that 


dA dA 


dt dt + @xA 


f 


m 


(b) Let Dy and D», be symbolic time derivative operators in the fixed and moving systems re- 


spectively. Demonstrate the operator equivalence 


Dz = Dn + @x 


(a) To the fixed observer the unit vectors i,j,k actually change with time. Hence such an observer would 


compute the time derivative of A as 


dA dAa. dAy . dA, di dj dk 
(1) ge a a Oe Ca Ag Sea a i.e. 
dA| . dA di dj ; dk 
so dt | dt i + As de * 42 Ta Ag dt 


Since iis a unit vector, di/dt is perpendicular to i (see Problem 9) and must therefore lie in the 


plane of j and k. Then 
di 


(3) i 7 (M44 + Ook 
ee qj _ ; 
Similarly, (4) de Qok + Q,i 
d : : 
(6) Hos aa + Oi 
From i-j = 0, differentiation yields i. dj + di; =O. But i. dj = a, from (4), and di “j= a 
dt dt dt dt 
from (3); then @, = —@,. 
wack pee _ dk , di 7 S ; bs refi . dk , dj : 
Similarly from i-k = 0, iva + 4°" = 0 and @;=—@,; from j-k=0, j dt ae k=0 and 
a,=—-a,. 
di . dj : dk 
Then aes Qj + ak, ao Q,k — O,1, 7 Ps —-@,i — Aj and 
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(6) 
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di dj dk _ F 
Ava + Aor, + Ag ie =  (-0,4,— 4,4g)i + (1,4, — g45)) + (0,4, + QA) 


which can be written as 


i j k 
Ag = —-Aq ay 
A, A, A 


where @ = G,i + Woj + Wek. The quantity w@ is the angular velocity vector of the moving system 
with respect to the fixed system. 


By definition D;A = aA = derivative in fixed system 
f 
dA ne wages OF P 
DA = ora = derivative in moving system. 
m 
From (a), DA = DzA + @xA = (Dy, +@x)A 


and shows the equivalence of the operators D f = De +@x. 


30. Determine the (a) velocity and (5) acceleration of a moving particle as seen by the two observ- 
ers in Problem 29. 


~ 


(a2) Let vector A in Problem 29 be the position vector r of the particle. Using the operator notation of 


Problem 29(b), we have 


(1) Det = (D, + @x)r = Dt + @xr 
But D zt = LF f = velocity of particle relative to fixed system 
D,, r= Voi ~.= velocity of particle relative to moving system 
@>»r = v | f velocity of moving system relative to fixed system. 
Then (2) can be written as 
(2) “oie * "bin +@xr 


or in the suggestive notation 


(3) 


U 
< 


= + 
“olf “plm ‘nif 


Note that the roles of fixed and moving observers can, of course, be interchanged. Thus the fixed 
observer can think of himself as really moving with respect to the other. For this case we must inter- 


change subscripts m and f and also change @ to - a) since the relative rotation is reversed. If this is 
done, (2) becomes 


= Vv - @xr or vV = Vv + @xr 


Vv 
b\m blf olf b\m 


so that the result is valid for each observer. 


31. 


32. 


33. 


34. 


(b) 


If R 
Ans. 


Find 
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The acceleration of the particle as determined by the fixed observer at O is Der = D-(D er). Take Dr 
of both sides of (J), using the operator equivalence established in Problem 29(b). Then 


D,(D¢ r) = Dz (Dy r + @xr) 
= (D,+ @x)(D,r + @xr) 
= D,(D_t + @xr) + @x(D,r + @xr) 


= Dor + D,,(@ xr) + @xD,t + @x (@ xr) 


2 2 
or Det = a + 2@) xDt + (D,@) xt + @x(@xr) 
Let aay F = De r = acceleration of particle relative to fixed system 
Qb\m = Dor = acceleration of particle relative to moving system. 
Then On| f = 2m@xD,r t+ (D,@) xr + @x(@xr) 
= acceleration of moving system relative to fixed system 
and we can write abi f = 24) m + Qnlf ‘ 


For many cases of importance @ is a constant vector, i.e. the rotation proceeds with constant an- 
gular velocity. Then D,@ =Q and 


am! f = 2@x Dt + @x(@xr) = 2Mxv, + @x(@xr) 


The quantity 2@xv_ is called the Coriolis acceleration and @x(q@)xr) is called the centripetal accel- 
eration. 


Newton’s laws are strictly valid only in inertial systems, i.e. systems which are either fixed or 
which move with constant velocity relative to a fixed system. The earth is not exactly an inertial sys- 
tem and this accounts for the presence of the so called ‘fictitious’ extra forces (Coriolis, etc.) which 
must be considered. If the mass of a particle is a constant M, then Newton’s second law becomes 


(4) MDqr = F — 2M(@xD,t) — M[@x(@xr)] 


where D, denotes d/dt as computed by an observer on the earth, and F is the resultant of all real 
forces as measured by this observer. The last two terms on the right of (4) are negligible in most 
cases and are not used in practice. 


The theory of relativity due to Einstein has modified quite radically the concepts of absolute mo- 
tion which are implied by Newtonian concepts and has led to revision of Newton’s laws. 


SUPPLEMENTARY PROBLEMS 


ria 
= enti + Ina2+ 1)j — tanzk, find (a), (b) oF ae 


(a)—i—k, (b)it2j, (c) V2, ‘ace 


-@ {£8 at ¢=0 


7 


the velocity and acceleration of a particle which moves along the curve x =2 sin 3¢, y = 2 cos 3t, 


z=8¢ at any time t¢>0. Find the magnitude of the velocity and acceleration. 


Ans, 


Find 


constants. Ans. 


eee 


v=6cos 3:i — 6sin3¢j + 8k, a=—18sin 3ti — 18cos3tj, |v|=10, {al = 


a unit tangent vector to any point on the curve x =acosWt, y=asinWwt, z = bt where a,b,w are 
~a®m sinWti + aw coswtj + bk 


Vara +b oe 


a oe tj if (2¢+1)k and Pe (2t~-3)i ; j- i find 


(a)—, dt 2 tas B), (4 (AB), (e) 9 oe S| A+B|, (@) 7 fax By at t=1. Ans, (a) —6, (b) 7§+3k, (c)1, 


(d)i + 6j + 2k 
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35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 
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; ‘ F d 
If A=sinuit+tcosujtuk, B=cosui—sinu j— 3k,and C = 2i+3j—k, find ay (AX(BXC)) atu=0. 
Ans. Ti + 6j — 6k 
iB dA q°B  d°A 
Find — CA. fa ae -B) if A and B are differentiable functions of s. Ans. A+ ds? ~ ds? -B 
a2 
If A(t) = 3¢7i — (¢+4)j + ¢?—2t)k and B(t) = sint i + 3e7*j — 3costk, find if (AXB) at ¢=0. 
Ans. —30i + 14j + 20k 
d°A 2 , dA ‘ 
If ae = 6ti— 24¢°j+4sintk, find A giventhat A= 2i+j and de =—i- 3k at 7¢=0. 
Ans. A = (t®—t+2)i + (1—2ej + @—4sint)k 
Show that r = e (Cy cos 2¢ +C, sin 2¢), where C, and C, are constant vectors, is a solution of the dif- 
2 
ferential equation 21 + 22% + 5r = 0. 
dt dt 
Show that the general solution of the differential equation 7 # 2a + w°r = 0, where % and w are con 
stants, is Bao 
(a) r = e 2% (C, eVana ty g evan * ty if a —w > 0 
(6) r = rate, sin Vw? — 0? ¢ + C, cos Vol EB 2 t) if d?—w? < O. 
(ce) r = ett, +C,t) if a? — a? =0, 
where C, and Co are arbitrary constant vectors. 
2 2 2 
dtr ar dr dr ar - 
—— 5 =0, (6) 5 + 2— +r=O0, (c) —5 + = 0. 
Solve (a) qe 4 0 ( ) de2 de 0 ( ) dt2 
Ans. (a) rt = C,e5% + Coe” t (b) r= e~ "(C4 + Cot), (c) r = Cy cos 2t¢ + Co sin 2t 
Solve Y =X, x =—Y. Ans. X =C€C, cost + Cosint, Y =C, sint — Cy cost 
t 
2 2 2 2 
7 2 _, OA OA DA OA DA OA 
If A = cos xy i + (38xy — 2x°)j - (3x + 2y)k, find De ’ oy , ae. Oy?’ Se 3y’ Oy Ox 
C) 

Ans. “ =—y sinxy i + (8y—4x)j — 3k, ga = —x sinxy i + 3xj — 2k, 

OA 2 oA 2 OA _ OA 

ee a ae i— i =a = i = + 

ee y~ cosxy i 4j, Oy? x" cos xy i, ae Oy 3y ee —(xy cosxy + sinxy)i + 3j 

> 
If A = x*yzi — 2x29 j + xz7k and B = 22i + yj —x?k, find 3 dy (AXB) at (1,0,-2). 
Ans. —4i — 8j 4 
If C, and Co are constant vectors and A is a constant scalar, show that A = evhx (C, sin Ay +Cy cos Ay) 
oon , OF 
satisfies the partial differential equation aa + 52 = 0. 
= 2to(t- r/c) 
Prove that A = 9 ____ , Where p, is a constant vector, @ and c are constant scalars and i =V—1, 
2 2 
satisfies the equation o4 2 QA = + ga . This result is of importance in electromagnetic theory. 
r r T 


DIFFERENTIAL GEOMETRY 


47. 


Find (a) the unit tangent T, (5) the curvature x, (c) the principal normal N, (d) the binormal B, and (e) the 
torsion 7 for the space curve x =t—1@°/3, y =t7, z=t+t/3, 
Qs ; 2 2 
1—f)i + 2j+ (+e yk 2t 1—¢t 
ie. es Eee A ey Nes i 4 j 
V2(1 +2?) 1 +1? 1+? ig if 
ec). 7 = > 000 
2 F 2 (1 + t*) 
t? — — 22tj+ + 
ee 1 (d) B = ( 1)i at j (t 1)k 


a+ey Y2(1+f) 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 
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A space curve is defined in terms of the arc length parameter s by the equations 
x=arctans, y= $2 In(s2 +1), z=s —arc tans 
Find (a2) T, (6) N, (c) B, (2) K, (e) T, (N 0, (g)o. 


i+ V/2sj+s?k V2 
POM tees @) «= 
= ¢ AG 2 
(b) N= ina ek aye 2sk ae v2 ope! 
seal aie | V2 
2. . 2 
ie) p= ot ¥2si +k Gp 22 
s*+]1 V2 


Find K and 7 for the space curve x= t, y= t’, z= ¢° called the twisted cubic. 


aVot* + 9f7 + 1 3 


Ans. K = —————_., TFT = ——— 
(9t4+ 4¢2 + 1)3/2 Qr4 + 942 + 1 


Show that for a plane curve the torsion 7= 0. 
Show that the radius of curvature of a plane curve with equations y = f(x}, z= 0, i.e. a curve in the xy 
4,978/2 
plane is given by 9 = GC ols " 
" 
ly"| 


Find the curvature and radius of curvature of the curve with position vector r =a cosui+bsinuj, where 
a and b are positive constants. Interpret the case where a=b. 


Ans. K= ee eer ee RE hae if a=b, the given curve which is an ellipse, becomes a cir- 


cle of radius a and its radius of curvature O=a. 


Show that the Frenet-Serret formulas can be written in the form - = @xT, aN =@xN, “8 = @xB and 


determine @. Ans. @ = TT + KB 


Prove that the curvature of the space curve r=r(t) is given numerically by kK = EERE , where dots de- 
note differentiation with respect to ¢. | r | 
r.Txr 
(a) Prove that 7 = — iP for the space curve r=r(t). 
rxr 
dr dr dr 
2 
(6) If the parameter ¢ is the arc length s show that 7 = aos as 
(d r/ds ) 
—_ “ 
If Q@=rxr, show that K= g re md . 
r 


Find « and 7 for the space curve x = 0 — sin@, y=1—cos0, z= 4sin(G/2). 


L Je Bao (3 + cos 0) cos G/2 + 2sin0 sin G/2 

Ans. K = =V6—2cos0, T = 

8 12 cosO — 4 

at +1 1° 

71 ¥ geen z =t+2. Explain your answer. 


Ans. T=U. The curve lies onthe plane x — 3y + 3z =5. 


Find the torsion of the curve x 


Show that the equations of the tangent line, principal normal and binormal to the space curve r=r(¢) at the 
point ¢=t. can be written respectively r=r,+tT>), r=r1,j+tNo, rf =fo+tBo, where ¢ is a parameter. 


Find equations for the (a) tangent, (b) principal normal and (c) binormal to the curve x = 3 cost, y = 3 sing, 
z = 4t at the point where ¢=T. 


Ans. (a) Tangent: r = —3i + 47k + “(-3 +28) 6 (eS e SEES = ans Ze, 
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61. 


62. 


63. 
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(6) Normal: r 


" 


—3it+4ujtei or x 


—3+t, y=4M, z=0. 


Mi 
u 


(c) Binormal: r —3i + amy tej +n) or x= —3, y =4n+4e, z = 3r. 


5 


Find equations for the (a) osculating plane, (b) normal plane and (c) rectifying plane to the curve x =3t aerial 
y=3t?, z= 3¢+¢° atthe point where ¢=1. Ans. (a2)y—zt1= 0, (b)y+z—7= 0, (c)x=2 
(a) Show that the differential of arc length on the surface r=r(u,v) is given by 
ds* = Edu? + 2Fdudv + Gdv? 
Or Or _ Ore Or | or _ oo _ ore 
WEE Ee Oy eu ey. Oye oes On ee. 


(b) Prove that a necessary and sufficient condition that the u,v curvilinear coordinate system be orthogonal 
is F=0. 


Find an equation for the tangent plane to the surface z=xy at the point (2,3,6). Ans. 3x +2y—z=6 


64. Find equations for the tangent plane and normal line to the surface 4z =x? —y? at the point (3,1,2). 
Ans. 3x —y — 2z =4; x =3t+3, y=1-—t, z=2—2¢ 

65. Prove that a unit normal to the surface r=r(u,v) is n = + Foon at , where £,F, and G are defined as 
in Problem 62. EG—F 

MECHANICS 

66. A particle moves along the curve r = (t?— 4¢)i + (t? + 4t)j + (87 — 3¢°)k, where? is the time. Find the 


67. 


68. 


69. 


70. 


magnitudes of the tangential and normal components of its acceleration when ¢=2. 
Ans. Tangential, 16; normal, 2V73 


If a particle has velocity v and acceleration a along a space curve, prove that the radius of curvature of its 


3 
path is given numerically by o = . 


|vxa | 


An object is attracted to a fixed point O with a force F = f(r)r, called a central force, where r is the posi- 
tion vector of the object relative to O. Show that rxv=h where h is a constant vector. Prove that the 
angular momentum is constant. 


Prove that the acceleration vector of a particle moving along a space curve always lies in the osculating 
plane. 


(a) Find the acceleration of a particle moving in the xy plane in terms of polar coordinates (0,P~). 
(b) What are the components of the acceleration parallel and perpendicular to p? 


Ans. (a) t = [(0—pd*) cosh — (pPt+2ph)sindl i 
+ [(o—pd?) sind + (0b +204) cos 6) i 


(&) p-pd?, ph+2p¢ 


Chapter 4 


THE VECTOR DIFFERENTIAL OPERATOR DEL, written V, is defined by 


: =) tC) 
Fe ee ae SG ae ee 

ox (Oy Oz ox Oy Oz 
This vector operator possesses properties analogous to those of ordinary vectors. It is useful in de- 
fining three quantities which arise in practical applications and are known as the gradient, the diver- 


gence and the curl. The operator V is also known as nabla. 


THE GRADIENT. Let $(x,y,z) be defined and differentiable at each point (x,y,z) in a certain re- 
gion of space (i.e. d defines a differentiable scalar field). Then the gradient of d, 
written Vo or grad d, is defined by 
i a 6 j & 
Av/ = <r + x] + <= k = "i + + k 
Note that Vd defines a vector field. 


The component of Vo in the direction of a (unit vector a js given by| Vo -a) and is called the di- 


rectional derivative of ¢ in the direction a. Physically, this is the rate of change of > at (x,y, 2) in 
ection a. 


THE DIVERGENCE. Let V(x,y,z) = Ki +V,j + Wk be defined and differentiable at each point 


(x,y,z) in a certain region of space (i.e. V defines a differentiable vector field). 
Then the divergence of V, written V+ V or div V, is defined by 


Cl] 3 


V-v 2 + 5, kh + Wj + Kk) 


tl 
~7~” 
e| 
i 
+ 
2 | 
ante 


Ox oy Oz 


Note the analogy with A-B = A,B, + A,B, + A,B,. Also note that V- Vv # V-V. 


THE CURL. If V(x,y,z) is a differentiable vector field then the curl or rotation of V, written Vx V 
curl V or rot V, is defined by 


Vxv = (21+ + Sir Sk) x(hi + hi + Kk) 
i j k 
abe 30. id: 
Qe. “By Oz 
uv OY, 
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Oe (0) 10...) 

ms oy OF xx Ox Oz | j + 
Vy, Y, V, V, 
Hh _%h,, , Hh _ My, 
(ay cag Cee ee 


Note that in the expansion of the determinant the operators 2 ; - ; 


20 120% 
Ox Oy I 
Vi V, 
BV, _ a, 
es CA os oy YK 


2 must precede V,,4,V, . 


FORMULAS INVOLVING V. If A and B are differentiable vector functions, and ¢ and w are differen- 
tiable scalar functions of position (x,y,z), then 


lL Vbtw) = Vp + VW or grad(@+wW) = grad + grad Wy 

2. V-(A+B) = V-A+V-B or div(A+B) = divA + divB 

3. Vx(A+B) = VxA+VxB or curl(A+B) = curl A + curl B 
4. V-(PA) = (Vd)-A + P(V-A) 

5. Vx(PbA) = (Vb)xA + (VX A) 

6. V*(AxB) = B-(VxA) — A-(VxB) 

7. Vx(AxB) = (B-V)A — B(V-A) — (A-V)B + A(V-B) 

8. V(A-B) = (B-V)A + (A:V)B + Bx(VxA) + Ax(VxB) 

9. V(Vb) = Vb = 2h4 TH, Te 


Ox? oy? Oz? 


Bi Se. o: Cae 
where V = 52 * By + <= is called the Laplacian operator. 


Oz? 
10. Vx (Vb) = 0. The curl of the gradient of ¢ is Zero. 
11. V-(VxA) = 0. The divergence of the curl of A is zero. 
12. Vx (Vx A) = ViV-A) - VA 


In Formulas 9-12, it is supposed that ¢ and A have continuous second partial derivatives. 


INVARIANCE. Consider two rectangular coordinate systems or frames of reference xyz and x'y'z'(see 
figure below) having the same origin O but with axes rotated with respect to each 


other. 


A point P in space has coordinates (x,y, z) or 
(x,y,z) relative to these coordinate systems. The 
equations of transformation between coordinates 
or the coordinate transformations ate given by 


R 
I 


la4x + lioy + lig 2 


(1) "= lox + ley + logz 


“< 
| 


lox + lgoy + logz 


where lip, j,&=1,2,3, represent direction cosines 
of the x’, y’ and z’ axes with respecttothe x,y, and 


(x,¥,<) 
é e¢ 


° (x,¥,2) 
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z axes (see Problem 38). In case the origins of the two coordinate systems are not coincident the 
equations of transformation become 


x = lay x + lioy + ligz + ay 
(2) y’ = la x + looy + los zt ay 
z= lax + Igy + lagz + ag 


where origin O of the xyz coordinate system is located at (aj, aj, a3) relative to the x’y'z’ coordinate 
system. 

The transformation equations (1) define a pure rotation, while equations (2) define a rotation plus 
translation. Any rigid body motion has the effect of a translation followed by a rotation. The trans- 
formation (1) is also called an orthogonal transformation. A general linear transformation is called 
an affine transformation. 

Physically a scalar point function or scalar field }(x,y,z) evaluated at a particular point should 
be independent of the coordinates of the point. Thus the temperature at a point is not dependent on 
whether coordinates (x,y,z) or (x,y, z') are used. Then if d(x,y,z) is the temperature at point P with 
coordinates (x,y,z) while d'(x,y,z’) is the temperature at the same point P with coordinates (x,y; z’), 
we must have (x,y,z) = p' (x) 3 z'). If (x,y,z) = p' (x,y; z’), where x,y,z and xy; z’ are related 
by the transformation equations (1) or (2), we call @(x,y,z) an invariant with respect to the transfor- 
mation. For example, x +y*+z* is invariant under the transformation of rotation (1), since x’+y*+z? = 
alt Ps y” P gfe 

Similarly, a vector point function or vector field A(x,y,z) is called an invariant if A(x,y,z) = 
A(x; y;z'). This will be true if 


A,(x,y,z)i + Aj(x,y,z)) + Ag(%y.z)k = Ai(x,y,z)il + Al(xy\z)i' + A, (xyz) k 


In Chap. 7 and 8, more general transformations are considered and the above concepts are extended. 


It can be shown (see Problem 41) that the gradient of an invariant scalar field is an invariant 
vector field with respect to the transformations (1) or (2). Similarly, the divergence and curl of an in- 
variant vector field are invariant under this transformation. 


SOLVED PROBLEMS 
THE GRADIENT 
1. If D(x,y,z) = 3x*y — y°z?, find Vd (or grad d) at the point (1, —2, —1). 


Veh = Sir Fis Zwery - 2) 


x 
B20 0) C) 
a 4 £(3x?y age ey. ae S038" SP ye ate = (3x2y ~ 9 22) 


= 6xyi + (3x? — By? 27)j as ay? zk 
= 6(1)(—2)4 + «(317 ~3(-2)7 (1) FG —  -2(-2) 1) 
= —12i — 9j — 16k 
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2. Prove (a) V(iF+G) = VF+VG, (b) ViFG) = F VG+G VF where F and G are differentiable sca- 
lar functions of x,y and z. 


(a) WF+G) = (Bi +33 + 2 FHC) 


tO recs ce 
= 15) (F+6) + 13, (F+G) + k a7 (F+G) 


= 1SF 4 180 4 SF 4 pS + ask + 186 
GE eG SE ew SE ae os te 
is ag ig thor +d +12 +e Bye = VF +VG 
(b) ViFG) = (Si ad + 2 Ky(FG) 
= 2 (FG)I + <6); + 2(FG)K 
- (FBs SF), + (PSE +6 SE yi + FS + Gey 
e FSS +80 5+ 36 uy + o Shir Shi SPu ) = FVG + GVF 


3. Find Vo if (2) d= In|rl, (6) d= 2. 


(a) r=axityj+zk. Then |r| = Vx2+y2+22 and b=in |r| = 5 ln(x2+y2+2). 


Vb = 3V In (x? +y? +27) 


= ae + Jee ney? 422) + Ke In (x2 +y2 + 22)} 
ie Oe soe hE ek ow 
e se Gerecre cy J 2 ty2+ 22 * k ayy20g) ~ “y2ty2422  ~ 72 


6) Vb = Vin) = Woe) = Vi (x2 +y24 22)" 7} 
x ty +z 
= bP (a? ry? ary? + i at ayeety + bP GaP ay? 2p”? 
x 
= i{—Lia2ey2 +22) or} + j{—} (2+? +22)” May} + k {— A(x? +y2 +2)" 7 22} 
—xi-yj-zk oe 
(x24+y24229? 8 


4. Show that Vr” = nr” r. 
Vie" = V (V x2 +y 2422)” = V (x2 +y2 +22) 2/2 


= i {(x2 ty? 2P/2} 4 GD {eePty2 e222} 4 wD {62 +y2422)"/? } 
as a 3s 


~~, 


GRADIENT, DIVERGENCE and CURL 61 


iB gcPry242%)/2"* ay} + jE (a2 4y? 422)? “* ay} + k {2 (22 +y24 22)" 22) 


/2 


~" Git yi + 2k) 


2-1 n~2 
n/ r= oar r 


n 
n (x? +y? + 2?) 


ty 


n (r”) 


e ‘ P A A é n not 
Note that if r=rr, wherer, isa unit vector in the direction r, then Vr = oar r,- 


eS) Show that V@ is a vector perpendicular to the surface $(x,y,z) = ¢ where c is a constant. 


Let r=xi+yj+zk be the position vector to any point P(x,y,z) on the surface. Then dr = dxi+ 


dyj+dzk lies in the tangent plane to the surface at P. 


i.e. 


Ox Ox 3 3 


Vd-dr = 0 sothat Vo is perpendicular to dr and therefore to the surface. 


But d®@ = ob ay + L ay + Laz = 0 or oh; + 0; + Dey .cdes + dyj +dzk) = 0 
y 2 ly z 


6. Find a unit normal to the surface x? y + 2nz = 4 at the point (2,—2,3). 


~~” 


V(x?y + Qxz) = (Qxy + 2z)i + x?j + 2k = —2i + 4j + 4k at the point (2,—2,3). 


—2i + 4j + 4k 1, 2. 2 
Then a unit normal to the surface = ee ee = ——j + re + re 


V (2) + (4) + (4) 3 


. 


Another unit normal is +i - 3j - 2k having direction opposite to that above. 


7. Find an equation for the tangent plane to the surface 2xz?—3xy—4x =7 at the point (1,—1,2). 


V (2x27 —3xy —4x) = (222—3y—4)i — 3xj + 4xzk 


Then a normal to the surface at the point (1,-1,2)is 7i— 3j + 8k. 


The equation of a plane passing through a point whose position vector is ry and which is perpendicular 


to the normal N is (r—I) -N=0. (See Chap.2, Prob.18.) Then the required equation is 


or 


[xi + yj + zk)—(i—jt 2k] - (71-39 + 8k) = 0 
Wx—1) — 3(y+1) + &z—-2) = 0. 


8. Let D(x,y,z) and d(x+Ax, y+Ay, z+Az) be the temperatures at two neighboring points P(x,y,z) 
and Q(xt+Ax, y+Ay, z+Az) of a certain region. 


(a) 


(b) 


(c) 


(a) 


Interpret physically the quantity Ad _ p(xtAx, y+Ay, ztAz) — D(%,y,2) where As is the 


A 
distance between points P and Q. : 
Evaluate lim Ad = dp and interpret physically. 

As~o As ds 


db _ yg. dt 
Show that aa Vb oi 


Since Ad is the change in temperature between points P and Q and As is the distance between these 


Ag 


points, Ae represents the average rate of change in temperature per unit distance in the direction from 
S 
P to Q. 
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(6) From the calculus, 
fe) 
Ag = 5, Ax + a Ay + of Az + infinitesimals of order higher than Ax, Ay and Az 
x Zz 


a AG. yn Bb Me | Bb Ay , Op As 
nee Hey Ng: = Nets ce. Bs coy. Ag Oe Des 


or faa ~~ a a 


dp 


iP represents the rate of change of temperature with respect to distance at point P in a direction 


toward Q. This is also called the directional derivative of d. 


d od d Od d od d 3 d d dz 
“yi = Og dx , Pay | Opdz = pO ig OP OP a ae ee ea, 
ds Ox ds oy ds Oz ds Ox oy Oz ds ds ds 
= V. e dr . 
P ds 
Note that since ar is a unit vector, Vp- a is the component of Vo in the direction of this unit 


vector. 


9. Show that the greatest rate of change of ¢, i.e. the maximum directional derivative, takes place 
in the direction of, and has the magnitude of, the vector Vd. 


By Problem 8(c), ie = Vp. is the projection of Vb in the direction a . This projection will be 
a maximum when Vo and a have the same direction. Then the maximum value of 2 takes place in the 


direction of V@ and its magnitude is | Vo |. 


10. Find the directional derivative of @ = xyz + 4xz? at (1,—2,—1) in the direction 2i — j — 2k. 


Vo 


V(x2yz + 4xz?) = (Qeyz +422yi + x22 § + (x*y + Bxz)k 
8i—j-—10k at (1,—2,—1). 


The unit vector in the direction of 2i — j — 2k is 
2i — j — 2k 2 


aha eg Bg a 
VOysGipeoyr OS 


Then the required directional derivative is 


a = 


° = <a eo ei —-27 2 = 16 Z. 20 4 37 
Vib-a (8i — j ~ 10k) Gi-gi =k) yp a i i 


Since this is positive, is increasing in this direction. 


11. (a) In what direction from the point (2,1,—1) is the directional derivative of # =2°yz* a maximum? 
(6) What is the magnitude of this maximum? 
Vb = V(x yz") = xyz" i+ x2°j + 3x2" k 
= -—-4i—4j+12k at (2,1,—1). 
Then by Problem 9, 


12. 


13. 


14. 
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(a) the directional derivative is a maximum in the direction Vo = —4i—4j + 12k, 


(b) the magnitude of this maximum is |Vo| = V(—4)2 +(—4)2+ (12% = V176 = 4/11. 


Find the angle between the surfaces x?+y?+z?2=9 and z =x?+y?—3 at the point (2,—1,2). 
The angle between the surfaces at the point is the angle between the normals to the surfaces at the 
point. 
A normal to x? +y2 +z? =9 at (2,—1,2) is 
Vb, = Voety?+22) = Qi + Qj + Qzk = 41 — t+ 4k 
A normal to z = x? +y?—3 or x? ty? —z =3 at (2,—1,2) is 


Vb, = Vix2ty?-z) = 2i+ °Zi-—k = 41 —- 23-k 
2 y 


(Vb1)« (Vado) = | Vo, | |Vo.| cos @, where @ is the required angle. Then 


(4i — 25 + 4k)- (44 — 23 —k) | 4i—og+4k| | 4i—2j—k| cos 6 


16+4~4 = V(4)°+(—2)° +(4% V(4h+(—-2)°+(-1% cos O 
16 _ 8Y21 


and cos @ = = 0.5819; thus the acute angle is @ = arc cos 0.5819 = 54°25’. 


eva1—ti(‘é‘ 


Let R be the distance from a fixed point A(a,b,c) to any point P(x,y,z). Show that VR is a unit 
vector in the direction AP = R. 


Ifr, andr, are the position vectors ai+bj+ck and xit+tyj+zk of A and P respectively, then 


R= tp—-t, = (x—a)it (y—b)j+(z—c)k, sothat R= V(x —af+(y—b¥ +(z—c¥ . Then 


VR = Viv (x—af +(y—by* + (z—c)*) = (x—a@)i + (y—b)j + (z—c)k = R 
Viemay + (y—by +(z—cy R 


is a unit vector in the direction R. 


Let P be any point on an ellipse whose foci are at points A and B, as shown in the figure below. 
Prove that lines AP and BP make equal angles with the tangent to the ellipse at P. 


Let R1= AP and Ro= BP denote vectors drawn re- 
spectively from foci A and B to point P on the ellipse, and 
let T be a unit tangent to the ellipse at P. 


Since an ellipse is the locus of all points P the sum 
of whose distances from two fixed points A and B isa 
constant p, it is seen that the equation of the ellipse is 
RitRo=p. 


By Problem 5, V(R,+Ro) is a normal to the ellipse; 
hence [V(R,+R,)]-T=0 or (VR,)-T = —(VR,)-T. 


Since VR, and VR» are unit vectors in direction Ry 
and Ro respectively (Problem 13), the cosine of the angle 
between VR> and T is equal to the cosine of the angle be- 
tween VR, and —T; hence the angles themselves are equal. 


The problem has a physical interpretation. Light rays (or sound waves) originating at focus A, for 
example, will be reflected from the ellipse to focus B. 
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THE DIVERGENCE 


15. If A = x2zi — 2y°z?j + xy2zk, find V-A (or div A) at the point (1,—1,1). 


V-A = oa + £3 + 2). (x?2i — Qy82z?j + xyz k) 
= 2 (x2) + ae aye2*) + S (xy?) 
= Wz — 6y72?7 + xy? = 21)(1) — O(—-1)7(1)* + (1)(-1_ = 3 at (1,—1,1). 
16. Given = 2x°y?z*. (a) Find V-V¢ (or div grad d). 
2 2 2 
(b) Show that V-V¢ = V's, where V’ = aoe + Ce + ce denotes the Laplacian operator 
Ox oy Oz 
(a) Vb = tS ay%t) + iS (aye + kk  (asty?at) 
x "y z 


Then V-Vo (24 + 8 + Ok). (ex 


22.4, 3.23 


6x“y°z2°i + 4x y2* j + Bx" y°2° k 


2.2.4 


oe eye Oi: al 


L > 4x%y 2* j + 8x°y72" k) 


u 


= x) 2,4 ie 3,.44 0) 3, 2,3 
5, (6xty"2") + 3, (ere + 5 (Bxy*2°) 


= 1ey2e* + an%2* + 2423y22? 


O24! 70 3 od, ow, 
b) VVb = (—i+—j + —k)s (oi + yp + 
OUNUR = Meee SNe RS he iE) 
2 Z 2 
ge POOR ce, pep OD ye OOD. 2, Og TOR a. oe 
Ox Ox Oy © dy Oz Oz Ox? Oy? O22 
2 2 2 
ee ti Ace 2 2 
See ee ee en ee 
24 
17. Prove that V (=) = 0. 
re eC 1 
VG) = (Se + a + 5h are 
Opi dy ig Ory 2p Qynr¥2 2 Wa 24,2\-9P 
Oe Veiyiee Oe 7 pe 
cm Let we: OL oe ie eae 
Ou ( apae 5, | x(x“ +y* 42°) 1] 
= Ba2(x2ty2e22y/2 — (x2 ty2422)9? = Sead Mei 


(x24 y24 22) 8/2 


Similarly, 
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a ae z ie per ce ——— ai tee 
Oy? Vn? +y? +27 (x? +y? +27) 9/? 027? ty? +2" (x? +y? +27) 5/2 
2 2 
5 e) fe) 3 1 
Then by addition, —=s tee tt SS) ( S _-?) «d= :«dOOdD. 
(a2 Oy? de? Taayee 
The equation Vo =0 is called Laplace’s equation. It follows that @=1/r is a solution of this 
equation. 
18. Prove: (a) V-(A+B) = V-A + V-B 
(b) V- (PA) = (Vp)-A + P(V-A). 


(a) Let A = A,i + 44j + Agk, B = Byi + Boj + Bak. 


) 


<—k)+ (Byi + Boj + Bok) 
Oz 


* oy Ai + Agj + Agk) 


Oz 


Then V-(A+B) = (2+ oj - Lu). [(A,+B i + (ABDI + (4,+8,)k] 
Ox Oy 
3 x) 2 
= 5, (Ay* By) + oe = (ASB). + 5, (4s + Bs) 
OA, , O42 , Ag - OB, , OBs 
7 Ox ee Oz Ox oy Oz 
= Si + = + Lk) (Ay + Aoj + Agk) 
Oi 4 20. 
+ si + ay! + 
=- V-a + V-B 
(b) Vea) = Ve (PAxi + PAgi + PAsk) 
O O ° 
= — (dA —~_ (dA ces 
a? aot ay s+ 5, (PAs) 
od 0A, . Op OAn , Op 0Ag 
—. — A — — ——— —_ — 
Op ey ee Oe Ge ee, 
Oop od op OAy.. OAe .. OAg 
= —fA aL pie ——- es 
Be ae ge ae ae 
fe) fe) 
= (i ae + Ly), (Aqi + Apj + Agk) + Sis i 
= (Vd)-A + (V-A) 
19. Prove WG 5) = 0. 


Let @=r-8 and A=r in the result of Problem 18(b). 


Then V-(r-*r) = (Vr? 8)Ver 


—3r rer + 3r° = 


yer + (r 


0, using Problem 4. 
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20. Prove V-(UVV —-VVU) = UVV ~V VU. 


From Problem 18(b), with =U and A= VV, 
V-u Vv) = (Wy-(Vv) + UV-Vvy = (Wuy-(Vvy) + UV 
Interchanging U and V yields V-(V VU) = (VV)-(VU) + vVeu. 
V-(u Vv —V WU) 
(Vuy.(Vv) + UVev — [cVv).(Vuy+v VU) 
uVv ~ vVU 


Then subtracting, V-(U VV) — V-(V VU) 


21. A fluid moves so that its velocity at any point is v(x,y,z). Show that the loss of fluid per unit 
volume per unit time in a small parallelepiped having center at P(x,y,z) and edges parallel to the 
coordinate axes and having magnitude Ax, Ay, Az respectively, is given approximately by div v = 


Vev. 


Referring to the figure above, 


x component of velocity v at P = vy 
1a 
x component of v at center of face AFED = v, 3 Ax approx. 
x 
1 dv 
x component of v at center of face GHCB = v4 5 —1 Ax approx. 
x 
e : 7 i rR 1 Ov, 
Then (/) volume of fluid crossing AFED per unit time = (v, — eo Ax) Ay Az 
x 
fe) 
(2) volume of fluid crossing GHCB per unit time = (v, + ee Ax) Ay Az. 
x 
. fe) 
Loss in volume per unit time in x direction Sey y, =. Ax Ay Az 
x 
a dv, 
Similarly, loss in volume per unit time iny direction = 5, Ax Ay Az 
Y 
ge aha ee ead te dv 
loss in volume per unit time in z direction = me Ax Ay Az 
z 


Then, total loss in volume per unit volume per unit time 


Ov Ov Ov 
Sa, G2, S38, NAA 
= (a * yy 7 ee? vee = divv = V-v 
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This is true exactly only in the limit as the parallelepiped shrinks to P, i.e. as Ax, Ay and Az approach 
zero. If there is no loss of fluid anywhere, then V-v =0. This is called the continuity equation for an in- 
compressible fluid. Since fluid is neither created nor destroyed at any point, it is said to nave no sources 
or sinks. A vector such as v whose divergence is zero is sometimes called solenoidal. 


22. Determine the constant a so that the vector V = (x+3y)i + (y—2z)j + (x +az)k is solenoidal, 
A vector V is solenoidal if its divergence is zero (Problem 21). 
V-V = nes +3 + O —2z) + ig os = 1+i1+a 
ae (x +3y) ey (y ) as 
Then V-V=a+2-=0 when a= —2. 


THE CURL 


23. If A = xz°i — Qx*yzj + 2yz*k, find Vx A (or curl A) at the point (1,—1,1). 


VxA = iat) + Sy x (ast 2725 + Qyz*k) 
i j k 
. eee: xs a 
Ox Oy Oz 
x2" 2x" yz 2y2* 
C) 4 C) : C] C) C) 3 
= [—(d4yz4 —- —(-22 + [= (23) — S(dyz4)Jj + La (-ayz) — = («29)Ik 
Ua ae 5, yz)li [< @2%) 5, (27? i Ls yz) a )] 
= (227 + 2x*y)i + Bxz?j — 4xyzk = 3) + 4K at (1,-1,1). 


24. If A = x*yi — 2xzj + 2yzk, find curl curl A. 


curlcurl A = Vx(VxA) 


i j k 
= Vx < = - = Vx [(2x+2z)i — (x7+2z)k] 
xy — xz 2yz 
i j k 
e) C) e) : 
= — = = = (Qx+2 
a aa ae ae 
2x + 2z 0 —x" — 2z 


25. Prove: (a) Vx(A+B) = VxA +VxB 
(6) Vx (PA) = (Vd) x A + O(VXA). 


68 


GRADIENT, DIVERGENCE and CURL 


(a2) Let A= A,it+A,j+A,k, B= B,it Bij +B,k. Then: 


Vx (A+B) 


(8) Vx (A) 


i] 


3 3 C 


Se 3,3 +k) x [(A,+B,)i + (A,+B,)5 + (45+ B,)k] 
i i k 
-| 2 x) 2 
Ox Oy 2 
A,+B, A,+B, AgtB, 
= ie (A,+B,) -2 (A,+B,)]i + (24,48) = a 
+ (24 otB) — =A +B) )k 
OAg OAod, OA, OAs). OAn OAg 
= pein” Sees a pe ee —= ~—~ ——|k 
ae ee P RD Hl 
OBz;  OBo OB, OBs OB, OB, 
i a == —- Ik 
3 ot tee 3 * ems! 
= VxA + VxB 


V x (pA,i + PALI + PAGK) 


j k 
ge! xl 2. 
Ox Oy Oz 


PA, PA, PA, 
(Shay — Sagi + [2 (bay) - ZpAg + (S64) - S104) 


OAs . Op 0Ag of 
= —A = leak —A 
Les ar ea ae 
0A, , Oh 0A, “ +f 0A, 0 
SA meg tes A =A sgh ee Gs ee 
+ [pd 5 4 3 5, ali lp 2 ay oy ilk 
= OAs _ OAs... 0A, OAg OAp O0Aq 
$ See OP ee ee Nar 3 
fe) fo) fo) fo) 
+ (SP ag -_ Payyt + (Lay _ ayy + (Lay - ses yk] 


it 


i 
P(Vx A) + ot od ap 


P(VxA) + (Vh)xA. 
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26. Evaluate V-(Axr) if VxA=0. 


Let A= A,i+A,j+ A,k, 


Then 


and V-(Axr) 


Axr 


ut 


ul 


xit+yjt+zk. 


i j k 
= Ay Ao Ag 
x x z 
= (zAg—yAg)i + (x4g—2Ay)j + (yA1— xAg)k 
2 (zAg —yAg) + Stee —2zA,) + Lyd: — xAo) 
, 242 _ » ds , , 2dg _ Oddy, Od, _ Ode 
Ox Ox Oy Oy G2 2 
04g OA 0A,  OAg OAp = 0Ag, 
oe a alae kr 
OAg OA OA, OAs., OAn 0A, 
. ; .[, 943 _ Ode OA, _ OAg OAg _ 9Ar\y 
[xi + yj + zk] lis a ee a) ] 
r «(Vx A) = r-curlA. [If VxA=0 this reduces to zero. 


27. Prove: (a) Vx(Vd) =0 


(a) Vx (Vo) 


(curl grad 6 =0), (b) Ve(VxA) =0 (div curl A =0). 


ob, , Oh, , Op 
WG a ee ® 
i j k 
a) ae) xl 
Pe eee 
op = ob oh 
va eS 
i 3 Oe, bs... Bees 
faaly ich og Merman isis pe ae NG, Gy [Eee re ee k 
Sa.) agp lt t leg gig + Le - Ste 
a 2 ag 2 2 Pe 
D8 Ding yi: % Pr =, OPaue me GOO 2 Ps = 9 
Bde Oley Spo: One: Soy. Oye: 


provided we assume that @ has continuous second partial derivatives so that the order of differentiation is 


immaterial. 


(b) Ve (Vx A) 


i j k 
Vic oe oO “0: 

aan oe 

A, Ao Ag 

| (dda _ Bay, 5 Gla _ Bays, Bde _ 2s 

NG iy Ee ea ca 
9 (da & 9Az + 2 (9ds 94s 2 | 2As a OAs 
oe On ae Oe ee a. Ory 
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Ody. Oon- “yore. ‘Oye: O8Oe 82 Oy 


OAs Ws , OAs Ode, o Ao OA, 


assuming that A has continuous second partial derivatives. 


Note the similarity between the above results and the results (CxCm) =(CXC)m=0, where m isa 
scalar and C+(C XA) =(CxC)-A = 0. 
28. Find curl(rf(r)) where f(r) is differentiable. 


curl (r f(r) = Vx (r f(r) 
= Vx(xfir)i ty fir)i + z fk) 


i j k 
x, | - 0 oO oO 
Ox oy Oz 


xf) yf) oz fr) 
of Of x _ of), oe  _of 


= AE ae ig ag Ng ey 


But of = Fy (Ory = of 0 (Vx? ty? +27) = afin = fix Similarly, Ce ie and wf é 
r Zz r 


Ox 7 Or Ox Or Ox Vx? +y2 +22 r oy 
Then the result = git ,ly + (lt ais Ay + ht - 2 Oye = 0. 
29. Prove Vx(VxA) = ~V As V(V-A). 
i j 
: x) sa x) 
VOOR SS NO ae: Sa 
Ay Ag 3 
OA OA OA OA OA OA 
ae Las 2); eed Pee SPE 2 BEL 
x ee a) a ae ae 
j 
r 0) sO. el 
7 Ox oy Oz 
Bdg _ 242 8Ay _ dg OA 
Oy az Oz Ox Ox Oy 
= oO OA, _ OAs = © (941 _ 9491, 
Oy Ox Oy Oz Oz Ox 
P 2 (94s Op 9 (242 _ 9415) 
Oz Oy Oz Ox Ox Oy 
[2p Odt _ Bey _ 2 Bde _ Moray 


30. 
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Od, OA WA Odo... Cy ly 
7 ae 7 ae Oe ae Be Be 
2 2 2 2 
(242, OAs), - (GAs 4 O41 5, . (Ar 4 GAs 
Oy Ox Oz Ox Oz Oy Ox dy Ox Oz Ody dz 
2 2 2 2 
= 941 _ 941 _ 9s, + (242 _ 242 _ 942), 243 _ 949 _ Odo, 
Ox? Oy? 02” Ox? Oy? Oz Ox? Oy? O27 
B41, do , B40... OAr Bde, Bas Ota), , O41 , Ode , Po, 
Ox? Oy Ox Oz dx Soy Oi ee Bas poe Oe 
2 2 2 
= Js Ss + a 25) (Ani + Aoj + Agk) 
_0.04, O45  OAg 0 04, | 04g | Ody 0 0A, | 04g | OAs 
Naa Gy ga ay Geo ey Oy rn On. ey Oe 


= -VA + V(V-a) 


If desired, the labor of writing can be shortened in this as well as other derivations by writing only the i 
components since the others can be obtained by symmetry. 


The result can also be established formally as follows. From Problem 47(a), Chapter 2, 


(1) Ax (BxC) = B(A:C) — (A:B)C 
Placing A=B=V and C=F, 
Vx (VxF) = V(V-F) —- (V-V)F = VW(V-F) —- VF 


Note that the formula (J) must be written so that the operators A and B precede the operand C, otherwise 
the formalism fails to apply. 


If v=q@xXr, prove w = ;curlv where is a constant vector. 


i j k 
euly = Vxv = Vx(@xr) = Vx ja, We sy 
x y Zz 


V x [Woz —Wsy)i + (Wax —W4z)j + (Wry —Wox)k] 


i j k 
7 oO a) oO : - 
= aE oF a. = 2(@4i + Wojf + Wek) = 2@. 


Woz —Wsy W3x% —- WZ W1Y —~Wox 
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Then @ = Vx v = 2 curl v. 


This problem indicates that the curl of a vector field has something to do with rotational properties of 
the field. This is confirmed in Chapter 6. If the field F is that due to a moving fluid, for example, then a 
paddle wheel placed at various points in the field would tend to rotate in regions where curlF #0, while if 
curl F = 0 in the region there would be no rotation and the field F is then called irrotational. A field which 
is not irrotational is sometimes called a vortex field. 


2 
31. If V-E =0, V-H =0, VxE=— 2H. VxH= OE show that E and H satisfy Vu = ou 
Ot Ot Ot 
2 
2 _OH, _ _ 2 . _9,9E, , _9E 
MB oe Ye aL 7 ie 7 FT, Ot? 
2 
By Problem 29, Vx (VxE) = _VE +V(V-E) = _~VE. Then VE = ce. 
- og, _ 2 3, On on 
= V —_— = = (- 20." 
Similarly, Vx (Vx 8) XG) 5, (VxE) 5, ( > 52 
2 
But Vx (Vx) = _Va +Vc(V-H) = —~Vn. Then Va = cH. 
t 


The given equations are related to Maxwell’s equations of electromagnetic theory. The equation 


Ou, Su, Ou. Qu 


Ox? Oy? 02? 


is called the wave equation. 


MISCELLANEOUS PROBLEMS. 


32. (a) A vector V is Called irrotational if curl V=0 (see Problem 30). Find constants a,b,c so that 
Vio= (% + 2y +az)i + (bx —3y —z)j + (4x +cy + 2z)k 
is irrotational. 


(6) Show that V can be expressed as the gradient of a scalar function. 


i J kK 
(a2) curlvV = Vxv = 2 = 2 = (e+1)i + (@—4)j + (b-2)k 


x +2y taz bx—3y—z 4x teyt2z 
This equals zero when a=4, b=2, c=—1 and 


Vo= (x +2y +4z)i + (2x —3y—z)j + (4x —y + 2z)k 


(6) Assume V = Vo = of; + o9 + ody 


ox oy oz 
re) fe) fe) 
Then eo? aoe ea: ae ee ed eae ee 
Ox oy Oz 
Integrating (J) partially with respect to x, keeping y and z constant, 
“2 
(4) P= S + my + 4xz + fly,z) 


where f(y,z) is an arbitrary function of y and z. Similarly from (2) and (3), 
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2 
(5) p= wy — 3y — yz + g(x,z) 
(6) pb = 4xz — yz + 2% + h(xy). 


Comparison of (4), (5) and (6) shows that there will be a common value of d if we choose 


3y? x2 x2 3y2 
ee ee ee ee 
so that 
2 2 
gp = St Pt Oey + dz — 2 


Note that we can also add any constant to d. In general if Vx V =0, then we can find ¢ so that V= Vo. 
A vector field V which can be derived from a scalar field ¢ so that V= Vb is called a conservative vector 
field and ¢ is called the scalar potential. Note that conversely if V= Vd, then Vx V = 0 (see Prob.27a). 


33. Show that if O(x,y,z) is any solution of Laplace’s equation, then V¢ is a vector which is both 
solenoidal and irrotational. 


2 
By hypothesis, d satisfies Laplace’s equation V ¢ = 0, i.e. V-(Vd) = 0. Then V¢ is solenoidal (see 
Problems 21 and 22). 


From Problem 27a, Vx (Vd) = 0 so that Vo is also irrotational. 


34. Give a possible definition of grad B. 
Assume B = B,i + Boj + Bgk. Formally, we can define gradB as 


VB = Si + = +2 (Byi + Boj + Bgk) 


The quantities ii, ij, etc., are called unit dyads. (Note that ij, for example, is not the same as ji.) 
A quantity of the form 


a,,ii + aij + a,,ik + a,,ji + a,Jj + a,,jk + a, ki + a, kj + a,,kk 


is called a dyadic and the coefficients a,;, ao, ... are its components. An array of these nine compo- 
nents in the form 


a44 a2 413 
a4 90 Gog 


ag1 G39 agg 


is called a 3 by 3 matrix. A dyadic is a generalization of a vector. Still further generalization leads to 
triadics which are quantities consisting of 27 terms of the form ay, iii tam, jiit+.... A study of how 
the components of a dyadic or triadic transform from one system of coordinates to another leads to the sub- 
ject of tensor analysis which is taken up in Chapter 8. 
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35. 


36. 
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Let a vector A be defined by A = A,i + Ajj + Agk and a dyadic ® by 
po = Qy,ii + Ayij + Q43ik + Ao, Ji + Apo Ij + Aooik + Ag,k i + Agokj + Qag kk 
Give a possible definition of A°®. 


Formally, assuming the distributive law to hold, 
A°-@ = (Aqi + Aoj + Agk)>@® = Ayi-@D+ Aoj-@ + Agk-@® 
AS an example, consider i-@®. This product is formed by taking the dot product of i with each term of 


@ and adding results. Typical examples are i+ a,4ii, i+ ajoij, i-ap,ji, i- agokj, etc. If we give mean- 
ing to these as follows 


deayii = ay(i-Di = aqyi Since i-i = 1 
i-dij = ayo(i- Di = ayoj since i-i = 1 
i-aq,ji = an(i-Ji = 0 since i-j = 0 
i-dgokj = ago(i-k)j = 0 since i-k = 0 


and give analogous interpretation to the terms of j-@ and k-@, then 


A-® 


Ay(@4,1+ ayo J+ a4g kK) + Ao(Qo, it Ago Jt dogk) + Ag(agz 1+ ago J+ agg k) 


(Aq 44 + Apdo, + Agdg,) i + (Aza4m + Ap dan + Agage) J + (Azaig + Andog + Agagg) k 


which is a vector. 


(a) Interpret the symbol A-V. (5) Give a possible meaning to (A-V)B. (c) Is it possible to 
write this as A-VB without ambiguity? 


(a) Let A = Ayi + Aoj + Agk. Then, formally, 


A-V (A,i + Aoj + Agk)- (2 i + = + ox) 


0. x uo. 
A + na + As, 


is an operator. For example, 


fe) fe) re) 
(A:V)¢ = Mie Tea thea = Ay 


Note that this is the same as A-Vo. 


(b) Formally, using (a) with d replaced by B= B,it+ Boj + Bsk 


2 + Age + Ag) 8B = 4,2 + so + A 


oy Oz 
OB, OB OB OBo OBs OB OB OB fe) 
(Ay =— as + Ag By 7+ As 5,4 4. (Agee a: + Ag=- om +Ass")5 + (Ay x tds + Ag Sk 


tt 


(A-V)B = (Ay 


(c) Use the interpretation of VB as given in Problem 34. Then, according to the symbolism established 
in Problem 35, 


A°VB = (441 + dof + Agk)-VB = A,i-VB + Aoi-VB + Agk-VB 


2B, , Ba, , Boy, 4 OB, , 2B, , Bo, , 4 2B, , BBo. , BBs 
By Ot 4ocgi + oo ee en . + a, 


u 
ma 
ry 
| 
yous 
+ 
feunde 
+ 
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(6) 


which gives the same result as that given in part (b). It follows that (A-V)B = A-VB without ambi- 
guity provided the concept of dyadics is introduced with properties as indicated. 


37. If A = 2yzi — x*yj + xz*7k, B= x?i + yzj — xyk and f = 2x?yz°, find 
(a) (A‘V)¢, 


(a) (A-V)d 


(b) A-Vb 


U 


(b) A-Vd, 


(c) (B‘-V)A, (d) (AxV)¢, 


[(Qyzi — x%yj + xz7k)- (S1 + > + Luly 


(e) Ax Vo. 


(aye 2 - oy + ws) (2x%yz3) 
2yz oO (2x7yz) _ x*y 2O (2x2yz°) + xz? 9 (2728 ) 
On Oy Oz 


(2yz)(4ayz9) —  (x®y)(2x?29) + (wz?) (6x?y2z7) 


axy? 4+ 


Qxty2? + 6x%yz4 


op, , 


(Qyzi — x°yj t+ xz7kye (Hi + Sj 


oe ey 


op 
a 


(Qyzi — xy fj t+ xz7k) + (4xyz2a + 2x729§ + Ox2y27k) 


axy2z* — axtyz® + 6x8yz4 


Comparison with (a) illustrates the result (A-V)@ = A-Vo. 


(c) (B-V)A 


(d) (AxV)¢d 


- 2 Pe nies, 1Olan t 20! 
= [ti + yzj — xyk) (si ay! + 5 WIA 
C) fe) fe) OA OA OA 
=z 2 4 _—- —j)A = 2 =—_— = —— 
sa aa fae em ge ees: thas 
= x2(—OQxyf + 2°k) + y2(Q2zi~ xj) — xy(Qyi + 2xzk) 
=  (Qyz* — Qxy?yi — (2x5y + x®yzyj + (x22? — Qx%yz)k 
For comparison of this with B-VA, see Problem 36(c). 
= [(Qyzi — x2yj + wk x (Li + > + Lule 
i j k 
= 2yz xy xz? | b 
20) ol 2 
Ox oy 32 
3 3 fe : O) fs) 
= —x2y —— — 2 + 2 — Wz — + k(2yz— 
Cea, Sp A a ea wes 
op op op op op 
S chp Se 2 as ae “Sy; potest 
0 ale ae aa i a 
See ( 6x4y22? + 2x325)4 + (4x2y25 = 12x2y229)j M ( 4x2y 24 


+ fy 2 \\o 


) 
+ ty Ly 


- 4x%y228 yk 
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(e) Ax Vo = (2yzi — xy j + en: + co + 0 
ne ae 
i j k 
= ayz ~—x*y “2° 
op og og 
Ox oy Oz 


ob ob od op od ob 
= Go ee | oe ME Ss Be > 2 ea er 2 
RE POE: SGU oe MAR eae fo Re oN 
a ( 6x*y72? + 2x2° ) j + (4x%yz° —_ 12x7y223)4 + ( 4x?y2* + 4x°y7z3)k 


Comparison with (d) illustrates the result (Ax V)d = Ax Vo. 


INVARIANCE 


38. Two rectangular xyz and x’y'z’ coordinate systems having the same origin are rotated with re- 
spect to each other. Derive the transformation equations between the coordinates of a point in 
the two systems. 


Let r and r’ be the position vectors of any point P in the two systems (see figure on page 58). Then 
since r= r’, 
4. 


(1) xi + yi + z'k’ = xi + yj t+-zk 


Now for any vector A we have (Problem 20, Chapter 2), 


A = (A-i')i’ + (A-j')j’ + (A-K’)K 


Then letting A = i,j,k in succession, 


b= Gf) + Ge) + GRR = lai + doy i! + Ig kt’ 
(2) j= Gi) + GH) + Ge) = loi’ + los) + lgok’ 
k= (kei) i + (ej) i) + (eek) Ko = lagi’ + bg i + lag’ 


Substituting equations (2) in (1) and equating coefficients of i; j, k’ we find 


(3) x = Iagx + troy + ligz, y = lox + iy + loz, z' = Igyx + Igoy + lggz 


the required transformation equations. 


39. Prove i’ = lyyi + lio + Lak 
loi + loo} + bogk 


lo,i + IgoI + lggk 


Se, 
ii | 


For any vector Awe have A = (Asei)i + (A-j)j + (Aek)k. 


Then letting A = ij, k’ in succession, 


G@-i)i + W-j)j + (i's k)k lai + loi + lgk 
G-)i + GDI + Gewk lori + loo j + logk 
(k’-i)i + (Kj) j + (kek) K = Ig,i + loi + bok 


ve 
it) 
tt 


Lod 
u 
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40. Prove that 2 Lom lon = 1 if m=n, and 0 if m#n, where m and n can assume any of the values 
1, 2, 3. pee 
From equations (2) of Problem 38, 
fei = 2 = (lai! + Logi! + loa’) © (lari! + load! + leak’) 
= li + lo + lo 
i-f = 0 = (lagi + load’ + loak') + (digi! + loot’ + book’) 
= Iyalyo + lelen + larlse 
ick = 0 = (dyai’ + load’ + logk’) + (gil + Logi’ + leak’) 


laalag + lorlog + laa lsg 


be proved for m=2 and m=3. 


= 3 
By writing aa = { : a he the result can be written = Lom lon = bon: 


The symbol Oy is called Kronecker’s symbol. 


41. If d(x,y,z) is a scalar invariant with respect to a rotation of axes, prove that grad@ is a vector 
invariant under this transformation. 


By hypothesis P(x,y,z) = ¢'(x',y',z'). To establish the desired result we must prove that 


ob op, . oO, oP og’ 
of eye ae + ay : Soe 


Using the chain rule and the transformation equations (3) of Problem 38, we have 


ob Og! Ox ag’ oy’ Og 02’ og" og’ og’ 


pee ag Pam We ee Pa a a ae a 
Op _ OP! Ox’ OP Oy’ | OP Oe Og OH, OG, 
Oy. Be ay. eh op, Oe Oe 7 i ee 
Op OP Ox’ Op! Oy’ OG! 92’ OH op" op’ 

Or Oe on Oy OF Ok Oe OO Be ay = 


Multiplying these equations by i,j,k respectively, adding and using Problem 39, the required result fol- 
lows. 
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42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 
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SUPPLEMENTARY PROBLEMS 


If b = 2xz* — xy, find Vo and | Vb! at the point (2,-2,-1). Ans. 10i—4j— 16k, 2/93 


If A = 2x°i — 3yzj + xz°k and db = 2z — x°y, find A-V and Ax Vo at the point (1,-1,1). 
Ans. 5, Ti~j—-— 11k 


ora sepa ee" anace = 22*y — xy”, find (a2) ViF+G) and (6) V(FG) at the point (1,0,—2). 
Ans. (a) ~41+9j +k, (6) —8j 


Find V lr|°. Ans. 3rr 
fr. 


r 


Prove Vf(r) = 


Evaluate V(3r?— avr + 4 . Ans. (6— or~8/2 _ op 78) y 


r 


if VU = ar*r, find U. Ans. r°/3 + constant 
F : r 1 1 
Find $(r) such that Va =-s5 and (i) = 0. Ans. P(r) = rae oe) 
r r 


afetunhact 
Find Vw where W = (x2 +y2+27)e~ eae as 


Ans. (2—r)e'r 
if Vib = Qwyz?i + x229f + 3x°y2"k, find D(x,y,z) if O(1,-2,2)=4. Ans. f= xyz? + 20 


if Vw = (y? — Quyz*yi + (3 + Oxy — x72")j + (62° — 3x°y27)k, find W. 
Ans, = xy? — x*yz° + 3y + (3/2) 2° + constant 


If U is a differentiable function of x,y,z , prove Vu-dr = dU. 


If F is a differentiable function of x,y,z,¢ where x,y,z are differentiable functions of ¢, prove that 
dF OF dr 
Soe aos a Ve 
dt Ot dt 


If A is a constant vector, prove Vir -A) =A. 
If A(x.y,z) = Ayi + Aoj + Ask, showthat dA = (VA,-dr)i + (VAg-dr)j + (VAgedr)k. 


Prove \v/eey . GVF — FVG = ENG 
G G 


if G#0. 


Find a unit vector which is perpendicular to the surface of the paraboloid of revolution z = x” + y? at the 


2i + 44 - k 


EV 21 


Find the unit outward drawn normal to the surface (x — 1)? + y” + (z +2)° = 9 at the point (3,1,—4). 
Ans. (2i + j — 2k)/3 


point (1,2,5). Ans. 


Find an equation for the tangent plane to the surface x27 + xy = z—1 atthe point (1,-3,2). 
Ans. 2x —y—3z+1=0 


Find equations for the tangent plane and normal line to the surface z = x ty? at the point (2,—1,5). 
ete PA eS 


Ans, 4% — 24y —z = 5, or x =4t+2, y=—2—1, z =—£+5 


Find the directional derivative of @ = 4xz° — 3x°y"2 at (2,—1,2) in the direction 2i—3j + 6k. 
Ans, 3176/7 


Find the directional derivative of P = 4e2%~¥* at the point (1,1,-1) in a direction toward the point 


(—3,5,6). Ans. —20/9 


65. 


66. 


67. 


68. 


69. 


70. 


71. 
12. 
73. 
74. 
75. 
76. 
77. 
78, 
79. 
80. 
81. 


82. 


83. 
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In what direction from the point (1,3,2) is the directional derivative of @ = 2xz—y? a maximum? What is 
the magnitude of this maximum ? Ans. Inthe direction of the vector 4i — 6§ + 2k, 2V14 


Find the values of the constants a,b,c so that the directional derivative of @ = axy* + byz +cz°x° at 


(1,2,—1) has a maximum of magnitude 64 in a direction parallel to the z axis. Ans. a=6, b=24, c=—8 


Find the acute angle between the surfaces xy*z = 3x+z* and 3x°—y?+2z =1 at the point (1,2, 1). 


v6 


Ans. afc cos = arc cos aa = 79°55’ 


3 
V14V21 
Find the constants a and b so that the surface ax” — byz = (a+2)x will be orthogonal to the surface 
4x*y +2° = 4 at the point (1,-1,2). Ans. a=5/2, b=1 


(a) Let u and v be differentiable functions of x,y and z. Show that a necessary and sufficient condition 
that u and v are functionally related by the equation F(u,v)=0 is that Vux Vv =0 


(b) Determine whether u = arc tanx + arc tany and v = Ly are functionally related. 


1 
Ans. (b) Yes (v =tanu) 
(a) Show that a necessary and sufficient condition that u(x,y,z), v(x,y,z) and w(x,y,z) be functionally re- 


lated through the equation F(u,v,w)=0 is Vu-Vux Vw =0. 
(b) Express Vu-VuxVw in determinant form. This determinant is called the Jacobian of u,v,w with re- 


spect to x,y,z and is written Stu svsi U,v,W) oO pee’ y, 


(x,¥,2) X,Y ,z 
(c) Determine whether u =x+yt+z, v= x? +y? +27 and w =xyt+yz+zx are functionally related. 
Ou ou Ou 
Ox ody oz 
Ov ov dv 2 
ow Ow Ow 
Oe Oy dz 


If A = 3xyz- i + Qny?j~ xyz k and d = 3x2~yz, find (2)V-A, (6) A-Vod, (c) Ve (PA), (d) V-(VO), 
at the point (1,—1,1). Ans. (a) 4, (b) —15, (c) 1, (d) 6 


Evaluate div (2x°zi — xyz j + B3yz° Kk). Ans. 4xz ~— dxyz + Byz 


2 
3 +4x%y + 2% —3y —5, find Vp. Ans. 62 + 24xy — 22° — 6y*z 


If p = 3x*z — yz 
Evaluate V*cin r). Ans. 1/r* 

Prove Vn 7 n(nt1)r™~ ? where n is a constant. 

If F = (3x y —z)i + (xz? +y*)j — 2°2?k, find V(V-F) at the point (2,-1,0). Ans. ~6i + 24j — 32k 
If @ is a constant vector and v = @xr, prove that divv =0. 

Prove V (by) = OVW + 2Vb-Vy + UV od. 

If U=3x’y, V=xz° — 2 evaluate grad [(grad U)-(grad V)]. Ans. (6yz°—~12x)i + 6xz*j + 12xyzk 
Evaluate V-(Pr). Ans. 6r° 

Evaluate V-[rV1/r°)}. Ans. 3774 

Evaluate VV: ary). Ans. 2r7* 


If A=r/r, find grad div A. Ans. —2r%r 


2 
(2) Prove V* re) = oy +22. (b) Find f(r) such that V For) =0. 
dr r dr 


Ans. f(r) = A+ BA where A and B are arbitrary constants. 
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84. Prove that the vector A = By*2? i + 4x92? j - 3x7? k is solenoidal. 


85. Show that A = (2x7 + 8xy7z)i + (3x°y — 3xy)j — (47°27 + 2x°z)k is not solenoidal but B-=xyz’A is 
solenoidal. 


86. Find the most general differentiable function f(r) so that f(r)r is solenoidal. 
Ans. f(r) = C/r® where C is an arbitrary constant. 

=x J 

Vx? + y? 

88. If U and V are differentiable scalar fields, prove that VuxVV is solenoidal. 


87. Show that the vector field V = is a "sink field". Plot and give a physical interpretation. 


89. If A = 2xz7i — yzj + 3xz9k and f = xyz, find 
(a) Vx A, (b) curl (PA), (c) Vx (VxA), (¢)V[A-curl A], (e) curl grad (HA) at the point (1,1,1). 
Ans. (a)it+j, (6) 5i— 3j —4k, (c) 5i+ 3k, (d)-—2i+j+8k, (e)0 


90. If F = xyz, G = xy—3z?, find (a) V[(VF)-(VG)], (6) V-[(VF)x(VG)], (c) Vx [(VF)x(Ve)). 
Ans. (a) (2y7z + 3x7z — laxyz)i + (4xyz — 6x°z)j + (2xy* +x? — 6x"y) Kk 
(b) 0 
(c) (xz — 24xyz)i — (12x7z + axyz)j + (Quy? + 12yz7 +x°)k 


91. Evaluate Vx (r/r?). Ans. 0 


92. For what value of the constant a will the vector A = (axy—z°)i + (a—2)x?j + (1—a)xz*k have its 
curl identically equal to Zero ? Ans, a=4 


93. Prove curl (f grad P) = 0. 


94. Graph the vector fields A=xi+yj and B=yi-~—xj. Compute the divergence and curl of each vector 
field and explain the physical significance of the results obtained. 


95. If A = x°zi + yz? j — 3xyk, B'= y°i — yzj + 2ck and @ = 2x? +yz, find 
(a) A-(Vp), (b) (AV), (c) (A°V)B, (2) B(A-V), (e) (VeADB. 
Ans. (a) 4x°z +yz%— 3xy?, (b) 4x°z + yz* — 3xy? (same as (a)), 

(c) 2y2z5 1 + (3xy? — yz4)j + 2x2zk, 


(d) the operator (x*y7z i - x*yz? j + 2x32 we + (y2z° i - y72* j + Qxyz? Ke 
y: 


3 


+ (—3xy? i + 3xy2zj — 6x*y k)s- 
Zz 


(e) (Qxy?z + y°23 ) i - (Qxyz? + yz*)j + (4x72 + Qxz?)k 


96. If A = yz? i — 3xz7j + Qxyzk, B = 3xi + 4zj —xyk and O = xyz, find 
(a) Ax (Vd), (6) (AxV)q, (c) (Vx A)x B, (@) B-VxA. 
Ans. (a) —5x*yz? i + xy2z?4 + 4xyz9k 
(b) —5x*yz7 i + xy*z? § + 4xyz® k (same as (a)) 
(c) 16z°4 + (8x*yz ~12xz7)j + 32xz7k (d) 24x?z + 4xyz? 


J 
97. Find Ax(VxB) and (AxV) <B at the point (1,—1,2), if A = x2z*i + 2yj—3xzk and B = 3xzi+ 2Qyzj—2°k. 
Ans. Ax(VxB) = 181 - 12j + 16k, (AxV)xB = 4j + 76k 


98. Prove (v-V)v = 3Vu-— vx (Vxv). 


99. Prove V-(Ax B) = B:(Vx A) — A-(VxB). 


100. Prove Vx (Ax B) = (B-V)A — B(V-A) — (A-V)B + A(V-B). 
101. Prove V(A- B) = (B-V)A + (A-V)B + Bx(VxA) + Ax(VxB). 


102. Show that A = (6xy +z°)i + (3x2 — z)j + (3xz2—y)k is irrotational. Find ® such that A= Vo. 
Ans. & = 3x*y + xz? — yz + constant 


103. 


104. 
105. 
106. 


107. 


108. 


109. 


110. 
111. 


112. 


113. 


114. 


115. 
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Show that E = r/r? is irrotational. Find @ such that E = —Vo and suchthat d(a)=0 where a>0. 
Ans. $= In(a/r) 


If A and B are irrotational, prove that Ax B is solenoidal. 
If f(r) is aifferentiable, prove that f(r)r is irrotational. 


Is there a differentiable vector function V such that (a) curl V=r, (6) curl V = 2i + 3+3k? If so, find V. 
Ans. (a) No, (b) V = 3xj + (2y—x)k + Vd, where ¢ is an arbitrary twice differentiable function. 


Show that solutions to Maxwell’s equations 


Vxn = 2, Vxe = -i 2, V-n=0, V-E = 470 


where ( is a function of x,y,z and c is the velocity of light, assumed constant, are given by 


E = Vo - 3 2A, H=-VxA 


where A and 9, called the vector and scalar potentials qespectively, satisfy the equations , 
1 od Vv 1 o¢ v 1 0A 
d)V-A+—=-—~=0, = (2) —~-=— — =-479, (3)VA=5 =z 
ce Ot e ce? Or” e ce? Oe? 
(a) Given the dyadic @ = iit+jj+kk, evaluate r-(@-r) and (r-)-r. (b)Is there any ambiguity in 
writing r-@-r? (c) What does r-@-r=1 represent geometrically ? 
Ans. (a) r+ (er) =("-@)-r= x2ty2 +27, (b) No, (c) Sphere of radius one with center at the origin. 


(a) If A = xzi — y°j + y2*k and B = 227i — xyj + y°k, give a possible significance to (Ax V )B at 
the point (1,—1,1). 
(b) Is it possible to write the result as Ax (VB) by use of dyadics ? 
Ans. (a) ~4ii~ ij + 3ik — jj — 4ji + 3kk 
(b) Yes, if the operations are suitably performed. 


2 ; ‘ . 
Prove that D(x,y,z) = x° + y? +2° is a scalar invariant under a rotation of axes. 


If A(x,y,z) is an invariant differentiable vector field with respect to a rotation of axes, prove that (a) div A 
and (b) curlA are invariant scalar and vector fields respectively under the transformation. 


Solve equations (3) of Solved Problem 38 for x,y,z in terms of x’,y’,2’. 
Ans. x = lyx' + lary’ + bz, y = lox’ t boy’ +t Iggz', 2 = lagx' + logy’ + log 2’ 


If A and B are invariant under rotation show that A-B and Ax B are also invariant. 


Show that under a rotation 
V- 12212 od 


1 O- 1 Oo 
So ope ee Oe os 


+ = 
Das ea 


Show that the Laplacian operator is invariant under a rotation. 


Chapter 5 


ORDINARY INTEGRALS OF VECTORS. Let R(u) = R,(u)i + Ro(u)j + Ra(u)k be a vector depending 
on a Single scalar variable u, where R,(u), Ro(u), Re(u) are 
supposed continuous in a specified interval. Then 


J 00a = 1 f Roca + 1 f Recwrau + x f Rotwrae 


is called an indefinite integral of R(w). If there exists a vector S(u) such that R(u) = £ (su)), then 


ff reyau - f Hts) ae = S(u) +c 


where c is an arbitrary constant vector independent of u. The definite integral between limits u=a 
and u=b can in such case be written 


b b d d 
f R(u)du = f dy (S(#)) du = S(u) + e| = §(b) — S(a) 
a a 


This integral can also be defined as a limit of a sum in a manner analogous to that of elementary in- 
tegral calculus. 


LINE INTEGRALS. Let r(u) = x(w)i + y(u)j + 2(u)k, where r(u) is the position vector of (x,y,z), 
define a curve C joining points P, and P,, where u=u, and u=upg respectively. 


We assume that C is composed of a finite number of curves for each of which r(u) has a Contin- 
uous derivative. Let A(x,y,z) = A,i+A,j + Agk be a vector function of position defined and con- 
tinuous along C. Then the integral of the tangential component of A along C from P, to P,, written as 


Po 
{ A-dr = f aa = fa dx + Ao dy + Ags dz 
>, ¢C C 


is an example of a line integral. If A is the force F on a particle moving along C, this line integral 
represents the work done by the force. If C is a closed curve (which we shall suppose is a simple 
closed curve, i.e. a curve which does not intersect itself anywhere) the integral around C is often 


denoted by 
f aa = f A, dx + Ag dy + Ag dz 


In aerodynamics and fluid mechanics this integral is called the circulation of A about C, where A 
Tfepresents the velocity of a fluid. 


In general, any integral which is to be evaluated along a curve is called a line integral. Such 
integrals can be defined in terms of limits of sums as are the integrals of elementary calculus. 


For methods of evaluation of line integrals, see the Solved Problems. 


The following theorem is important. 
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THEOREM. If A=V¢ everywhere in a region R of space, defined by a, $x £ ag, bi; Sy bo, 
c, S$ zSeo, where $(x,y,z) is single-valued and has continuous derivatives in R, 


then Po 
i: f A-dr is independent of the path C in R joining P, and P,. 
E. 
2: f A-dr =0 around any closed curve C inR. 
C 


In such case A is Called a conservative vector field and > is its scalar potential. 


A vector field A is conservative if and only if VxA=0, or equivalently A=Vo. In such case 
A-dr = A, dx + Andy + Agdz = dd, an exact differential. See Problems 10-14. 


SURFACE INTEGRALS. Let S be a two-sided surface, such as shown in the figure below. Let one 

side of S be considered arbitrarily as the positive side (if S is a closed 
surface this is taken as the outer side). A unit normal n to any point of the positive side of S is 
Called a positive or outward drawn unit normal. 


Associate with the differential of surface 
area dS a vector dS whose magnitude is dS and 
whose direction is that of n. Then dS=nds. 
The integral 


[fos - frre 


is an example of a surface integral called the 
flux of A over S. Other surface integrals are 


fees. [fons [faxss 


5 


where ¢ is a scalar function. Such integrals can 
be defined in terms of limits of sums as in ele- 
mentary calculus (see Problem 17). 


The notation ¢p is sometimes used to indicate integration over the closed surface S. Where 
AY 
no confusion can arise the notation f may also be used. 
Ss 


To evaluate surface integrals, it is convenient to express them as double integrals taken over 
the projected area of the surface S on one of the coordinate planes. This is possible if any line per- 
pendicular to the coordinate plane chosen meets the surface in no more than one point. However, this 


does not pose any real problem since we can generally subdivide S into surfaces which do satisfy 
this restriction. 


VOLUME INTEGRALS. Consider a closed surface in space enclosing a volume V. Then 


Jffaw and Sf p dV 


are examples of volume integrals or space integrals as they are sometimes called. For evaluation of 
such integrals, see the Solved Problems. 
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SOLVED PROBLEMS 


2 
1. If Riu) = (u—u’)i + 2u° j — 3k, find (a) f rw du and » f R(u) du. 
1 


(a) few) ae 


f [(u —u2)i + 2u° 4 — 3k) du 


tf wna a + jf 2? au + k fay 


2 3 4 
i -“4F ten + IC + ee) + b(—3u + cs) 


3 
2 3 4 
= (SF - t + al — Buk + csi + coj + egk 
u? u? ae 
= (=-7F —j - + 
(5 3 i + 5 J 3uk c 


where c is the constant vector c,i + coj + cgk. 


f u? u? us, i 
(6) From (a), Rtu) du = (Cy 7 3)! + 9 J — Suk + ¢c A 
3 4 2 3 4 
= 2 yp 4 25 - ne 7s ame 2 ae ee 
= cs yi + Si 3(2)k + cl [5 y+ i 3(1)k +c] 
ao LAB 15, _ 
= gt + 5) j 3k 
Another Method. 
2 2 2 2 
j. R(u)du = if, (u—u’)du + if, Qu? du + uf —3du 
= u2 ue z 1s g = 5. 15 
= 1(6—%)| + aE], + kal, = -fi + Pi - 3k 
2. The acceleration of a particle at any time ¢20 is given by 
a= wy = 12cos2ti — 8sin2¢j + 16¢k 


If the velocity v and displacement r are zero at ¢=0, find v and r at any time. 


i f 12c0s2¢ ae + if -ssinzed + kf 6c ae 


6sin2¢i + 4cos2¢j + Bek + C1 


Integrating, v 


u 


Putting v=0 when ¢=0, wefind 0 = Oi + 4j + Ok + cy, and c,= —4j. 


Then v = 6sin2¢i + (4cos2t—4)j + 8¢°k 
so that a = 6sin2ti + (4cos2t—4)j + gt7k. 
Integrating, r = if 6sin2¢dt + jf (400s 2¢ — 4) ae + x f St? dt 
7 8 33 
= —S3cos2¢ti + (2sin2¢—4t)j + 3° k + Go 


Putting r=0 when t=0, O = —3i + Oj + Ok + co and co=3i. 
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Then ce = (83—3cos2t)i + (2sin2¢— 4t)j + BP k. 


2 
3. Evaluate fa x dA dt . 


dt? 
2 
d dA dA , dA dA dA 
a E dA , dA Pee.’ 
dn ape ge” ae ode de? 
Integrating, faxtBa = J far#ya a ax fA 4 Mee 


. The equation of motion of a particle P of mass m is given by 


d*r 
>. 6 ry. 
where r is the position vector of P measured from an origin O, r, is a unit vector in the direction r, 


and f(r) is a function of the distance of P from O. 
(a) Show that r x e =c where c is a constant vector. 


(b) Interpret physically the cases f(r)<0O and f(r)>0. 
(c) Interpret the result in (a) geometrically. 
(d) Describe how the results obtained relate to the motion of the planets in our solar system. 


2 


(2) Multiply both sides of m 44 


dz aes ore Then 


mex = f(r)rxrm = O 


since r and r, are collinear and so rxr, = 9. Thus 


dr d dr 
—= = — x— = 
rx 2 and Tt (r Tt 0 
Integrating, rx a = c, where c is a constant vector. (Compare with Problem 3). 


2 
(6) If f(r) <O the acceleration a has direction opposite to r,; hence the force is directed toward O and 


the particle is always attracted toward O. 


If f(r)>0 the force is directed away from O and the particle is under the influence of a repulsive 
force at O. 


A force directed toward or away from a fixed point O and having magnitude depending only on the 
distance r from O is called a central force. 


(c) In time At the particle moves from M to N (see ad- 
joining figure). The area swept out by the position 
vector in this time is approximately half the area of 
a parallelogram with sides r and Ar, or $r x Ar. 
Then the approximate area swept out by the radius 
vector per unit time is sr x a ; hence the instan- 

t 
taneous time rate of change in area is 
lim grx Gt = $rx at ZIXv 
At-0 é 
where v is the instantaneous velocity of the parti- 
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(d) 
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cle. The quantity H = }r x at = $rxv is called the areal velocity. From part (a), 


Areal Velocity = H = irx = constant 


Since r-H = 0, the motion takes place in a plane, which we take as the xy plane in the figure above. 


A planet (such as the earth) is attracted toward the sun according to Newton’s universal law of gravita- 
tion, which states that any two objects of mass m and M respectively are attracted toward each other 


with a force of magnitude F = ce , Where r is the distance between objects and G is a universal 


constant. Let m and M be the masses of the planet and sun respectively and choose a set of coordi- 
nate axes with the origin O at the sun. Then the equation of motion of the planet is 


dt _ _GMn, a dt 3: soe 
mae y2 ot dt? r2 ot 


assuming the influence of the other planets to be negligible. 


According to part (c), a planet moves around the sun so that its position vector sweeps out equal 
areas in equal times. This result and that of Problem 5 are two of Kepler’s famous three laws which he 
deduced empirically from volumes of data compiled by the astronomer Tycho Brahe. These laws ena- 
bled Newton to formulate his universal law of gravitation. For Kepler’s third law see Problem 36. 


5. Show that the path of a planet around the sun is an ellipse with the sun at one focus. 


From Problems 4(c) and 4(d), 


dy _ _ GM 
(2) rxv = 2H = h 
cs dr dry dr 
Now r=rnr, a> Uerry +m so that 
dr dr dr. 
3 h = = wel peepee = 2 bata 
(3) rxv Pix (ro qt) ee aes 
dy GM dr. 
From (J), xh = aerate h = ~GMrnx (mx a 
dr dr dr 
= —GM oat —_ -m)—+| = GM—i 
Cory» Ayr — (ryem) 54] Mo 
using equation (3) and the fact that r,.- a = 0 (Problem 9, Chapter 3). 
‘ F dv d 
But since h is a constant vector, ae xh = PPA ee h) so that 
d d 
awxh) = GM 53 
Integrating, vx h = GMr,+ p 
from which r-(vxh) = GMr-r, + r-p 
= GMr+rm-p = GMr + rpcos@ 


where p is an arbitrary constant vector with magnitude p, and @ is the angle between p and T%. 


Since r-(vxh) = (rxv)-h = h-h = a we have h? = GMr + rp cos @ and 
h? h°/GM 
GM +p cos 0 1 + (p/GM) cos 0 


ro 
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From analytic geometry, the polar equation of a conic 


y 
section with focus at the origin and eccentricity € is 
s a . * @ 
r TREC where a is a constant. Comparing this Planet 
with the equation derived, it is seen that the required e\ 
orbit is a conic section with eccentricity € = p/GM. iY) - 


The orbit is an ellipse, parabola or hyperbola accord- 
ing as € is less than, equal to or greater than one. 
Since orbits of planets are closed curves it follows 
that they must be ellipses. 


a 


Biles? T= T+ € cos 6 


LINE INTEGRALS 


6. If A = (3x?+6y)i — Myzj + 20xz7k, evaluate f A-dr from (0,0,0) to (1,1,1) along the follow- 
ing paths C: C 
(a) x =t, y=0?, z= 28. 
(6) the straight lines from (0,0,0) to (1,0,0), then to (1,1,0), and then to (1,1,1). 
(c) the straight line joining (0,0,0) and (1,1,1). 


f A:dr 
Cc 


[lower — 14yz j+20xz2k]«(dxi + dyj + dzk) 
C 


it} 


f (3x2 +6y) dx — I4yzdy + 20xz* dz 


(a) If x=, y=t?, z=t°, points (0,0,0) and (1,1,1) correspond to «= 0 and ¢=1 respectively. Then 


f A-ar 
(6 


1 
J (3¢7 + 6¢7) de — 14(¢7)(t9) de?) + 20(t)(t°)? dce*) 
t=0 

a. 

or? dt — 284° de + 600° dt 


(9¢7 —28¢°+602°) de = 34° — ae? + 62% Pe 5 
t=0 
Another Method. 
Along C, A = 9t7i — 14¢°f + 2007k and r=xit+yjtzk =cit+e?f+e%k and dr=(i+2ej+322k)de. 


Then i A-dr 
C 


4 
f (9¢7 i — 144° j + 20¢7 k)- (i + 2¢j + 37 k) de 
t=0 


1 
f (ot? — 282° + 602) de = 5 
{@) 


(6) Along the straight line from (0,0,0) to (1,0,0) y=0, z=0, dy=0, dz=0 while x varies from 0 to 1. Then 
the integral over this part of the path is 


1 1 
f (3x7+6(0))dx — 14(0)(0)(0) + 20x(0)°(0) = f 3x27 dx = x°| = 1 
fe) 
x=0 X=0 
Along the straight line from (1,0,0) to (1,1,0) x=1, z=0, dx=0,dz=0 while y_varies from 0 to 1. 
Then the integral over this part of the path is Se 


at 
(3(1)°+ 6y)0 — 14y(0)dy + 20(1)(0 0 = 0 


Y=0 
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Along the straight line from (1,1,0) to (1,1,1) x=1, y=1,dx=0,dy=0 while z varies from 0 to 1. 
Then the integral over this part of the path is 


i 4 ee 
(3(1)°+6(1)) 0 — 14(1) 2(0) + 20(1) 2° dz = i} 9022 dz = a a 20 
Z2=0 2=0 
Adding, eae & 4S 4 Oe SB 
6 3 3 


(c) The straight line joining (0,0,0) and (1,1,1) is given in parametric form by x=t, y=t, z=t. Then 


4 
{ A-dr f (3t7+6t) dt — 14(t)(t) de + 20(t)(t)* de 
C 


t=0 

1 1 
= f (3¢7+ 6t —14¢7+20¢°) dt = i) (6t —1147+20¢°) de = 3 
t=0 t=0 


7. Find the total work done in moving a particle in a force field given by F = 3xvyi — 5z2j + 10xk 
along the curve x =¢?+1, y = 2:7, z=2° from ¢=1 to ¢=2. 


ff coxyi 524 +3009. + dy 5 +e) 
C 
= ff sey ax — 5zdy + 10x dz 
C 
2 


3 (t7+1) (207) d(e?+1) — 5(t°) dae?) + 10(¢7+1) d(t?) 


Total work = i = 
C 


t=1 


f (12¢° + 10¢* + 12¢° + 30e7) de = 303 


2 
; 1 
8. If F = 3xyi — y? j, evaluate f F-dr where C is the curve in the xy plane, y = 2x7, from (0,0) 
to (1,2). C 


Since the integration is performed in the xy plane (z=0), we cantake r = xi+yj. Then 


{ F-dr 
C 


f coi =x? petdet tay 
C 


{ 3xy dx — y? dy 
Cc 


First Method. Let x=¢ in y= 2x7. Then the parametric equations of C are x=t,y= ot. Points (0,0) and 
(1,2) correspond to t=0 and t=1 respectively. Then : 


1 1 
i 7 (| 3(t)(2t7) de — (207)? d(2t?) = hs (6°—162°) de = — 
Cc 


t=0 t=0 


o}-2 


Second Method. Substitute y= 2x* directly, where x goes from 0 to 1. Then 
1 1 
f F-dr = f 3x(Qx7 dx — (2x7)? d(2x7) = f (6x°—16x°) dx = -f 
C X=0 X=0 
Note that if the curve were traversed in the opposite sense, i.e. from (1,2) to (0,0), the value of the integral 
would have been 7/6 instead of — 7/6. 
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9. Find the work done in moving a particle once around a circle C in the xy plane, if the circle has 
center at the origin and radius 3 and if the force field is given by 


F = (%—y+z)i + (x ty —27)j + (3x — 2y + 4z)k 


In the plane z=0, F = (2x—y)i + (x+y)j + (3x—2y)k and dr =dxi+dyj so that the work done is 


f F- dr 
C 


f [(2x—y)i + (x ty)j + (8x—2y)k] + [dei + dyj] 
C 


f (Qx-—y)dx + (xty) dy 
C 


Choose the parametric equations of the circle as x= 3cost, y=3sint y 
where ¢ varies from 0 to 27 (see adjoining figure). Then the line integral 
equals 

on 

i {23 cost) — 3 sine] [—3sine] dt + [3cost + 3sine] [3 cost] dt aK 
ip Z\ ‘ 
27 9 4 27 
= (9 — 9sintcost)dt = 9 —=sin't | = 187 
0 2 fe) 


In traversing C we have chosen the counterclockwise direction indicated 

in the adjoining figure. We call this the positive direction, or say that C 

has been traversed in the positive sense. If C were traversed in the clock- rexityj 

wise (negative) direction the value of the integral would be — 187. =3costi+3sin¢j 


10. (a2) If F=Vod, where ¢ is single-valued and has continuous partial derivatives, show that the 
work done in moving a particle from one point P, = (x4,¥1,21) in this field to another point 
P. = (Xa, ¥2, 22) is independent of the path joining the two points. 


(b) Conversely, if F-dr is independent of the path C joining any two points, show that there 
C 


exists a function d such that F=Vo. 


Pp P 
(a2) Work done = i, F-dr = Vo-dr 
P, P, 
PF. 
= i ee +2, OO ES tae + dyj + dzk) 
P, oF yo Oz 
4 
E 
= fo? Sax + Lay + Pas 
p, ox oy Oz 
1 


Po 
f dp = P(Po) — P(A) = Pl%o,¥o,22) — Pl%1+¥1»21) 
1 


Then the integral depends only on points P, and Pp and not on the path joining them. This is true 
of course only if P(x yz) is single-valued at all points P, and Po. 


(6) Let F = F,i + Foj + Fak. By hypothesis, a F-dr is independent of the path C joining any two 
C 
points, which we take as (x1, 71, 21) and (x,y,z) respectively. Then 


(x,y) (x,¥,2) 
P(x,y.2) = F-dr = F,dx + Fody + Fydz 


(%4, ¥4 24) (%4, 15 24) 


is independent of the path joining (x1, 71,21) and (x,y,z). Thus 
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(x+Ax,y,2) (x, ,2) 
f F-dr — F-dr 
(%4, Y1> 24) 


(%4, ¥4» 24) 
(X45 ¥ 4s 24) (x+Ax,y,2Z) 
F-dr + f F-dr 
(x 1¥ 52) (x4, ¥1, 24) 


(x+Ax,y,Z) (x+Ax,y,z) 
= f F-dr = Fi dx + Fody + Fydz 
(x72) (x,y ,2) 


P(xtAx, Ys z) — P(x,Y,2) 


W 


Since the last integral must be independent of the path joining (x,y,z) and (x+Ax,¥,2), we may choose 
the path to be a straight line joining these points so that dy and dz are zero. Then 


hxtAx, ¥,z)—- P(xsy,2) 1 yee ax 
SSS EEE = — 4 
lx (%,¥,Z) 
an, od 
Taking the limit of both sides as Ax 0, we have Dae = F,. 
re) 
Similarly, we can show that ee = Fy and ee = Fy. 
Oy Oz 
op, , of, , oh 
= + 7+ = =—iB4+—5+— = V. ; 
Then F = Fyi+ Fjoj + Fok > | a, i+s k fo) 
Po 
If F-dr is independent of the path C joining P, and Po, then F is called a conservative field. It 


Py 
follows that if F= Vb then F is conservative, and conversely. 


Proof using vectors. If the line integral is independent of the path, then 


(x,,2) (x,¥,2) 
P(x,y.2) = f F-dr = f ‘ Fp. ds 
( 


(%4, 949 24) X45 Yi» 24) ds 
f eae dp _.. dr dp _ dr dr _ 
By differentiation, 7— = FS. Bits 3 Vpee so that VO= Fs, = 0. 


Since this must hold irrespective of a , we have F= Vo. 


11. (a) If F is a conservative field, prove that curlF = Vx F=0 (i.e. Fis irrotational). 
(b) Conversely, if VxF=0 (i.e. F is irrotational), prove that F is conservative. 


(a) If F is a conservative field, then by Problem 10, F= Vo. 
Thus curlF = Vx Ved = 0 (see Problem 27(a), Chapter 4). 


i j k 
VxF= OO 0) 
(6) If VxF=6, then ae By ae 0 and thus 
Fy Fy 3 
oy ~ Oz ’ Oz Ox’ Ox oy 


We must prove that F= Vo follows as a consequence of this. 


The work done in moving a particle from (x4, y4, 21) to (x,y,z) in the force field F is 
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f Fi(x,y,z)dx + Fo(x,y,z)dy + Fa(x,y,z) dz 
(6: 


where C is a path joining (x1,y1,2z1) and (x,y,z). Let us choose as a particular path the straight line 


segments from (x4,71, 21) to (x, 1,21) to (x,y,z1) to (x,y,z) and call @(x,y,z) the work done along this 
particular path. Then 


x y Zz 
P(x,y.z) = { Fy (x, ¥4» 21) dx -f Fo(x,y, 21) dy +f Fg (x,y,z) dz 
x4 Yu 4 


4 
It follows that 


fe) 
ae = Fa(x,y,z) 
z 
og = Fo(x,y,21) + { OFs (x,y,z) dz 
y z4 oy 


Zz 


ey 


1 


Zz 
a Fo(x,¥,21) by F3 (x,y,z) is = Fa(x,y¥, 24) + F5 (x,y,z) <7 Fo(x,¥,21) = Fa(x,y,z) 


3 Y OF 2 OF; 
st = Fy(%,y122) + if Se (sys 21) dy ss ) Sp (tay 2) dz 
% #4 


4 a 
a Fi (x, 91,21) + eas ty + Sy ayde 
5. By -—S 
1 


1 


y Zz 
i Fy (x, 4,21) + Fi(x,y,29 y + Fyeeays2) | 


1 1 
= Fy (x, ¥4,24) + Fy(x,y, 21) — Fi(x, 4,24) + F(x ,y,2) ~ F4(x,y, 21) = Fy (x,7,2) 
fe) fe) 
Then F = Fi+ Fj+ kk = SO oO. oO = Vo. 
Be ay es 


Thus a necessary and sufficient condition that a field F be conservative is that curl F = VxF=0. 


12. (a) Show that F = (2xy+z°)i + x?j + 3xz?k is a conservative force field. (b) Find the sca- 
lar potential. (c) Find the work done in moving an object in this field from (1,—2,1) to (3,1,4). 


(a2) From Problem 11, a necessary and sufficient condition that a force will be conservative is that 
curlF = VxF = 0. 


i j k 
C) e e 

N VxF = — — 2 | eo. 
oe Ox oy oz 
Oxy + 29 x? 3xz? 


Thus F is a conservative force field. 
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(b) First Method. 


fe) op re) 
By Problem 10, F= Vor Ly +s i + SP, = (Qxy +29)i + x7 5 + 3xz7k. Then 
op = 3 op 2 2 co) zu 2 
(1) ao Qaxy +z (2) Oy = x (3) en 3xz 


Integrating, we find from (/), (2) and (3) respectively, 


Po = xy + x22 + fly.) 
p= xy + g(x,2) 
p = xz + (x,y) 


These agree if we choose f(y,z) = 0, g(x,z)=xz°, h(x,y)=x°y sothat d= x7y + xz? 


be added any constant. 


to which may 


Second Method. 


Since F is conservative, f F-dr is independent of the path C joining (x1,y1,21) and (x,y,z). 
C 
Using the method of Problem 11d), 


‘ 3 Y 2 ‘ 2 
(Quy, + 24)dx + x dy + 3xz° dz 
at Bl 24 


P(x,y,2) 


z 


x y 
2 3 2 3 
= x + xz + x + Xz | 
2 3 2 3 2 2 3 3 
= «* + x2 — % — x 2 + x —- x + XZ 
Y4 1 1% aa y Yy ae 
= xy + ee = aA -_ ac = xy + xz? + constant 


Third Method. F-dr = Vo-dr = ee + SP + Coen = dh 
x Oy Oz 


Then dp = F-dr = (2uy +2) dx + x*%dy + 3xz? dz 
= (Qxy dx +x? dy) + (2° dx + 3xz* dz) 
= d (xy) + d (xz?) = ad (x?y + xz°) 


and b = x*y + x2° 


Py 
F-dr 
P. 


1 


+ constant. 


(c) Work done 


Py 
f (2Qxy +2°) dx + x? dy + 3x27 dz 
Py 


bs j a (3, 1,4) 
d(x*y txz°) = x?y + x2z° = xy + xz® | = 202 
P, A (1,-2, 1) 


Another Method. 
From part (b), D(x.y,z) = x°y + xz® + constant. 


Then work done = (3,1,4) — $(1,-2,1) = 202. 
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Po 
13. Prove that if F-dr is independent of the path joining any two points P, and P, in a given 
Py 


region, then f F-dr = 0 for all closed paths in the region and conversely. 


Let P,AP,BP, (see adjacent figure) be a closed curve. Then 


A 
¢ Fede = F-dr = f Fedr + f F- dr P, 
P, AP>BPy P, APp P>BPy 
= tf ex - Was = 0 
P, AP> P, BP P 
t 
since the integral from P, to Pp along a path through A is the same as B 


that along a path through B, by hypothesis. 


Conversely if § Fea = 0, then 


i, Fedr = sas + i Fedr = [war _ f F-dr = 0O 


Py AB, BP, P,AP, P,BP, Py APp P, BP> 


so that, F-dr = F-dr. 
P, AP> P, BR 


14. (a) Show that a necessary and sufficient condition that " dx + F, dy + Fz dz be an exact differ- 
ential is that Vx F = 0 where F = Fit Fj + Fak 
(b) Show that (y?z® cosx — 4x°z) dx + 22%y sinx dy + (3y?z* sinx —x*)dz is an exact dif- 
ferential of a function ¢ and find ¢. 


og og op 


(2) Suppose F, dx + Fody + Fydz = dp = 3 + ape + an an exact differential. Then 


since x,y and z are independent variables, 


n=. % 2.2% ae 


Ox Bet. Be 


and so F= Rithithe= is Py se k = Vo. Thus Vx F = Vx V¢ = 


Conversely if VxF=0 then by Problem 11, F=V@ and so F-dr= Vo-dr= dd, 
F, dx + Fody + Fgdz = dp, anexact differential. 


(6) F = (y? 2? cos x — 4x°z)i + 22° sinxj + (By? 2? sinx —x*)k and VxF is computed to be Zero, 
so that by part (a) 
(y? 2° cosx — 4x°z)dx + 2z°y sinx dy + (By? 2” sinx —x*)dz = dd 


By any of the methods of Problem 12 we find ® = y* 28 sinx —x*z + constant. 


15. Let F be a conservative force field such that = —V¢. Suppose a particle of constant mass m 
to move in this field. If A and B are any two points in space, prove that 

P(A) + amv, = (B) + amvy 

where ¥, and v, are the magnitudes of the velocities of the particle at A and B respectively. 
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2 2 
els os ee dr dr dr lm d dry 
F=ma=m 12 Then F 7 dt de 5 de ( 7) ; 
Integrating F-dr = 2 y? ° = dmv? — Lv? 
; 2 A 2 8 2 
B B B 
if F = —Vo, F-dr = aif: Vo-dr = = | dp = 
A A A 


Then (A) — P(B) = bu, om zmve 


LS) 


and the result follows. 


P(A) — P(B). 


(A) is called the potential energy at A and 4mv” is the kinetic energy at A. The result states that 
the total energy at A equals the total energy at B (conservation of energy). Note the use of the minus sign 


in F = —Vo. 


16. If f = Qkxyz?, F= xyi — zj + x’k and C is the curve x=t?, y=2t, z=2° from t=0 to ¢=1, 


evaluate the line integrals (a) f ddr, (b) f Fx dr. 
C C 


pb = Bwyz? = 2(0?)(2e)¢e8P = 42°, 
r= xityjt+zk = ?i+2j+ek, and 


(2ti + 2) + 3e7k) dt. Then 


(2) Along C, 


a. 
“ 
i} 


1 
i = f 4e°(2ti + 2j + 37k) dt 
4 t=0 


4 4 1 
= 4 f Brod: + j f eed: + k if 12277 dt 
‘) ‘) a) 


(6) AlongC, F=xyi — zj +a7k = oi — ej +k, 


Then Fxdr = (2¢°i — e294 + 7k) x (2¢i + 2] + 3¢7k) de 


i j k 
= at —2 tide = 
2 > ~ Br 


and F x dr 


oy 


ee ee ee: 
= ~7gi 3) * 5k 


SURFACE INTEGRALS. 


((—32 —22*)i + (20°—62°)j + (404204) K] de 


1 4 1 
i i (—3e°—244) de + j { (-4¢°) de + k f (402+ 207) det 
ce) (e} ce) 


17. Give a definition of ff A-ndS_ over a surface S in terms of limit of a sum. 


5 


Subdivide the area S into M elements of area AS, where p= 1,2,3,...,M@. Choose any point PR within 
AS» whose coordinates are (%p, Yp» 2p). Define A (%}, ¥p» 2p) = Ap. Let ny be the positive unit normal to 


As. at P. Form the sum 


18. 


19. 
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M 
2 Agen AS 
p= 


where Ap: ny is the normal component 
of Ap at Pp. 

Now take the limit of this sum as 
M-o in such a way that the largest di- 
mension of each AS, approaches zero. 
This limit, if it exists, is called the 
surface integral of the normal compo- 
nent of A over S and is denoted by 


Sf A-nds 


Suppose that the surface S has projection R on the xy ma heey figure of Prob.17). Show that 


fos : i i Te 


By Problem 17, the surface integral is the limit of the sum 


M 
(1) = 


The projection of AS, on the xy plane is lay As, -k| or ny -k| AS, which is equal to Ax, Ay, 


so that AS, = p aan Thus the sum (1) becomes 
np° 


M An, A 
(2) = ne 


By the fundamental theorem of integral calculus the limit of this sum as M~o in such a manner that 
the largest Ax p and Ay, approach Zero is 


Jf 9 in 
R 


xp Ary 
[ng-k | 
examination that they differ from each other by infinitesimals of order higher than Ax, Ayp , and using this 
the limits of (1) and (2) can in fact be shown equal. 


and so the required result follows. 


Strictly speaking, the result AS, = is only approximately true but it can be shown on closer 


Evaluate ff A-ndS, where A = 18zi — 12j + 3yk and S is that part of the plane 


2x +3y +6z = 12 which is located in the first octant. 


The surface S and its projection R on the xy plane are shown in the figure below. 
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From Problem 17, 


iM) A-ndS = i) A-n aa 


To obtain n note that a vector perpendicular to the surface 2x +3y +6z = 12 is given by V(2x+3y+6z) = 
2i+3j+6k (see Problem 5 of Chapter 4). Then a unit normal to any point of S (see figure above) is 


i+ 3j+ 
_ +3j+6k _ 2; + 3; + SK 


7 7 
V27+37+6°" 


ss ee gs Oa eB a! ES dx dy _ 7 
Thus nk = (qi + Fi + 7k) k = 7 and so (nek | = g ax dy. 
7 Z : 2.87.8 _ 862—-36+18y — 36-12 
Also A-n = (182 i — 12j + 3yk)+ (Fi +75 + 7k) ce Wee © EN Pde 
using the fact that z = ol from the equation of S. Then 
A-ndS = ae! < (36-12) T a dy = (6 — 2x) dx dy 
jn-k | 7 6 
AY R R R 


To evaluate this double integral over R, keep x fixed and integrate with respect to y from y=0 (Pin 


the figure above) to y = ar aa (Q in the figure above); then integrate with respect to x from x=0 to 


x=6. In this manner R is completely covered. The integral becomes 
6 (12~ 2x)/3 6 52 
(6 — 2x) dy dx = (24 ~ 12x +“) dx = 24 
x=0 ¥v=0 x=0 


If we had chosen the positive unit normal n opposite to that in the figure above, we would have obtained 
the result —24. 


. Evaluate ff A-ndS, where A = zi + xj — 3y?zk and S is the surface of the cylinder 
Ss 


x°+y?=16 included in the first octant between z=0 and z=5. 


Project S on the xz plane as in the figure below and call the projection R. Note that the projection of 
S on the xy plane cannot be used here. Then 
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ffanas = [fan ee 


S R 


A normal to x2 +y?= 16 is V(x2+y?) = Qxit2yi. 
Thus the unit normal to S as shown in the adjoining 
figure, is 

wets axitwj i. xityj 


V (xy + (yy 4 


since x?+y?=16 on S. 


+ 
Aen = (zitxj—3yzk)- (——— oa zur, = dlxz + xy) 
pe ON oe ote 
nej = 4 J 4° 


Then the surface integral equals 


5 4 5 
{j= dx dz = [ails +x)dxdz = i (4z2+8)dz = 90 
y V16—x? a 


R z=0 x=0 Zz 


21. Evaluate ff on dS where ¢ = 3 xyz and S is the surface of Problem 20. 


S 
We have f gndS = Jo ae oe. 
[nei] 
S 


: xityj es ‘ : : 
Using n= —f mee as in Problem 20, this last integral becomes 
5 4 eee 
ff Beeieys dx dz = 2 f | (x2zitxzV16—x2 4) dx dz 
R z=0 x=0 
5 
- . if (Bei + Bride = 100i + 100j 
z=0 


22. If F = yit+(x—2xz)j —xyk, evaluate ff (VxF)-ndS where S is the surface of the sphere 


S 
x? +y2+22 =a? above the xy plane. : 
i j 
VxF = 0: oO Oo = jt+yj~ 
oS. bees aa 


y “—Waxz —xy 


A normal to x? +y? +2? = a” is 


V(x2ty2427) = oxi + Qyj + 22k 
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Then the unit normal n of the figure above is given by 


ie aity+2zk  xityj+zk 


v 4x7 + 4y7 +427 a 


: 2 2 
Since xr ty? +z =a. 


The projection of S on the xy plane is the region R bounded by the circle x?+y? = a®, z=0 (see fig- 


ure above). Then 
dx d 
He (VxF)-n oa A 
| n-k | 
R 


i (VxF)-n dS 
5 
ff cet tys— sem. HAIER, dx dy 


a z/a 
R 
z f i eteraees dy dx 
Vata x2—y2 
x=~-a 


y=~ Va? =x? 


using the fact that z = Va*—x?—y?. To evaluate the double integral, transform to polar coordinates (0,) 
where x = Ocos@d, y=psing and dydx isreplaced by Odo dd. The double integral becomes 


27 a 2 2 an a 2 2 2 


2. 72 2 p2 
$=0 p=0 Va p d=0 p=0 Va? —p 
2 a 2 
= f (~30Va"—p* + —f ) do dh 
Sey. ek Va?— 0 
21 is - 
: [(a? a? Va? — 0° = dd 
P=0 
27 
= (a®—a°ydp = 0 
d=0 


23. If F = 4xzi — y?j + yzk, evaluate ff F-nds 


where S is the surface of the cube bounded by x=0, 
x=1, y=0, y=1, z=0, gel, 


Face DEFG: n=i, x=1. Then 


al 1 
ff rns ff (4zi—y?jt+yzk)-idydz 
Oo “Oo 
DEFG 
a 
[e) 


4z dydz = 2 


a 


24. 
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Face ABCO: n=—i,x=0. Then 


1f1 
ff rene = af (—y? jt yzk)- (-i) dydz = 0 
Oo “0 


ABCO 


Face ABEF: n=j,y=1. Then 


1f1 1fi1 
ff rae = {f (4xzi—jt+zk)-jdxdz = lf —~dxdz = -—1 
0 “0 Oo YO 


ABEF 


Face OGDC: n=—j, y=0. Then 


171 
[frends = ff (4xzi)+(—j)dxdz = 0 
0 “O 


OGDC 


Face BCDE: n=k, z=1. Then 


171 1p. 
ff Fens = ff (4xi-—y°jtyk)-kdxdy = ff ydxdy = 3 
Oo “O 0 “O 


BCDE 


Face AFGO: n=—k, z=0. Then 


1fil 
ff Fras = ff (-y? j)« (—k) dx dy = 0 
oe) 


AFGO 


Adding, ff renas = 2+0+(t+O+e +0 = 2. 
5 


In dealing with surface integrals we have restricted ourselves to surfaces which are two-sided. 
Give an example of a surface which is not two-sided. 


Take a strip of paper such as ABCD as shown in 
the adjoining figure. Twist the strip so that points A and 
B fall on D and C respectively, as in the adjoining fig- 
ure. If n is the positive normal at point P of the surface, 
we find that as n moves around the surface it reverses 
its original direction when it reaches P again. If we 
tried to color only one side of the surface we would find 
the whole thing colored. This surface, called a Moebius 
strip, is an example of a one-sided surface. This is 
sometimes called a non-orientable surface. A two-sided 
surface is orientable. 


VOLUME INTEGRALS 


25. 


Let @=45x?y and let V denote the closed region bounded by the planes 4x +2y+z =8, x=0, 
y=0, z=0. (a) Express {fe dV as the limit of asum. (6) Evaluate the integral in (a). 


100 


(2) 


(6) 
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Subdivide region V into M cubes having volume 
Ab, = Ax, Ay, Ay k=1,2,...,M as indicated 
in the adjoining figure and let (x pr Zp) be a 
point within this cube. Define P (Xr M%ps 2p ) - 
py. Consider the sum 


M 
(1) > py AY, 
R=1 


taken over all possible cubes in the region. 
The limit of this sum, when M~© in such a 
manner that the largest of the quantities Ak 
will approach zero, if it exists, is denoted by 


fff dV. It can be shown that this limit 
V 


is independent of the method of subdivision if 
@ is continuous throughout V. 


In forming the sum (/) over all possible cubes in the region, it is advisable to proceed in an order- 
ly fashion. One possibility is to add first all terms in (/) corresponding to volume elements contained 
in a column such as PQ in the above figure. This amounts to keeping xy and Yp fixed and adding over 
all z,’s. Next, keep x, fixed but sum over all y,'S- This amounts to adding all columns such as PQ 
contained in a slab RS, and consequently amounts to summing over all cubes contained in such a slab. 
Finally, vary Xp. This amounts to addition of all slabs such as RS. 


In the process outlined the summation is taken first over zp'S then over ¥p,"S and finally over x2,'S . 
However, the summation can clearly be taken in any other order. 


The ideas involved in the method of summation outlined in (2) can be used in evaluating the integral. 
Keeping x and y constant, integrate from z=0 (base of column PQ) to z = 8—4x-— 2y (top of column 
PQ). Next keep x constant and integrate with respect to y. This amounts to addition of columns having 
bases in the xy plane (z= 0) located anywhere from R (where y= 0) to S (where 4x+2y=8 or y=4— 2x), 
and the integration is from y=0 to y=4—2x. Finally, we add all slabs parallel to the yz plane, which 
amounts to integration from x=0 to x=2. The integration can be written 


2 4=— 2x B-4xX—2y 2 42x 
f f f 45x° y dz dy dx 45 J f x y (8 —4x — 2y) dy dx 


Tt 


x=0 y=0 z=0 x=0 y=0 
2 
= sf $x°(4— 2x) dx = 128 
x=0 


Note: Physically the result can be interpreted as the mass of the region V in which the density >) 
varies according to the formula = 45x° y . 


26. Let F = Qxzi—xj+y*k. Evaluate {ff F dV where V is the region bounded by the sur- 


V 


faces x=0, y=0, y=6, z=x7,z=4. 


The region V is covered (a) by keeping x and y fixed and integrating from z=x* toz=4 (base to top of 


column PQ), (b) then by keeping x fixed and integrating from y=0 to y=6 (R to S inthe slab), (c) finally 
integrating from x=0 to x=2 (where z= x? meets z= 4). Then the required integral is 
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(Quzi—xjt+y?k)dzdydx 


264 27674 2764 

= i Qxz dzdydx ~— j xdzdydx + k y* dzdydx 
0%0 vx? 0 40 Yx? 0%0 “x 

= 128i — 24j + 384k 


27. Find the volume of the region conimon to the intersecting cylinders x?+y? =a? and x°+27 =a’. 


Required volume 


8 times volume of region shown in above figure 


a a? — x? a2— x2 
= 8 f f f dz dy dx 


(a2—x2\dx = 16a 


u 
0 
i, 

Q 
Q 
nN 
i 
R 
iS) 
> 
a. 
R 
1 
0 
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28. 


29. 


30. 


31. 


32. 


33. 


34 


35. 


36. 


37. 


38. 


39. 


40. 
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SUPPLEMENTARY PROBLEMS 
u 
If Rit) = (3t2—c)i + (2—6t)j —4¢k, find (a) f x dt and (bd) f R(t) dt. 


Ans. (a) (t?—¢72)i + (2t—3t7)j — 2e2k + c (6) 50i — 32j — 24k 
nf/2 
Evaluate { (3 sinui + 2 cosuj) du Ans. 3i + 2j 
0 


2 2 
If A(t) = ti—¢?j+(t—1)k and B(t) = 227i + 6tk, evaluate @ f A‘Bdt, w f AXB dt. 
0 0 


Ans. (a) 12 (b) —24i — ae + Sk 


2 Z 
Let A=ti— 3j + 2tk, B =i— 2j + 2k, C = 3i+¢tj—k. Evaluate @ f A: BxC dt, wf Ax(BxC) dt. 
1 1 


Ans. (a)0 (b) 81; ss i + 1D, 


The acceleration a of a particle at any time t 2 0 is given by a= a 6(t+1)j +3 sine k. If the veloc- 


ity v and displacement r are Zero at ¢=0, find v and r at any time. 
Ans. v = (1—e7*)i — (3¢2+6t)j + (3 —3.cosz)k, r= (t—1+674;i — (t2+3¢2)j + (3t-—3 sint)k 


The acceleration a of an object at any time ¢ is given by a =—gj, where g is aconstant. At ¢=0 the ve- 
locity is given by v = vp cosGoi + vu sinOoj and the displacement r=0. Find v and r at any time ¢>0. 
This describes the motion of a projectile fired from a cannon inclined at angle Go with the positive x-axis 
with initial velocity of magnitude uo. 


Ans. V=ucosQoi + (v9 sin 05 — gt)j, r= (v% cos Gp) t i + ((v9 sinOo)t — zee? Nj 


3 
Evaluate f AA at if A(2) = 2i—j+2k and A(3) = 4i — 2j + 3k. Ans. 10 
2 


Find the areal velocity of a particle which moves along the path r = acoswti + bsinwtj where a,b,w 
are constants andtistime. Ans. zabwk 


Prove that the squares of the periods of planets in their motion around the sun are proportional to the cubes 
of the major axes of their elliptical paths (Kepler’s third law). 


If A = (2y +3)i + xzj + (yz—x)k, evaluate f A-dr along the following paths C: 
C 

(a) x=2t?, y=t, z=t9 from t=0 to t=1, 

(b) the straight lines from (0,0,0) to (0,0,1), then to (0,1,1), and then to (2,1,1), 

(c) the straight line joining (0,0,0) and (2,1,1). 

Ans. (a) 288/35 (b)10 (c)8 


If F = (Sxy — 6x7) i + (2y—4x)j, evaluate f F-dr along the curve C in the xy plane, y=x® from the 
point (1,1) to (2,8). Ans. 35 c 


If F = (2x+y)i + (8y—x)j, evaluate f F-dr where C is the curve in the xy plane consisting of the 
C 


straight lines from (0,0) to (2,0) and then to (3,2). Ans. 11 


Find the work done in moving a particle in the force field F = 3x7i + (2xz—yv)j + zk along 
(a) the straight line from (0,0,0) to (2,1,3). 

(b)the space curve x =2¢?, y=t, z=4¢?—t from t=0 tot=1. 

(c) the curve defined by x?=4y, 3x°=8z from x=0 to x=2. 


Ans. (a) 16 (6b) 14.2 (c) 16 
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41. Evaluate ¢ F-dr where F = (x—3y)i + (y—2x)j and C is the closed curve in the xy plane, x=2cost, 
C 
y =3sint from ¢=0 to t¢=277. Ans. 671, if C is traversed in the positive (counterclockwise) direction. 


42. If T is a unit tangent vector to the curve C, r=r(u), show that the work done in moving a particle in a force 


field F along C is given by F-T ds where s is the arc length. 
C 


43. If F = (2% +y yi + (38y —4x)j, evaluate f F-dr around the triangle C of Figure 1, (a) in the indicated 
C 


direction, (b) opposite to the indicated direction. Ans. (a)—14/3 (6) 14/3 


Fig. 1 Fig.2 


44. Evaluate ¢ A-dr around the closed curve C of Fig.2 above if A = (x—y)it(xty)j. Ans. 2/3 
C 


45. If A = (y—2x)i + (3x +2y)j, compute the circulation of A about a circle C in the xy plane with center at 
the origin and radius 2, if C is traversed in the positive direction. Ans. 877 


46. (2) If A = (4xy —3x727)i + x75 - 2x°zk, prove that i, A-dr is independent of the curve C joining 


two given points. (5) Show that there is a differentiable function ® such that A = Vb and find it. 
Ans. (b) fb = 2x? y — x°z” + constant 


47. (a) Prove that F = (y? cosx + z°)i + (2y sinx — 4)j + (3x27 +2)k is a conservative force field. 
(b) Find the scalar potential for F. 
(c) Find the work done in moving an object in this field from (0,1,—1) to (77/2,—1, 2). 
Ans. (b) = y*sinx + xz? — 4y + 2z + constant (c) 15 +47 


4 
48. Prove that F =r?r is conservative and find the scalar potential. Ans. & = “7 + constant 


49. Determine whether the force field F = 2xzi + (x?—y)j + (2z—x?)k is conservative or non-conservative. 
Ans. non-conservative 


50. Show that the work done on a particle in moving it from A to B equals its change in kinetic energies at 
these points whether the force field is conservative or not. 


51. Evaluate f A-dr along the curve x? +y2 = 1, z=1 in the positive direction from (0,1,1) to (1,0,1) if 
C a eS 
A = (yz+2x)i + xzj + (xy +2z)k. Ans. 1 ~ 


~-- y 


52. (2) If E=rr, is there a function # such that E= —Vo° If so, find it. (6) Evaluate ¢ E:dr if C is any 
C 
3 
simple closed curve. Ans. (a) ® = -F + constant (6b) 0 


53. Show that (2x cosy +z siny) dx + (xz cosy —x*siny)dy +x siny dz is an exact differential. Hence 
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solve the differential equation (2x cosy +z siny) dx + (xz cosy —x* siny) dy + x siny dz = 0. 
Ans. x*cosy + xz siny = constant 


54. Solve (a) (e7» + 3x?y?) dx + (2x8y —xe"”\dy = 0, 
(b) (2 ~e7*siny) dx + (1+e7*%cosy) dy + (x—8z)dz = 0. 


Ans. (a) xe» + x®y? = constant (b) xz +e “siny + y — 42? = constant 


55. If @ = Qkxy2z + x*y, evaluate f @ dr where C 
C 


(a) is the curve x=t, y=e?,z=2% from ¢=0 to ¢=1 
(b) consists of the straight lines from (0,0,0) to (1,0,0), then to (1,1,0), and then to (1,1,1). 
il, 15 


19, ll 15 ies 
Ans. (a) 45i + tsi + aK (b) ai + 2k 


56. If F = 2yi—zj+xk, evaluate f Fxdr along the curve x =cost, y =sint, z=2cos¢ from ¢=0 
6 


to t=7/2. Ans. (2 -pi + (T— 3)i 


57. If A = (3x+y)i — xj + (y—2)k and B = 2i—3j +k, evaluate ¢ (AXB)xX dr around the circle in the 
C 


xy plane having center at the origin and radius 2 traversed in the positive direction. Ans. 477(7i+3j) 


58 


Evaluate ff A-nds for each of the following cases. 


5 
(a2) A = yi + 2xj — zk and S is the surface of the plane 2x +y = 6 in the first octant cut off by the plane 
z=4, 


(b) A = (x+y*)i — 2xj + 2yzk and S is the surface of the plane 2x+y+2z = 6 inthe first octant. 
Ans, (a) 108 (6) 81 


59. If F = 2yi — zj + xk and S is the surface of the parabolic cylinder y?=8« in the first octant bounded 


by the planes y=4 and z=6, evaluate ff F-nds. Ans. 132 
5 


60. Evaluate ff A-ndS over the entire surface S of the region bounded by the cylinder x?+z?=9, x=0, 


5 
y=0, z=0 and y=8, if A = 6zi + (Qvt+y)j — xk. Ans. 1877 


61. Evaluate [fies dS over: (a) the surface S of the unit cube bounded by the coordinate planes and the 


S 
planes x=1, y=1, z=1; (b) the surface of a sphere of radius a with center at (0,0,0). 
Ans. (a)3 (b) 471a° 


62. Evaluate ae A-ndS over the entire surface of the region above the xy plane bounded by the cone 


Ss 
z?=x?+y? and the plane z2=4, if A = 4xzi + xyz*j + 3zk. Ans. 3207 


63. (a) Let R be the projection of a surface S on the xy plane. Prove that the surface area of S is given by 


di /1 + (Sy + (Sy dxdy if the equation for S is z = f(x,y). 
y 
R 


64. 


65. 


66. 


67. 


68. 


69. 


70. 
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OF2. ,OF2. ,OF2 


7) +t(=) + (= 
On “Oy | Oz 
(b) What is the surface area if S has the equation F(x,y,z)=0? Ans. es ne dxdy 
OF 
R Oz 


Find the surface area of the plane x + 2y + 2z = 12 cut off by: (a2) x=0, y=0,x=1, y=1; (6) x=0, y=0, 
and x*+y7= 16. Ans. (a) 3/2 (b) 677 


2 2 


Find the surface area of the region common to the intersecting cylinders x*+ y =a? and x7+ 2° =a. 


Ans. 16a? 


Evaluate (a) [ff Vxrynas and (b) {fe ndS if F = (x+2y)i — 3zj t+ xk, P= 4x+3y—2z, 
S S 


and S is the surface of 2x +y+2z = 6 bounded by x=0,x=1, y=0 and y=2. 
Ans. (a)1 (6b) 2i+j+ 2k 


Solve the preceding problem if S is the surface of 2x+y+2z =6 bounded by x=0, y=0, and z=0. 
Ans. (a) 9/2 (6b) 72i + 36j + 72k 


Evaluate Tf Vx? +y? dxdy over the region R in the xy plane bounded by x2+y2=36. Ans. 14477 
R 


Evaluate ff (2x+y)dV, where V is the closed region bounded by the cylinder z = 4—x? and the 


V 
Planes x=0, y=0, y=2 and z=0. Ans. 80/3 


If F = (2x?—3z)i — axyj — 4xk, evaluate (a) ff fvr dV and (b) ff Vx FdV, where V is 
V v 


the closed region bounded by the planes x=0, y=0,z=0 and 2&+2y+z=4. Ans. (a) 8 (5) §j—k) 


Chapter 6 


THE DIVERGENCE THEOREM OF GAUSS states that if V is the volume bounded by a closed sur- 
face S and A is a vector function of position with con- 
tinuous derivatives, then Y 


? 


SY, Vad = f[fanas = fp a-ds 


5 5 


where n is the positive (outward drawn) normal to S. 


STOKES’ THEOREM states that if S is an open, two-sided surface bounded by a closed, non-inter- 
secting curve C (simple closed curve) then if A has continuous derivatives 


f mat = ff xan dS = ff xay-28 
C Ye s §) S 


where C is traversed in the positive direction. The direction of C is called positive if an observer, 
walking on the boundary of S in this direction, with his head pointing in the direction of the positive 
normal to S, has the surface on his left. 


GREEN’S THEOREM IN THE PLANE. If R is a closed region of the xy plane bounded by a simple 


closed curve C and if M and N are continuous functions of x 
and y having continuous derivatives in R, then 


f Mae +Ndy = ff[%- OM y dy dy 
f : Ox oy 


where C is traversed in the positive (counterclockwise) direction, Unless otherwise stated we shall 
always assume g to mean that the integral is described in the positive sense. 


Green’s theorem in the plane is a special case of Stokes’ theorem (see Problem 4). Also, it is 
of interest to notice that Gauss’ divergence theorem is a generalization of Green’s theorem in the 
plane where the (plane) region R and its closed boundary (curve) C are replaced by a (space) region 
V and its closed boundary (surface) S. For this reason the divergence theorem is often called Green’s 
theorem in space (see Problem 4). 


Green’s theorem in the plane also holds for regions bounded by a finite number of simple 
closed curves which do not intersect (see Problems 10 and 11). 
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RELATED INTEGRAL THEOREMS. 


1. ff. Vp + Vb) (VYy]dV = [fora 
Vv 5 


This is called Green’s first identity or theorem. 


Dp [f[fove-wtea = ff eve ves 
V 5 


This is called Green’s second identity or symmetrical theorem. See Problem 21. 


3. [ff VxAdV = ffx dS = ff asxa 
V 5 


5 
Note that here the dot product of Gauss’ divergence theorem is replaced by the cross product. 
See Problem 23. 


tf oat = f (nxVop) dS = [fasxv 
C 
Ss 


5 


5. Let wW represent either a vector or scalar function according as the symbol o denotes a dot or 
cross, or an ordinary multiplication. Then 


SL fr ova = ffre ves = [face 
V 5 5 
gdoy = ff xd yas = f[fasx% oy 
5 5 


C 


Gauss’ divergence theorem, Stokes’ theorem and the results 3 and 4 are special cases of these. 
See Problems 22, 23, and 34. 


INTEGRAL OPERATOR FORM FOR V. It is of interest that, using the terminology of Problem 19, 
the operator V can be expressed symbolically in the form 


V ° — i =o fh ° 
Aim, av FP 
AS 


where o denotes a dot, cross or an ordinary multiplication (see Problem 25). The result proves use- 
ful in extending the concepts of gradient, divergence and curl to coordinate systems other than rec- 
tangular (see Problems 19, 24 and also Chapter 7). 
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SOLVED PROBLEMS 


GREEN’S THEOREM IN THE PLANE 


1. Prove Green’s theorem in the plane if C is a closed f 
curve which has the property that any straight line 
parallel to the coordinate axes cuts C in at most two 
points. 


Let the equations of the curves AEB and AFB (see 
adjoining figure) be y=Y,(x) and y=Y,(x) respectively. 
If R is the region bounded by C, we have 


b L(x) b b 
OM om 7 F(x) : 
J Ss dx dy f f a dy {dx = f M(x,y7) ae dx = f [mee.re _ mexs¥)| dx 


x=a Ly= hx) x=a . 


! 
en +— 

$ 

$ 

' 

a 


b 


a 
= -{ M@.¥,) dx — [Meda ax : - f was 
a b C 
Then (1) $ max = ~ [f Mare 
0 y 
R 


Similarly let the equations of curves EAF and EBF be x=X,(y) and x =Xo(y) respectively. Then 


f Toly) f 
Ox Ox } 


R y =e x= Xa(y) 
e f 
= f N(Xy,y) dy + f N(Xo,y) dy = gn dy 
f e C 
Then (2) $ Ndy = il oN dx dy 
C eae 


Adding (1) and (2), $ was +Ndy = Ee _ OM ai dy, 
; pd Oxy 


2. Verify Green’s theorem in the plane for 
$ ey +y?) dx + x?dy where C is the 
C 
closed curve of the region bounded by 


y=x and y =x?, 


y=x and y =x” intersect at (0,0) and (1,1). 
The positive direction in traversing C is as 
shown in the adjacent diagram. 
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Along y =x", the line integral equals 


Sis 
OnKro 


| ] 
f ( (x) (x2) + x*) dx + (x)(2Q2x)dx = f (3x3 4x4) dx = 
0 ie) 


Along y =x from (1,1) to (0,0) the line integral equals 


i?) ie) 
f ((x) (x) + x2) dx + x2dx = f 3x2dx = —I 
I 1 


19 


Then the required line integral = -l1= 1 


20 ™~ 20° 


ffe- Sy) dedy = ff t2e - EL ay +y%)]dedy 
R 
| x 

/ (x—2y)dxdy = i. f (x— 2y) dy dx 

R 


~=0 y=x? 


I x i 
f (f (x —2y)dy | dx = f (xy —y2) | 2 ax 
0 2 < 


(0) 


I 
1 
4_ 43 ree 
if (x4 — x9) dx 50 
0 


so that the theorem is verified. 


3. Extend the proof of Green’s theorem in the plane 
given in Problem 1 to the curves C for which lines 
parallel to the coordinate axes may cut C in more 
than two points. 


Consider a closed curve C such as shown in the ad- 
joining figure, in which lines parallel to the axes may 
meet C in more than two points. By constructing line ST 
the region is divided into two regions R, and R, which are 
of the type considered in Problem 1 and for which Green’s 


theorem applies, i.e., 
(1) f Mac + Nay ff Qe - My aeay 
Ox oy 


STUS Ry 


iT] 
— 
—, 
vB 
x 
$ 
> 


(2) f Mdx + N dy 
Svs Ry 


Adding the left hand sides of (1) and (2), we have, omitting the integrand Mdx + Ndy in each case, 


Dae ee fe ed ce es 


STUS SVIS ST Tos SVT rus SVL LUSVI 


using the fact that f =e f 
Sf TS 


Adding the right hand sides of (1) and (2), omitting the integrand, 
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i) 


Ro R 


— 


where R consists of regions R, and Ro. 


Then f Mdx+Ndy = ffm = > dxdy and the theorem is proved. 
x 
TUSVI R 


A region R such as considered here and in Problem 1, for which any closed curve lying in R can be 


continuously shrunk to a point without leaving R, is called a simply-connected region. A region which is 
not simply-connected is called multiply-connected. We have shown here that Green’s theorem in the plane 
applies to simply-connected regions bounded by closed curves. In Problem 10 the theorem is extended tc 
multiply-connected regions. 


For more complicated simply-connected regions it may be necessary to construct more lines, such as 


ST, to establish the theorem. 


Express Green’s theorem in the plane in vector notation. 


We have Mdx + Ndy = (Mi+Nj)>(dxi+dyj) = A-dr, where A= Mi+Nj and r=xityj so 


that dr = dxi+dyj. 


Also, if A = Mi+Nj then 


i j k 
V - 12 2 2] - _%,, ON OM 
i Ox Oy Oz ee re) ee W ie 
MeN 0 
ON _ OM 


so that (VxA)°-k = 2 — 


Then Green’s theorem in the plane can be written 


§ ava = Jf Vx a-nar 


C R 
where dR = dxdy, 


A generalization of this to surfaces S in space having a curve C as boundary leads quite naturally to 
Stokes’ theorem which is proved in Problem 31. 


Another Method. 
As above, Mdx + Ndy = A+dr = A. & ds = A*T ds, 


where a = T = unit tangent vector to C (see adjacent fig- 


ure). If nis the outward drawn unit normal to C,then T=kxn 
so that 


Mdx +Ndy = AsT ds = A-(kxn)ds = (Axk)-nds 


Since A = Mi+ Nj, B = Axk = (Mi+Nj)xk = Ni-—Mj and 


ON _ OM 


_ 3 - V. B. Then Green’s theorem in the plane becomes 
x x 


f B-nas = Jf venar 
C 


R 
where dR = dx dy. 
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Generalization of this to the case where the differential arc length ds of a closed curve C is replaced by 
the differential of surface area dS of a closed surface S, and the corresponding plane region R enclosed by 
C is replaced by the volume V enclosed by S, leads to Gauss’ divergence theorem or Green’s theorem in 


Space, 
[ff w-nas = ff V-BadV 
V 


5 


5. Interpret physically the first result of Problem 4. 
If A denotes the force field acting on a particle, then ¢, A-dr is the work done in moving the particle 


around a closed path C and is determined by the value of VxA. It follows in particular that if VxA=0 or 
equivalently if A =Vo, then the integral around a closed path is zero. This amounts to saying that the work 
done in moving the particle from one point in the plane to another is independent of the path in the plane 
joining the points or that the force field is conservative. These results have already been demonstrated for 
force fields and curves in space (see Chapter 5). 


Conversely, if the integral is independent of the path joining any two points of a region, i.e. if the 
integral around any closed path is zero, then VxA=0. Inthe plane, the condition VxA=0 is equivalent to 
OM _ ON 


4 3, Where A= Mi+ Nj. 
¥y 


the condition 


(2, 1) 
6. Evaluate f (10x* — 2xy*) dx — 3x*y? dy along the path x+—6xy* = 4y?. 
(0, 0) 
OM 


A direct evaluation is difficult. However, noting that M = 10x*~—2xy°, N = —3x%y? and Pag —6xy? 


ON 


= a , it follows that the integral is independent of the path. Then we can use any path, for example the 


path consisting of straight line segments from (0,0) to (2,0) and then from (2,0) to (2,1). 
2 
Along the straight line path from (0,0) to (2,0), y=0, dy=0 and the integral equals 10x4 dx = 64. 


Along the straight line path from (2,0) to (2,1), x =2, dx=0 and the integral equals - 12y? dy =—4, 
vy=0 


Then the required value of the line integral = 64—4 = 60. 


Another Method. 


Since su 7 gh » (10x4 — dxy*) dx — 3x%y? dy is an exact differential (of 2x5—x?y*). Then 


(2, 1) (2, 2) (2,1) 
(10x4 — 2xy%) dx — 3x%y?2 dy = d (2x5 —x2y% = 2x5 _ x2,8 
af y 
(0, 0) (0, 0) O50) 


60 


7. Show that the area bounded by a simple closed curve C is given by 3 f« dy — ydx. 
*C 


In Green’s theorem, put M=—y, N=x. Then 


= 7 ic or - 3 
¢ xdy —ydx = ff (<< @) By | y)) dx dy = af f axay = 2A 


R R 
where A is the required area. Thus A = if xdy — ydx. 
C 
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8. Find the area of the ellipse x = acos0, y = 6 sind. 


Area 


an 
ip xdy —ydx = af (a cos 9)(b cos 0) dO ~ (b sin@)(—a sin9) d@ 
0 


2n 2r 
= if ab(cos?@ + sin?@)d0 = sf ab dQ = Trab 
0 0 


9. Evaluate g y-sinnyax + cosx dy, where C is the 
C 


triangle of the adjoining figure: 
(a) directly, 
(6) by using Green’s theorem in the plane. 


(2) Along OA, y=0, dy=0 and the integral equals 


n/2 
{ — sinx dx 
0 


n/2 
cosx|, = -1 


n/2 
{ (0 — sinx)dx + (cosx)(0) 
0 


Along AB, x = Be dx=0Q and the integral equals 
1 
f{ (y-1)0 + Ody = 0 
0 
2x 2 
Along BO, y=, dy = ax and the integral equals 
f Ox 2 x2 2. l T 2 
|b (5 — sinx)dx + 7 cosx dx = ies +cosx +7 sinx) oe 1 — . 
z a. ia 7 2. = 

Then the integral alongC = —-1+0O0+1-— Go Ge SS 


a : ON = gn, OM 
(6) M=y—sinx, N = cosx, a —sinx, Oy =1 and 


¢ Mdx + Ndy es Sy aeay = Jf esine ay aya 
fi x 
R 
n/2 2x/r n/2 2x. | 
f + F caine 9b |e = f (— —y sinx ~y)|, dx 
y 


x=0 =0 x=0 


2 
TT 


n/2 n/2 
f (-2 sins — 2) dx = ~2(-x cosx +sinz) — = |, = -F 


in agreement with part (a). 


Note that although there exist lines parallel to the coordinate axes (coincident with the coordi- 
nate axes in this case) which meet C in an infinite number of points, Green’s theorem in the plane still 
holds. In general the theorem is valid when C is composed of a finite number of straight line segments. 


10. Show that Green’s theorem in the plane is also valid for a multiply-connected region R such as 
shown in the figure below. 


The shaded region R, shown in the figure below, is multiply-connected since not every closed curve 
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lying in R can be shrunk to a point without leaving 
R, as is observed by considering a curve surrounding 
DEFGD for example. The boundary of R, which con- 
sists of the exterior boundary AH/KLA and the inte- 
rior boundary DEFGD, is to be traversed in the pos- 
itive direction, so that a person traveling in this di- 
rection always has the region on his left. It is seen 
that the positive directions are those indicated in the 
adjoining figure. 


In order to establish the theorem, construct a 
line, such as AD, called a cross-cut, connecting the 
exterior and interior boundaries. The region bounded 
by ADEFGDALKJHA is simply-connected, and so 


Green’s theorem is valid. Then 
Mdx+Ndy = Ge SM axay 


ADEFGDALK THA 
But the integral on the left, leaving out the integrand, is equal to 
fe f 


f- fefe J 


AD DEFGD DA ALKJHA DEFGD ALKJHA 


" 


since J, = -f . Thus if C, is the curve ALKJHA, Cz is the curve DEFGD and C is the boundary of R 
consisting of C, and Co (traversed in the positive directions), then i + f = f and so 
4 2 


$ wae + Nay = Sf g- 5 dx dy 


11. Show that Green’s theorem in the plane holds for the region R, of the figure below, bounded by 
the simple closed curves C,(ABDEFGA), Co(HKLPH), Cg(QSTUQ) and Cya(VWXYV). 


G 


Construct the cross-cuts AH, LQ and TV. Then the region bounded by AHKLOSTVWXYVTUQLPHA- 
BDEFGA is simply-connected and Green’s theorem applies. The integral over this boundary is equal to 


A ia OF at ae a Re ae 


AKL LQ OST VWXYV LUQ LPH ABDEFGA 


Since the integrals along AH and HA, LQ and QL, TV and VT cancel out in pairs, this becomes 
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Le ee oy 


AKL OST VWXYV TUG LPH ABDEPGA 
(ff) (f-f)- fe f 
AKL = LPH OST TUQ VWXYV ABDEFGA 


+ 
+ 
+ 


HKLPH QOSTUQ VWXYV ABDEPGA 


a 
on 
om 
si 
— 


where C is the boundary consisting of C,, Co, Cg and C4. Then 


f Mae + Nay = {fg — Mas dy 
C 


as required. 


12. Prove that dx + Ndy = 0 around every closed curve C in a simply-connected region if and 


es 


only if OM — ON everywhere in the region. 
Oy. ~ Ox 


Assume that M and N are continuous and have continuous partial derivatives everywhere in the region 
R bounded by C, so that Green’s theorem is applicable. Then 


f Max + Nay © {ye — My dedy 
C 


If OM ON in R, then clearly ¢ Mdx + Ndy = 
C 


Oy Ox 
ON _ OM 
Conversely, suppose Mdx + Ndy = 0 for all curves C. If =~ — 5 > 0 ata point P, then 
C 


Ox y 
ON _ OM 
Ox dy 


from the continuity of the derivatives it follows that > 0 in some region A surrounding P. If 


T’ is the boundary of A then 


f Max + Waly = ff 2 - My decay > 0 
r / Ox Oy 


which contradicts the assumption that the line integral is zero around every closed curve. Similarly the 


assumption ON _ om < 0 leads to a contradiction. Thus ON _ om = 0 at all points. 
Ox oy Ox (Oy 
Note that the condition ot = oN is equivalent to the condition VxA = 0 where A = Mit+ Nj 
'Yy x 


(see Problems 10 and 11, Chapter 5). For a generalization to space curves, see Problem 31. 
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_ayitxj 
13. Let F = oe +y? 


(a) Calculate VxF. (b) Evaluate f Feat around any closed path and 
explain the results. 


i 


j k 

(a) VxF = 38 9 oO = 0. in any region excluding (0,0). 

Ox Oy Oz 
mage aeaye = 
(b) $ F.dr = § ee . Let x= Ocosd, y= p sing, where (p,¢) are polar coordinates. 
x +y 
Then 
dx = ~—psingd dp + docos®d, dy = pcosdh dp + dosing 
—ydx +xdy _ 
and so 2 +2 = 


dpb = d(arc tan zy 


For a closed curve ABCDA (see Figure (a) below) surrounding the ori 


gin, =O atA and > = 277 
21 
after a complete circuit back to A. In this case the line integral equals { dp = 277. 


y 


Fig. (a) 


Fig. (b) 
For a closed curve PQRSP (see Figure (b) above) not surrounding the origin, @ = qo at P and 
do 
p= do after a complete circuit back to P. In this case the line integral equals { dpb =0. 


Po 
Since F = Mi+ Ni, VxF= 0 is equivalent to om = ON 


=— and the results would seem to contra- 
oy Ox 
dict those of Problem 12. However, no contradiction exists since M = 


z owe es 
¥ +y? and N = xed 3 do 
not have continuous derivatives throughout any region including (0,0), andthis was assumed in Prob.12. 


THE DIVERGENCE THEOREM 


14. (a) Express the divergence theorem in words and (b) write it in rectangular form. 


(a) The surface integral of the normal component of a vector A taken over a closed surface is equal to the 
integral of the divergence of A taken over the volume enclosed by the surface. 
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(b) Let A= Ayit+Aoj+Ask. Then divA = V-A = OAs + Oda + OAg 
Ox Oy. 
The unit normal toS is n = mi +noj+ngk. Then n,= nei = cosa, no= nej = cos 6 and 
ng = n-k = cos Y, where @,,Y are the angles which n makes with the positive x,y,z axes or i,j,k 
directions respectively. The quantities cos Q, cos B, cos Y are the direction cosines ofn. Then 


Aen 


(Ayi + Aoj + Agk)* (cos i + cosBj + cosy k) 


= A,cosa + ApgcosB + Ag cosy 
and the divergence theorem can be written 


ff (Sh + See 249) ae dy a = f (A, cosa + Ao cos 8 + Ag cosy) dS 
V S 


15. Demonstrate the divergence theorem physically. 
Let A = velocity v at any point of a moving fluid. From Figure (a) below: 


Volume of fluid crossing dS in At seconds 
= volume contained in cylinder of base dS and slant height vAz 
= (vAt)-ndS = vendS At 


Then, volume per second of fluid crossing dS = vendS 


Fig. (2) Fig. (5) 


From Figure (b) above: 


Total volume per second of fluid emerging from closed surface S 


rae 


Ss 


From Problem 21 of Chapter 4, V.vdV is the volume per second of fluid emerging from a volume ele 
ment dV. Then 


Total volume per second of fluid emerging from all volume elements in S 


, SJ V.v av 
Thus ffivnas = JJ Viv dv 
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16. Prove the divergence theorem. 


2 72 = £04) 


Let S be a closed surface which is such that any line parallel to the coordinate axes cuts S in at 
most two points. Assume the equations of the lower and upper portions, S, and Sj, to be z=f,(x,vy) and 
z=f,(x,y) respectively. Denote the projection of the surface on the xy plane by R. Consider 


3A OA fm) 94 
f {Sa ff Zeecave = ff i ma dz | dydx 
V R 


Us z=f, (x,y) 

ffa z 2 dydx = [A A ]dyd 
gl 9¥» ) z=f, y ax = 3(%¥of,) ~ asf, ) yax 

R R 


For the upper portion S., dy dx = cos Yo dSg = k+ny dSg since the normal ny to So makes an acute 
angle 2 with k. 


" 


For the lower portion S,, dydx = —cos ¥; dS; = —k+n, dS, since the normal n,1 to 5S; makes an ob- 
tuse angle , with k. 


Then ff A3(%,¥,fo)dydx = ff K+ ny dSo 
R 


5p 


f { Agtey fa)dydx = — f f Ag ken, dS, 
R 


54 
and 
ff Asceantey dy dx - ff Ag(x,¥+f,) dy dx = ffi keno dS» + ff4 ken, dS, 
R R Sp Ss 
= f fas ken dS 
5 


so that 


a 
——, 
—, 

o 

CG 

= 

a 

~N 


wo SIJ Seer 
V 


Similarly, by projecting S on the other coordinate planes, 
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owe? ff Avtnas 
S 
SS 
Adding (1), (2) and (3), 


ff acien dS 
Ss 
Js ct ods eos dV f (Ayi + Agj + Agk)+n dS 
Oy “Oz” 
2 ff V-A dV ff anes 
T S 


The theorem can be extended to surfaces which are such that lines parallel to the coordinate axes 
meet them in more than two points. To establish this extension, subdivide the region bounded by S into 
subregions whose surfaces do satisfy this condition. The procedure is analogous to that used in Green’s 
theorem for the plane. 


d 


u 


17. Evaluate ff FendS, where F = 4xzi—y?j+yzk and S is the surface of the cube bounded 
S 
by x=0, x=1, y=0, y=1, z=0, z=1. 


By the divergence theorem, the required integral is equal to 


ff V.F dV Sff Ee + Jy) + 2o| dV 
V V 
I i 
ff (4z—y)dVo = f f f (42 —y) dz dy dx 
v 


x=0 y=0 z=0 


I J | 1 1 
2 - . 3 
f f 2z* — yz se dydx = f f (2—y)dydx = 3 


x=0 y=0 x=0 vy=0 


u 


The surface integral may also be evaluated directly as in Problem 23, Chapter 5. 


18. Verify the divergence theorem for A = 4x i — 2y*j + 27k taken over the region bounded by 
x? +y? = 4, z=0 and z=3. 


33 oO oO 2; 
Jan x2 
ff (4—4y +2z)dV = f f f (4—4y+2z)dzdydx = 847 
V 


xee2 y= ft-x2 z=0 


u 


Volume integral 


The surface S of the cylinder consists of a base S, (z=0), the top Sp (z=3) and the convex portion 
Sg (x? +y2 = 4). Then 
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Surface integral = ffan dS = ffian dS, + fifan dS5 + ff Aen dSg 


S Sy Sp 53 


On S, (z=0), n=—k, A= 4xi—2y?j and A-n=0, so that ffan dS,=0. 
5, 


On So (z=3), n=k, A = 4vi— 2y?j+9k and A-n=9, so that 


fifa dSg = of fas. = 3677, since area of Sx = 477 


5p So 


On Sg (x2+y2 = 4). A perpendicular to x2+y2=4 has the direction Vx?+y%) = 2xi + Qyj. 


ee or ae 
Then a unit normal is n = vaaee: = eis since x*+y7= 4. 
4x“+4y 


Aen = (4xi — 2y7j + 27k) > ( 


xit+yj 
5) 


= 22-8 


dV = dx dy dz 


From the figure above, x = 2cos 0, y = 2sin 0, dSg=2d0@dz and so 


27r 3 
ffac dSg = J f [202 cos Gy = (2 sin 6 | 2dzd0 
=0 


Sg z=0 


277r 2mr 
f (48 cos?O — 48 sin?@)d0 = f 48 cos?OdQ0 = 4877 
@=0 6 =0 


Then the surface integral = 0 + 3677 + 4877 = 8477, agreeing with the volume integral and verify- 
ing the divergence theorem. 


Note that evaluation of the surface integral over Sg could also have been done by projection of Ss on 
the xz or yz coordinate planes. 


19. If div A denotes the divergence of a vector field A at a point P, show that 


{farn dS 
divA = fit: <A. 
AV-0 AV 


where AV is the volume enclosed by the surface AS and the limit is obtained by shrinking AV 
to the point P. 
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By the divergence theorem, ff f aw AdV = [fan dS 


Ay AS 


By the mean-value theorem for integrals, the left side can be written 
awa [ {fav = divA AV 
AV 


where divA is some value intermediate between the maximum and minimum of divA throughout AVY. Then 


f Aen ds 


a AS 
divA = —— 
AV 
Taking the limit as AV-0 such that P is always interior to AV, divA approaches the value divA at 


point P; hence 
f Aen dS 
div A = lim AS 
Ayo 360 AV 
This result can be taken as a starting point for defining the divergence of A, and from it all the prop- 
erties may be derived including proof of the divergence theorem. In Chapter 7 we use this definition to 
extend the concept of divergence of a vector to coordinate systems other than rectangular. Physically, 


f A-n dS 


AS 
Av : 
represents the flux or net outflow per unit volume of the vector A from the surface AS. If divA is positive 
in the neighborhood of a point P it means that the outflow from P is positive and we call P a source. Sim- 
ilarly, if divA is negative in the neighborhood of P the outflow is really an inflow and P is called a sink. 
If in a region there are no sources or sinks, then divA =0 and we call A a solenoidal vector field. 


20. Evaluate [fr dS, where S is a closed surface. 


21. 


5 


By the divergence theorem, 


ffir dS ff VerdV 
Ss V 
ff Si +S + Quy @ityi tem) dV 
V 


JIS GES Soe = oS IJ ev = 3V 


where V is the volume enclosed by S. 


Prove Sf (Vp — ¥V'd) dV = [fore — ~V¢)-ds. 
V 5 


Let A= pV in the divergence theorem. Then 


u 
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{ff ViVi) dv = ff een dS = ff evyo-as 
7 fs é 
a VedVe) = PVeVdy + (VarVey = Vb + (Vd)(Vyy 


Thus [ff evar = fff [AV + (Vd)-(Vy)] av 
V V 
(1) fff [Vb + (Vd) (Vyy]av = ff PV o-as 
V 5 


which proves Green’s first identity. Interchanging @ and W in (1), 


(2) ff [WV d + (Vyy(Vd] dv = f (WV d)-ds 
V 


5 


Subtracting (2) from (1), we have 
(3) f f Vp ~ ~V dav = f { Vp — YV¢)-ds 
V 5 


which is Green’s second identity or symmetrical theorem. In the proof we have assumed that @ and W are 
scalar functions of position with continuous derivatives of the second order at least. 


22. Prove [ff ve av 7 [fonas, 
V S 


In the divergence theorem, let A= PC where C is a constant vector. Then 


JJ] Voce : Jf eons 


Since V-(fc) = (Vd):C = C-V and PC-n = Cen), 


jeter JJ cones 


Taking C outside the integrals, 


c-ff Voddv = c+ f{ onas 
V 5 
and since C is an arbitrary constant vector, 
f on dS 


ff Vo dv 
V Ss 
23. Prove Sf vena = f foxpas. 
V 


5 


u 
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In the divergence theorem, let A =BxXC where C is a constant vector. Then 


ff V-(BxC) dV = ff cexcy-n dS 
V S 
Since V- (BxC) = c-(VxB) and (BxC)-:n = B-(Cxn) = (Cxn)-B = C°(nxB), 


ff cece av Jf ©- com) as 
v Ss 


Taking C outside the integrals, 
Cc. ff nx B dS 
S 


c-ff VxBdV 
V 

ff VxBdV = [faxnas 
V 5 


and since C is an arbitrary constant vector, 


24. Show that at any point P 


: Bo V £. , 
Ayo = «AV meee ie eee gape ay) 


where AV is the volume enclosed by the surface AS, and the limit is obtained by shrinking AV 
to the point P. 


(a) From Problem 22, ff Vb dV = ffeonas. Then ff Vob.idV = f on-i dS. 
AV AV 


AS AS 
Using the same principle employed in Problem 19, we have 
f nei dS 


Vhj.i = SS 
eu Av 


where V®-i is some value intermediate between the maximum and minimum of V-i throughout AY. 
Taking the limit as AV-0 in such a way that P is always interior to AV, Vo «i approaches the value 


Jf pnei dS 


(1) Vé-i == ili 
e AF0 AV 

Similarly we find 

f f bn-j dS 
2 V. ej = li . oe 
<) Pid AP=0 AV 

f f dnek dS 
(3) Vo+k = lim -——_— 


AY=0 AV 
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Multiplying (J), (2), (3) by i,j,k respectively, and adding, using 
Vo = (Vob-iyi + (Vb-Di + (Vb-kK)k, om = (nei)i + (nej)j + (nek) 


(see Problem 20, Chapter 2) the result follows. 


(b) From Problem 23, replacing B by A, ff VxAdV = ff nxAds, 
AV AS 


Then as in part (2), we can show that 


ff (nxA)ei dS 
(VxA)-i = lim AS 


Aro AV 


and similar results with j and k replacing i. Multiplying by i,j,k and adding, the result follows. 


The results obtained can be taken as starting points for definition of gradient and curl. 
these definitions, extensions can be made to coordinate systems other than rectangular. 


25. Establish the operator equivalence 


Vo = i a fp dS o 
Ayo AV 
AS 


where o indicates a dot product, cross product or ordinary product. 
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Using 


To establish the equivalence, the results of the operation on a vector or scalar field must be consist- 


ent with already established results. 


If o is the dot product, then for a vector A, 


VoA = lim 1 [fusoa 
Ayo AV 
AS 
or 
div A lim —L ffiasea 
Ayo AV 
AS 


lim —L f f A-n dS 
Ayo AV 
AS 


" 


established in Problem 19. 


Similarly if o is the cross product, 


culA = VxA = lim a [fasxa 
Ayo AV 


= lim 1 ffaxads 
Avo Ay 


established in Problem 24 (6). 


Also if o is ordinary multiplication, then for a scalar d, 


Vo = i 1 AE ° Vi = i = ff d 
2 Nee AV nee al v ioe AV we 
AS AS 


established in Problem 24(a). 
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26. Let S be a closed surface and let r denote the position vector of any point (x,y,z) measured from 


an origin O. Prove that 
n-r 
—— d§ 
i= 
S 


is equal to (a) zero if O lies outside S; (b) 477 if O lies inside S. This result is known as Gauss’ 
theorem. 


(a) By the divergence theorem, ff a dS = {ff V. = dV. 
r r 
S V 


But V.= = 0 (Problem 19, Chapter 4) everywhere within V provided r #0 in V, i.e. provided O 
r 


is outside of V and thus outside of S. Then ff a dS = Q. 
S 


(6) If O is inside S, surround O by a small sphere s of radius a. Let 7 denote the region bounded by S and 
s. Then by the divergence theorem 


nef nee net = aa = 
{firtas - ffrsas « ff dS fffives av 0 
S+s S Ss T 
since r7# 0 in7. Thus 
ner ner 
[free - [fe 
S s 
2 
Now ons,r=a,n=—2 so that ner - (—8/a)er = — Fk = — & = ses ak and 
a r3 a3 a* a a? 
ner ner 1 1 47a" 
JJ sz as - - ff ras ; [Jae : & ffs Ege ae 
5 s Ss s 


27. Interpret Gauss’ theorem (Problem 26) geometrically. 


Let dS denote an element of surface area and 
connect all points on the boundary of dS to O (see 
adjoining figure), thereby forming a cone. Let dQ be 
the area of that portion of a sphere with O as center 
and radius r which is cut out by this cone; then the 
solid angle subtended by dS at O is defined as dw = 


a and is numerically equal to the area of that por- 


tion of a sphere with center O and unit radius cut out 
by the cone. Let n be the positive unit normal to dS 
and call 6 the angle between n andr; then cos 0 = 


ar Also, dQ} = +dScos@ = + nt dS so that 


dw =+ a dS, the + or — being chosen according 


as n andr form an acute or an obtuse angle @ with 
each other. 


Let S be a surface, as in Figure (a2) below, such that any line meets S in not more than two points. 


If O lies outside S, then at a position such as 1, mae dS = da; whereas at the corresponding position 2, 
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28. 
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a Fous = —dw, An integration over these two regions gives zero, since the contributions to the solid 


angle cancel out. When the integration is performed over S it thus follows that J faz dS = 0, since for 


every positive contribution there is a negative one. 


In case O is inside S, however, then at a position such as 3, nt dS = dw and at 4, =a dS = dw 


‘so that the contributions add instead of cancel. The total solid daeie | in this case is equal to the area of a 


unit sphere which is 477, so that ffs dS = 477. 
5 


Fig. (a) Fig. (6) 


For surfaces S, such that a line may meet S in more than two points, an exactly similar situation 
holds as is seen by reference to Figure (b) above. If O is outside S, for example, then a cone with vertex 
at O intersects S at an even number of places and the contribution to the surface integral is zero since the 
solid angles subtended at O cancel out in pairs. If O is inside S, however, a cone having vertex at O in- 
tersects S at an odd number of places and since cancellation occurs only for an even number of these, 
there will always be a contribution of 477 for the entire surface S. 


A fluid of density o(x,y,z,t) moves with velocity v(x,y,z,z). If there are no sources or sinks, 
prove that 


Vis + 2 = 9 where J = pv 


Consider an arbitrary surface enclosing a volume V of the fluid. At any time the mass of fluid within 


[few 
V 
The time rate of increase of this mass is 
ME iffow » Sie 
— = — dV = P— aed dV 
Ot Ot : fe 


The mass of fluid per unit time leaving V is 


ff oven dS 
S 


(see Problem 15) and the time rate of increase in mass is therefore 


V is 
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- ff ov-nas = ~ [ff v-cwar 
S 7 


by the divergence theorem. Then 


[ff av = -ff V- (pv) dV 

Ot 

7 7 

fff cron + 2yav = 0 
: Ot 


Since V is arbitrary, the integrand, assumed continuous, must be identically zero, by reasoning simi- 
lar to that used in Problem 12. Then 


or 


Ves + op, 0 where J= Ov 
Ot 


The equation is called the continuity equation. If 0 is a constant, the fluid is incompressible and V- v = 
0, i.e. v is solenoidal. 


The continuity equation also arises in electromagnetic theory, where © is the charge density and 
J = Ov is the current density. 


If the temperature at any point (x,y,z) of a solid at time ¢ is U(x,y,z,t) and if x, and c are re- 
spectively the thermal conductivity, density and specific heat of the solid, assumed constant, 
show that 
] 
ot - EVU where k=x/oc 


Let V be an arbitrary volume lying within the solid, and let S denote its surface. The total flux of 
heat across S, or the quantity of heat leaving S per unit time, is 


ff ex Wyen dS 
Ss 


Thus the quantity of heat entering S per unit time is 


(1) ff Vuy-n as = ff V-(« VU) dV 
7 


5 


by the divergence theorem. The heat contained in a volume V is given by 


fff coUdV 
V 
Then the time rate of increase of heat is 


2 fffeoua = Jffeo® 
(2) > coUdV . co y dV 


Equating the right hand sides of (1) and (2), 


ff [eo LY - Ve Von] av = 0 
t 
V 


and since V is arbitrary, the integrand, assumed continuous, must be identically zero so that 
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cp ou = V. (K Vu) 
Ot 


or if K,c,O are constants, 


w . KYW = ¥ 
aS eo WE = a VU 


The quantity & is called the diffusivity. For steady-state heat flow (i.e. a =0 or U is independent of 


time) the equation reduces to Laplace’s equation Vu =0. 


STOKES’ THEOREM 
30. (a) Express Stokes’ theorem in words and (b) write it in rectangular form. 
(a) The line integral of the tangential component of a vector A taken around a simple closed curve C is 
equal to the surface integral of the normal component of the curl of A taken over any surface S having 


C as its boundary. 


(6) As in Problem 14(6), 
A = Ayit+tAnj+Agk, nm = cosdi+cosfhj + cosyk 


Then 
i j k 
Vea = |S 2 Bl = (PAs_ dang 4 (2dr _ OAs) y 4 (Bde Wry, 

ie Ox dy Oz Moye oy ee ee toe ae? 
A, Ag Ag 
_ ,04g Ap 0A, OAs OAn O0Ag 

(VxA)-n = a Oe cosa + Se a cos 8 + ‘Sr Oy cosy 

A-dr = (Aqi + Aoj + Agk)*(dxi+dyj+dzk) a A,dx + Aody + Agdz 


and Stokes’ theorem becomes 


f (cds = Ode cos O + (2A = As, cos 8 + (242 wa OAs, cosy]dS = ¢ A,dx + Aody + Agdz 
Zz z Ox Oy C 


31. Prove Stokes’ theorem. 


Let S be a surface which is such that its projections 
on the xy, yz and xz planes are regions bounded by simple 
closed curves, as indicated in the adjoining figure. As- 
sume S to have representation z=f(x,y) or x=g(y,z) or 
y =h(x,z), where f,g,h are single-valued, continuous and 
differentiable functions. We must show that 


Jf (¥xay-nas f [Vx(A,i + Ajj + Agk)]-n dS 
5 5 


§ ava 


C 
where C is the boundary of S. 


u 


H 
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Consider first ff [V x(41i)] endS. 
S 


i j k 
: , . |2 2 Bf _ OAs OAg 
Since Vx (A,i) = oy oy os | = y k; 
A, 0 0 
re) OA 
(1) [Vx (A,i)]-ndS = ( Bg es kids 
Gz Oy 
If z=f(x,y) is taken as the equation of S, then the position vector to any point of Sis r = xityjt+zk = 
xit+yjtf(x,y)k so that s =jt & k =jt Le. But 2 is a vector tangent to S (see Problem 25, 
Chapter 3) and thus narpendioular to i 36 that : 4 
at = nj + ack = 0 or nej = ak 
oy oy oy 
Substitute in (2) to obtain 
OA, 0A, OA Oz OA, 
———n-j — —n-k) dS = (— — nek — —pn-k)dS 
a a ae paar ie oe 
or 
OA, | OAq Oz 
2 Vx(Ai)lendS = ~—(—*+ =*=)nek dS 
(2) [V x (Axi)] ea, oe 
fe) 0A, 0 fe) 
Now on S, A4(x,y,z) = Aylx.y.flx.y)) = F(x,y); hence oAy + os Weds = ct and (2) becomes 
Oy oz oy Oy 
[Vx (A,i)]-n dS = nF yas) va! x, SE dx dy 
oy oy 
Then 
f [Vx (4,i)].n dS = pies dx dy 
oy 
S R 


where R is the projection of S on the xy plane. By Green’s theorem for the plane the last integral equals 


F dx where I' is the boundary of R. Since at each point (x,y) Of T the value of F is the same as the 


value of A, at each point (x,y,z) of C, and since dx is the same for both curves, we must have 


$ Fdx = $ Ave 
le 


C 
or 


f [Vx (Azi)] +n dS 
s 


Similarly, by projections on the other coordinate planes, 


f [Vx (Aoi) ]-n dS 


S 


f [Vx (Agk)]-n dS 


5 


K 
se, Ho, 
RN 
= 
a 
R 


il 
+e, 
aN 
oO 
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Thus by addition, 


f (Vx A))ndS = $ acs 


3 C 
The theorem is also valid for surfaces S which may not satisfy the restrictions imposed above. For 
assume that S can be subdivided into surfaces S,, So, Sp with boundaries C4, Co, Cy which do satisfy 


the restrictions. Then Stokes’ theorem holds for each such surface. Adding these surface integrals, the 


total surface integral over S is obtained. Adding the corresponding line integrals over C1,Co,...C R? the 
line integral over C is obtained. 


32. Verify Stokes’ theorem for A = (2x—y)i—y2j—y?zk, where S is the upper half surface of 
the sphere x? +y? +z? = 1 and C is its boundary. 


The boundary C of S is a circle in the xy plane of radius one and center at the origin. Let x= cost, 
y=sint, z=0, 0 $ t < 277 be parametric equations of C. Then 


¢ A-dr = ¢ (Qx—y) dx — yz2dy — yz dz 
C C 
277 
= { (2cost — sint)(—sint)dt = 7 
0 
i j k 
Also, VxA = Oo Oo <0? = k 
Ox ys 


ax—-y —yz? —y2z 


Then [[ xan dS = [fren dS = [fe dy 
5 S R 


since n-kdS =dxdy and R is the projection of S on the xy plane. This last integral equals 


f [0 re of [OT re + af Re = 77 
0 0 0 


BEN yee ax? 


and Stokes’ theorem is verified. 


33. Prove that a necessary and sufficient condition that f A-dr =0 for every closed curve C is 


that Vx A =0 identically. . 


Sufficiency. Suppose Vx A=0. Then by Stokes’ theorem 


¢ A:dr = ff dean dS = QO 
S 


C 


Necessity. Suppose ri A-dr =0 around every closed path C, and assume Vx A#0 at some point 
C 
P. Then assuming VxA is continuous there will be a region with P as an interior point, where VxA 70. 
Let S be a surface contained in this region whose normal n at each point has the same direction as VxA : 
i.e. VxA = Gn where @isa positive constant. Let C be the boundary of S. Then by Stokes’ theorem 
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f aar = ff Vxaren as = a ffanas > 0 
C s s 


which contradicts the hypothesis that ¢ A-dr =0 and shows that VxA =6. 
¢ 


By 
It follows that VxA=0 is also a necessary and sufficient condition for a line integral f A- dr 


P. 
to be independent of the path joining points Pe and PB, . (See Problems 10 and 11, Chapter 5.) z 


34. Prove f axe = [fox xe as, 
5 


In Stokes’ theorem, let A = BxC where C is a constant vector, Then 


¢ erewxey = f [Vx (Bxc)]-n dS 


Ss 
$ coer) = f [ic-V) B — c(V-B)]-n dS 

S 
c.f axe = f (cc-V) B]-nds — f [c (V-B)]-n dS 


5 


s 
= fff. [V(Ben)] dS — [fc [n(V-B)] dS 
S s 
= c- ff [V(B-n) — n(V-B)] dS) = c.f f ax¥ xmas 
s 5 


Since C is an arbitrary constant vector ¢ dtxB = ff (nx V) x BdS 
5 


35. If AS is a surface bounded by a simple closed curve C, P is any point of AS not on C and nis 
a unit normal to AS at P, show that at P 
4 A-dr 
C 


(curlA)-n = _ lim 
AS-0 AS 


where the limit is taken in such a way that AS shrinks to P. 


By Stokes’ theorem, f foew A)-n dS = ¢ A-dr. 
AS 


C 


Using the mean value theorem for integrals as in Problems 19 and 24, this can be written 


pe 


AS 


(curl A)em = 
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and the required result follows upon taking the limit as AS-0. 


This can be used as a starting point for defining curl A (see Problem 36) and is useful in obtaining 


curlA in coordinate systems other than rectangular. Since g A-dr is called the circulation of A about 
C 


C, the normal component of the curl can be interpreted physically as the limit of the circulation per unit 
area, thus accounting for the synonym rotation of A (rot A) instead of curl of A. 


36. If curlA is defined according to the limiting process of Problem 35, find the z component of 
curlA. 


Let EFGH be a rectangle parallel to the xy plane with interior point P(x,y,z) taken as midpoint, as 
shown in the figure above. Let A, and Ay be the components of A at P inthe positive x and y directions 
respectively. 


If C is the boundary of the rectangle, then 


$ Acar = fava + fava + f ava + f aca 


C BP PG GH HE 
OA 
But fava Ags St Ay de f ava Sk eae Si ne 
2 Oy 2 dy 
EF GH 
I OAy f 1 OApy 
A-edr = (A — —= AxyA A-dr = —(Anp— ——~ AxyA 
f (Ao + 2. ay ) (Ao 2 Oy ) 
FG HE 
except for infinitesimals of higher order than Ax Ay. 
OA fe) 
Adding, we have approximately y A-dr = (—?— Raa, Ax Ay. 
Ox Oy 
C 
Then, since AS = Ax Ay, 
A-dr 
z component of curlA = (curlA)-k = lim 
AS=0 AS 
fe) fe) 
ila Mapa 
—e Ox oy 
Ax~-0 Ax Ay 
Ay-0 
OA, OA, 
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37. 


38. 


39. 


40 


41. 


42 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


DIVERGENCE THEOREM, STOKES’ THEOREM, RELATED INTEGRAL THEOREMS 


SUPPLEMENTARY PROBLEMS 


Verify Green’s theorem in the plane for $ (3x7 — By”) dx + (4y —6xy)dy, where C is the boundary of the 
C 


tegion defined by: (a) y = Vx, y =x; (b) x=0,y=0, xty=1. 
Ans, (a) common value = 3/2 (5) common value = 5/3 
Evaluate $ (3x +4y)dx + (2x-—3y)dy where C, a circle of radius two with center at the origin of the xy 
(es 
plane, is traversed in the positive sense. Ans. — 877 
Work the previous problem for the line integral ¢ (x2 +y?)dx + 3xy? dy. Ans. 1277 
C 


Evaluate c) (x? —2xy)dx +(x*y+3)dy around the boundary of the region defined by y* = 8x and x = 2 
(a) directly, (<b) by using Green’s theorem. Ans. 128/5 


(7,2) 
Evaluate J (6xy —y*)dx + (3x°—2xy)dy along the cycloid x = O—sin@, y = 1—cos8@. 
0,0 


Ans. 67°—471 


Evaluate $ (3x7 + 2y) dx ~—(x+3cosy)dy around the parallelogram having vertices at (0,0), (2,0), (3,1) 
and (1,1). Ans. —6 


Find the area bounded by one arch of the cycloid x = a(9— sinQ), y = a(1—cosQ), a>0, and the x axis. 
Ans. 371a? 


Find the area bounded by the hypocycloid x2 +y 7 = @ 78 a>od. 
Hint: Parametric equations are x =acos?@, y =asin°@. Ans. 377a7/8 


Show that in polar coordinates (P,P) the expression xdy — ydx 


pe? db. Interpret 3 f xdy —ydx, 
Find the area of a loop of the four-leafed rose 0 = 3 sin 2. Ans. 9717/8 
Find the area of both loops of the lemniscate * = a cos 2. Ans. a? 


Find the area of the loop of the folium of Descartes 
x3+y3 = 3axy, a>O0 (see adjoining figure). 

Hint: Let y = ¢x and obtain the parametric equa- 
tions of the curve. Then use the fact that 


¢ xdy — ydx 
=. 2 $ x? d(Z) 


= x) x? dt 


NIi~ 


Area 


Ans. 3a%/2 


Verify Green’s theorem in the plane for ¢ (2x —y*) dx —xydy, where C is the boundary of the region en- 
64 


closed by the circles x?+y?2= 1 and x?+y?=9. | Ans. common value = 6077 


(“1,0) i vdx t+xd 
Evaluate f ie along the following paths: 
(1,0) x +y 


DIVERGENCE THEOREM, STOKES’ THEOREM, RELATED INTEGRAL THEOREMS 


51. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 
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(a) straight line segments from (1,0) to (1,1), then to (—1,1), then to (~1,0). 
(b) straight line segments from (1,0) to (1,—1), then to (—1,—1), then to (—1,0). 


Show that although OM - ON 
] ee 


the line integral zs dependent on the path joining (1,0) to (—1,0) and explain. 


ns. (a) 7 (6b) — 


By changing variables from (x,y) to (u,v) according to the transformation x = x(u,v), y = y(u,v), show that 
the area A of a region R bounded by a simple closed curve C is given by 


= 2 
oy ys = u u 
ff ware x) | dudv where iG = de %y 

Ov dv 


is the Jacobian of x and y with respect to u and v. What restrictions should you make ? Illustrate the re- 
sult where u and v are pols coordinates. 
Hint: Use the result A = +f xdy~—ydx, transform to u,v coordinates and then use Green’s theorem. 


Evaluate f Fen dS, where F = 2xyityz?j+xzk and Sis: 
5 
(a) the surface of the parallelepiped bounded by x=0, y=0, z=0, x=2, y=1 and z=3, 
(b) the surface of the region bounded by x=0, y=0, y=3, z=0 and x+2z=6. 
Ans. (a) 30 (b) 351/2 


Verify the divergence theorem for A = 2x*y i — y?j + 4x%z2k taken over the region in the first octant 
bounded by y*+z?=9 and x=2. Ans. 180 


Evaluate ff ren dS where (a) S is the sphere of radius 2 with center at (0,0,0), (b) S is the surface of 


the cube bounded by x=—1, y=—1, z=—1, x=1, y=1, z=1, (c) S is the surface bounded by the paraboloid 
z= 4—(x*+y") andthe xy plane. Ans. (a) 3277 (b) 24 (c) 247 


If S is any closed surface enclosing a volume V and A = axi+byj+czk, prove that ff AendsS = 
(a+b +c) V. KY 

If H = curlA, prove that ff H-n dS = 0 for any closed surface S. 

If n is the unit outward drawn normal to any closed surface of area S, show that f ff divn dV = S, 


V 
Prove ff s 
V 
Prove ffen dS = fff see av. 
5 V 


Prove J ndS = 0 for any closed surface S. 


ren 
ds. 
72 


Show that Green’s second identity can be written JJfov" ype pV p)dvV = SJ o> ae - ys yas 


Prove ffe xdS = 0 for any closed surface S. 
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63. Verify Stokes’ theorem for A = (y—z+2)i+ (yz+4)j—%xzk, where S is the surface of the cube x=0, 
y=0, z=0, x=2, y=2, z=2 above the xy plane. Ans. common value = —4 


64. Verify Stokes’ theorem for F = xzi—~yj+x*yk, where S is the surface of the region bounded by x=0, 
y=0,2z=0, 2x +y +2z =8 which is not included in the xz plane. Ans. common value = 32/3 


65. Evaluate fi fxayen dS, where A = (x?+y—4)i + 3xyj t+ (2uz +z?)k and S is the surface of (a) the 
Ss 
hemisphere x2+y2+z2= 16 above the xy plane, (b) the paraboloid z = 4 —(x*+y”) above the xy plane. 
Ans. (a) —1677, (b) — 


66. If A = 2yzi— (x+3y—2)j + (x?+z)k, evaluate ffVxayen dS over the surface of intersection of the 


5 


2 
2 which is included in the first octant. Ans. — $9 (37 + 8a) 


cylinders x?+y? = a?, x2+z2=a 


67. A vector B is always normal to a given closed surface S$. Show that as dV = 9, where V is the 
region bounded by S. 


68. If $ E-dr = -+ £ ffaeas, where S is any surface bounded by the curve C, show that Vx E = 
C ae 
1 On 
c Of 
69. Prove ¢¢ dr f fasx Vo. 
(as 
S 


70. Use the operator equivalence of Solved Problem 25 to arrive at (2) Vb, (b) VeA, (c) Vx A in rectangular 


coordinates. 
71. Prove fff Vo-a av = ffoanas — fffov-a av. 
V 5 V 


72. Let r be the position vector of any point relative to an origin O. Suppose p has continuous derivatives of 
order two, at least, and let S be a closed surface bounding a volume V. Denote f at O by },. Show that 


ff [2Ve - oW4)}- as = fffZeav + 
S 7 


Where @=0 or 47 P,, according as O is outside or inside S. 
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The potential M(P) at a point P(x,y,z) due to a system of charges (or masses) 94> Ior e009 In having position 


vectors Pylon coer ly with respect to P is given by 


Prove Gauss’ law 


je dS = 470 


where E = —V¢d is the electric field nos S is a surface enclosing all the charges and Q= y oe 
is the total charge within S. m=! 


74. If a region V bounded by a surface S$ has a continuous charge (or mass) distribution of density P, the po- 


dV 
tential ((P) at a point P is defined by d= fffZe . Deduce the following under suitable assumptions: 


(a) ffe-as = 477 fffe dV, where = Vo. 
5 V 


2 
(b) Vd= —~ 4770 (Poisson’s equation) at all points P where charges exist, and Vo = 0 (Laplace’s equa- 
tion) where no charges exist. 


Chapter 7 


TRANSFORMATION OF COORDINATES. Let the rectangular coordinates (x,y,z) of any point be 
expressed as functions of (u,,uU 5, ug) So that 


(1) X= X(Uy, Ug, Ug), Y= YU UgUg), 2% = Z(Uy, Uy, Uy) 
Suppose that (J) can be solved for u,,uo,ug in terms of x,y,z, i.e., 
(2) U, = U4(%,Y,2), Uy = ULX,Y,Z), Ug = U(%X,y,2Z) 


The functions in (J) and (2) are assumed to be single-valued and to have continuous derivatives so 
that the correspondence between (x,y,z) and (u4,U,Us) iS unique. In practice this assumption may 
not apply at certain points and special consideration is required. 


Given a point P with rectangular coordinates (x,y,z) we can, from (2) associate a unique set 


of coordinates (u,,u:,Ug) called the curvilinear coordinates of P. The sets of equations (1) or (2) 
define a transformation of coordinates. 


ORTHOGONAL CURVILINEAR COORDINATES. 


The surfaces u,=c,, Up=Co, Ug=Cg, Where 
C1,Co,Cg ate constants, are called coordinate sur- 
faces and each pair of these surfaces intersect in 
curves Called coordinate curves or lines (see Fig.1). 
If the coordinate surfaces intersect at right angles 
the curvilinear coordinate system is called orthogo- 
nal. The u4,u and ug coordinate curves of a curvi- 
linear system are analogous to the x,y and z Coor- 
dinate axes of a rectangular system. 


Fig. 1 


UNIT VECTORS IN CURVILINEAR SYSTEMS. Let r = xi + yj + zk be the position vector of a point 
P, Then (J) can be written r = r(u,,Uo,U,q), A tan- 
gent vector to the u, curve at P (for which u, and u, are constants) is oF . Then a unit tangent 


U4 
vector in this direction is e, = or | OF | so that OF = h,e, where h, = | or | . Similarly, if 
Ou, Ou, Ou, Ou, 3 
e, and eg are unit tangent vectors to the u. and ug curves at P respectively, then <= = hoe, and 


up 
oF hgeg where ho = | or | and h,= | or | . The quantities h,,ho,hg are called scale factors. 
Ou Ue ug 


The unit vectors e,,@5,@, are in the directions of increasing u,,uo,U, , respectively. 


Since Vu, is a vector at P normal to the surface u,=c,, a unit vector in this direction is giv- 
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en by E,= Vu, /| Vu, | . Similarly, the unit vectors E, = Vu,/| Vu, | and Es, = Vus/ | Vus| at P 
are normal to the surfaces u,=c. and u,=c, respectively. 


Thus at each point P of a curvilinear system there 
exist, in general, two sets of unit vectors, e,,@5,e, tan- 
gent to the coordinate curves and E,,E>.,E, normal to 
the coordinate surfaces (see Fig.2). The sets become 
identical if and only if the curvilinear coordinate system 
is orthogonal (see Problem 19). Both sets are analogous 
to the i,j,k unit vectors in rectangular coordinates but 
are unlike them in that they may change directions from 


point to point. It can be shown (see Problem 15) that the 


sets Of , 2F OF ana Vu, Vuo, Vuz constitute recip- 


Ouy OU : Oug Fig. 2 
rocal systems of vectors. 


A vector A can be represented in terms of the unit base vectors @,e@5,@, or E,,E>5,Es, in the 
form 
A = A,e, + 4,e + de, = @,E, + aE, + aK, 


where A,,Ao,Ag and a,,aj,@g are the respective components of A in each system. 


We can also represent A in terms of the base vectors a ; ot ; a or Vu, Vu5,Vug which 
Up’ OU. 
are called unitary base vectors but are not unit vectors in general. In this case 
or or or 
A = ¢€,=~— + Co= + —— (= a, + + 
+55, oon, Cs any C,@, + CoG + Cod 
and A = 0, Vuy + Co Vue + cg Vig = 01 fr + cof + co Bs 


where C,,C,,Cg are called the contravariant components of A and ¢,Co,Cg ate called the covariant 


components of A (see Problems 33 and 34). Note that = Or ‘ fs =Vu,, p=1,2,3. 
pb Ou, p p 


ARC LENGTH AND VOLUME ELEMENTS. From r = [(u4,Uo,Ug) we have 


C) C) 
dr = Sa dis + Sy die + ST dun = hy, du,e, + hg duges + hg dug eg 


Then the differential of arc length ds is determined from 
ds* = dr-dr. For orthogonal systems, e,+@5 = @5-€, = 
@,°e, = 0 and 


ds? = ht du: + he dus + he du; 


Us 


For non-orthogonal or general curvilinear systems see 
Problem 17. 


Along a uw, Curve, uo and ug, are constants so that 
dr = h,du,e,. Then the differential of arc length ds, 
along u, at P is h,du,. Similarly the differential arc 
lengths along uw, and u, at P are ds, =hodu,, dsg = hgdug. 


Referring to Fig.3 the volume element for an or- 
thogonal curvilinear coordinate system is given by Fig. 3 
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dV = | (h, du, e:) : (ho du @o) x (he dug @,) | = hy he he du, duo dus 
since |e,-e,xe| = 1. 
THE GRADIENT, DIVERGENCE AND CURL can be expressed in terms of curvilinear coordinates. 


If © is a scalar function and A = A,e, + Aj@o + Ages 
a vector function of orthogonal curvilinear coordinates u,,u5,ug, then the following results are valid. 


a - 12 1 of 1 o¢ 
1 V® = grad @ = i. on + i ane mon 


\) 
<1 
> 
i 
= 
< 
> 
il 


a ieee eee 20. oO. 
hlele Exaae 7 a) + Shisha de) | 


hye, hoeo hges 


eosin COL tO, 20s. 
h, ho he Ou, Ou Olug 


hyAy htgAn igAg 


See - fy [Reet B+ Rcheh B+ Deh 2] 
" ve es hy hg hg EX hy Bu,’ : a ho 2u, * Sug hg Og 


If hy=ho=hg=1 and e&,@,@, are replaced by i,j,k , these reduce to the usual expressions in 
rectangular coordinates where (u,,Ug,Ug) is replaced by (x,y,z). 


Extensions of the above results are achieved by a more general theory of curvilinear systems 
using the methods of tensor analysis which is considered in Chapter 8. 


SPECIAL ORTHOGONAL COORDINATE SYSTEMS. 


1. Cylindrical Coordinates (0,9, 2). See Fig.4 below. 
x = pcos, y= psingd, 2z2=2 


where 920, 0S $< 27, ~w<z<ow 


ho =1, hg=p, hg =1 


2. Spherical Coordinates (r,0,¢). See Fig.5 below. 
x = rsin@ cos¢, y = rsin@O sing, 2z = rcos@ 
where r>0, OS $< 27, OS O<7 


h, = 1, ha =1, hg =r sin 0 
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Fig. 5 


Fig. 4 


3. Parabolic Cylindrical Coordinates (u,v,z). See Fig.6 below. 
x = 3(u?—v?), 


where —~m<u<o, 2 


hy = hy = Vu? + v?, hz = 1 
u= V2 cos © v= V2 sin &, 


In cylindrical coordinates, 
The traces of the coordinate surfaces on the xy plane are shown in Fig.6 below. They are 


confocal parabolas with a common axis. 


as Y ol? 
oye) y? 
asp ge" 
“= 
3/2 v= 3/2 


u=—1/2 SO 
uz} S vz] 
_3lt v= 
vw 3/2 
gee Ysy 
es 
5Y5 


Fig. 6 
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4. Paraboloidal Coordinates (u,v,). 
x = uvcosd?, y = uvsing, = 3(u 
where u>0, v20, 0< P< 27 
hy, = hy = Vu? +v?, hg = wo 


Two sets of coordinate surfaces are obtained by revolving the parabolas of Fig.6 above 
about the x axis which is relabeled the z axis. The third set of coordinate surfaces are planes 
passing through this axis. 


5. Elliptic Cylindrical Coordinates (u,v,z). See Fig.7 below. 


il 
N 


% = a coshucosv, y = a@ sinhusinv, 2z 
where u20, OS v<27, —w<ez<om 
ah eye alah aS Since. = 
h, = Ay =avsinh*ut+sin’v, h, = 1 


The traces of the coordinate surfaces on the xy plane are shown in Fig.7 below. They are 
confocal ellipses and hyperbolas. 


6. Prolate Spheroidal Coordinates (€,7, 2). 
x = asinhé sinn cos¢?, y = asinhé sinn sing, z = acoshé cosn 
where €20, OS 7nS7, OS G¢< 27 
he =h, = aVsinh?é + sin?’7, hy =asinhé sinn 


Two sets of coordinate surfaces are obtained by revolving the curves of Fig.7 above about 
the x axis which is relabeled the z axis. The third set of coordinate surfaces are planes passing 
through this axis. 
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%. Oblate Spheroidal Coordinates (¢,7, 9). 


x = acosh&é cosy cosd, y = acoshé€ cos7 sing, 2z = asinh€ sin7 
where £20, -F SSF, 0S G< 2m 
hy = hy = avsinh*é + sin’7, hg =acoshé€ cos7 


Two sets of coordinate surfaces are obtained by revolving the curves of Fig.7 above about 


the y axis which is relabeled the z axis. The third set of coordinate surfaces are planes passing 
through this axis. 


8. Ellipsoidal Coordinates (), u,v). 


2 2 2 
x Zz 
- + => +5 = 1, h< c2 < b? < a? 
a“ —xX be — Xr ec —X 
2 2 2 
Zz 
=~ + =~ + = 1, ce? < uw < b? < a? 
a’—p b—uw c?—pw 
2 2 2 
x Zz 
raed + = i, c7 <b? < v< a? 
2 2 2 
a—-vV bo -—v ec —vV 


Ri ies (uU—A)(V—A) he, eee (V—B)(A—p) 
K 2 W = ?7= (CF? =D)' BV Ww) @=p)(e?-p) 
, -1_/ (A-v)(H-V) 
[ 2 (a2?—v)(b?—Vv)(c?—-Vv) 


9. Bipolar Coordinates (u,v,z). See Fig.8 below. 


2 2 
x? + (y-—acotu) = a? csc?u, (x—acoth»v) + y? = a*csch? v, am 4 


Fig. 8 
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a sinh v a sinu 


or XS Sg = oO, z= 2 
cosh v — cosu y cosh v — cosu 
where 0S u< 27, —-w<v<mw, —M<z<O 
hk =k. = =O = 
bad Uv cosh v — cosu ad 


The traces of the coordinate surfaces on the xy plane are shown in Fig.8 above. By re- 
volving the curves of Fig.8 about the y axis and relabeling this the z axis a toroidal coordinate 
system is obtained. 


SOLVED PROBLEMS 


1. Describe the coordinate surfaces and coordinate curves for (a) cylindrical and (b) spherical co- 
ordinates. 


(a2) The coordinate surfaces (or level surfaces) are: 
P =e, cylinders coaxial with the z axis (or z axis if c,= 0). 
= ce planes through the z axis. 
z = cg_ planes perpendicular to the z axis. 


The coordinate curves are: 
Intersection of 0 = cy and @= co (z curve) is a straight line. 
Intersection of 0 = c, and z = cg (Pp curve) is a circle (or point). 
Intersection of @ = cy and z = cg (( curve) is a straight line. 


(b) The coordinate surfaces are: 
r= cq, spheres having center at the origin (or origin if c,= 0). 
6 = Cp cones having vertex at the origin (lines if c,=0 or 77, and the xy plane if cj= 77/2). 
@= cg planes through the z axis. 


The coordinate curves are: 
Intersection of r= c, and 6 = Co (P curve) is a circle (or point). 
Intersection of r= c, and d= cg (G6 curve) is a semi-circle (c,# 0). 
Intersection of @ = co and PD = cg (r curve) is a line. 


2. Determine the transformation from cylindrical to rectangular coordinates. 


The equations defining the transformation from rectangular to cylindrical coordinates are 


(1) x= pcos, (2) y= psing, (3) z=z 
Squaring (1) and (2) and adding, *(cos*@+sin?@) = x2 +y* or 
p=vVx2+y2, since cos?d + sin?d = 1 and / is positive. 
Dividing equation (2) by (1), ~ = p sin P = tand or > = arctan. 
x pcosh od 
Then the required transformationis (4) 0 = Vx" + y , (5) = arc tan x » 6)z+2z., 


For points on the z axis (x=0, y=0), note that d is indeterminate. Such points are called singular 
points of the transformation. 
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3. Prove that a cylindrical coordinate system is orthogonal. 


The position vector of any point in cylindrical coordinates is 


r = xityj +zk = pcosPi + psingdj + zk 
The tangent vectors to the (, @ and z curves are given respectively by or . or and or where 
CJe) op Oz 
ore cos) i + sind j, or = —psin@i + pcosPj, oly 
00 fe Oz 


The unit vectors in these directions are 


oop _ cospi+ sindi _ ooghi + sind 


e, =e = = 
? p | Or/dp | Vcos?d + sin? d 
aa orf op | = Hp sing 1+ pcos Ps = ~sindi + cos? j 
|or/abp| Vp? sin’ + pcos” 
a pe A So 
. a | Or/0z | 
Then e,-e, = (cosPi+ sing j)-(—sinPi+cos?j) = 0 


e,-e, = (cosPi+ sind j)-(k) = 0 
e,°e, = (—sindi+ cos j)(k) = 0 


and SO @&, @. and eg are mutually perpendicular and the coordinate system is orthogonal. 


4. Represent the vector A = zi — 2xj + yk in cylindrical coordinates. Thus determine Any Ag and A,. 


From Problem 3, 


(1) ep = cosPi + sind j (2) eg = —singdi + cosd j (3) eg =k 


Solving (J) and (2) simultaneously, 


i = cos@d e& — sin d eg, j = sing en + cos eg 


Then A = zi — 2&j + yk 
= z(cos e, — sin p eg) — 20 cos P(sind e@, + cos p ey + psingd e, 
= (2 cos@ — 20 cos@ sin Pyey — (z sind + 2p cos*pyeg + p sind e, 


and A, = zcos@ — 20cos@ sing, Ag = —zsingd — 20 cos*h, A, = pPsingd. 


5. Prove ¢ so Pe,, £ 0 =—@D e, where dots denote differentiation with respect to time ¢. 
t 


From Problem 3, 


& = cosPi + sindj, ey = —sindi + cos j 
Then £ e, = ~ (sind) di + (cos) > i = (—singi + cos } i) = beg 
+ eg = —(cosh) bi — (sind) Pi = —(coshitsindid = ~ e, 
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6. Express the velocity v and acceleration a of a particle in cylindrical coordinates. 


In rectangular coordinates the position vector is r= xi+yj+zk and the velocity and acceleration 
vectors are 


v= = xsit+yj+zk and oa = SS = Mi+y¥j+7Zk 
In cylindrical coordinates, using Problem 4, 
r = xityj+zk = (QO cosP)(cosP e& - sind ey) 


+ (0 sin h)(sin D e, + cos pd eg) + 2e, 


= Pent ze, 


dp de . 

dr p dz : ° 

Then v= = —e +op—“+*e, = e + Ogpme,+2ze 
dt dt ? p dt dt. * p PP ee 


using Problem 5. Differentiating again, 
2 

a = dt 

2 


; = £ (Be, + phegt ie) 
t 


. de, a - deg oe a i. 
= p+ pe, + ppt Pp peg + phe, t+ ze, 


= peg + Pe, + PPd(-Pey) + pPpey + peg + Ze, 
= P-pPy)e, + (Ph+ Whey + Ze, 


using Problem 5. 


7. Find the square of the element of arc length in cylindrical coordinates and determine the corre- 
sponding scale factors. 


First Method. 
x = pcos, y = psingd, z=2 
dx = —psindOdf+cos@dp, dy = peosfPdf+sindGdo, dz=dz 


Then ds? 


dx2+dy?+dz2 = (-p sind dd + cosh doy + (D cosh dh + sin d dpy + (dzy 
(py + pd) + (dzy = hi(dpy + hg(dby + hacdz) 


u 


and h, = hy = 1; h, - hg = P, hz,=h,= 1 are the scale factors. 


Second Method. The position vectoris r = Ocos@i + Osin@dj+ zk. Then 


or or 
ap - Oe 


= (cosPit+singd jydo + (~-psindi+ pcosPj)dp + kdz 
= (cos@dp — psing dph)i + (sind@do + Pcoshdh)j + kdz 


dr dp + St ds 


Thus ds? = dredr = (cosfdo — psingd dh) + (sind do + pcos dh) + (dzy 
= (dpy + prddy + (dz¥ 
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8. Work Problem 7 for (a) spherical and (b) parabolic cylindrical coordinates. 
(a) x = rsinOcosd, y = rsin@ sing, 2z = reos@ 


Then dx = —rsinO sn@ddd + rcos@ cosPdO + sinO cosd dr 
dy = rsin@ cosse@dd + recosO sing dO + sinO sind dr 


dz = —rsin@ d@ + cos@ dr 


and (ds) = (dx) + (dy) + (dz) = (dr) + r2(dO) + r2sin2O (dy 
The scale factors are h,=h,=1, h,=hg=r, hg=hg=r sin of 
(b) x = 3(2—-v2), y=uv, 272 
Then dx = udu—vdv, dy = udv +vudu, = dz= dz 
and (dsy = (dx) + (dyf + (dz = (u2+v2)(du)y> + (u2+v%) (dv)? + (dzy 


The scale factors are h, = hy = Vu?+v?, ho=hy= Vu?+v?, hg=hg= 1. 


9. Sketch a volume element in (a) cylindrical and (b) spherical coordinates giving the magnitudes 
of its edges. 


(a2) The edges of the volume element in cylindrical coordinates (Fig.(2) below) have magnitudes - dd, dO 
and dz. This could also be seen from the fact that the edges are given by 


ds,=h,du,= (1)(dp)=dp, ds,=h,du,= pd, ds, = (1)(d7) = dz 


using the scale factors obtained from Problem 7. 


x 


Fig.(a) Volume element in cylindrica! coordinates. Fig. (6) Volume element in spherical coordinates. 


(b) The edges of the volume element in spherical coordinates (Fig.(b) above) have magnitudes dr, rdO@ and 
r sin 0 dp. This could also be seen from the fact that the edges are given by 


ds, =h,du,= (1)(dr)= dr, ds,=h,du,=rd0, ds, =h,du,=rsin@ dp 


using the scale factors obtained from Problem 8(a). 


10. 


11. 


12. 
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Find the volume element dV in (a) cylindrical, (6) spherical and (c) parabolic cylindrical coor- 
dinates. 


The volume element in orthogonal curvilinear coordinates Uy sUpsUg is 


dV = hyhohg duz dup dug 


(a) In cylindrical coordinates u,=/, Uo=P, Ug=z, hy=1, ho=, hg= 1 (see Problem 7). Then 


dV = (1)(P)\(1)dpdpdz = pdpdd dz 
This can also be observed directly from Fig. (a) of Problem 9. 


(6) In spherical coordinates u,=r, uo= O, ug= PD, hy=1, ho=r, hg=r Sin @ (see Problem 8(a)). Then 
dV = (l)(r)(r sin@) dr dO db = fr? sin@ dr dO dh 


This can also be observed directly from Fig. (5) of Problem 9. 


{c) In parabolic cylindrical coordinates u,=u, U=v, ug=2, hy=Viue+v?, ho=Vu2+ v7, hg=1 (see Prob- 
lem 8(6)). Then 


dV = (Vu?+ v*) (vu? + v2) (1) dududz = (u?+v?) du du dz 


Find (a) the scale factors and (6) the volume element dV in oblate spheroidal coordinates. 


(2) x = acosh€cosyjcosd, y = acoshécos7sing, z = a sinh & sinn 


dx = —acosh € cos7) sing db — acoshé siny cos@d7 + a sinh € cos7 cos fp dé 
dy = acosh € cos7) cos} dh — acosh € sin7y sing dy + a sinh € cos7 sing dé 
dz = asinh € cosy) dy + acosh€ sinny dé 


Then (ds) = (dx) + (dy) + (dz) = a?(sinh? € + sin?) (dé) 
+ a2(sinh* € + sin?7)(d7) 
+ a? cosh’ € cos?7 (dby 


and hy= he = aVsinh*€+sin27, ho = h, = aVsinh*€ + sin?7), hg = hg = @ cosh E€ cos7). 


(6) dV = (aVsinh? €+ sin?7)) (aVsinh? € + sin*7)) (a cosh € cos 7) dé dy dh 
= a°(sinh’€ + sin?7) cosh € cos7) dé dy db 


Find expressions for the elements of area in orthogonal curvilinear coordinates. 


Referring to Figure 3, p.136, the area elements are given by 


dA, = | (igdug eo) x (hg dugeg)| = hohg|@px €g| dupdug = hohg dup dug 
since | 5 X Cs | = | e, | = 1. Similarly 
dAy = | (hy du; €;) x (hg dug eg) | = hihg du, dug 
dAg = | (hy duy @3) X (ho dug €g) | = hyhg du, dug 
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13. If u4,uo,ug are orthogonal curvilinear coordinates, show that the Jacobian of x,y,z with respect 
to U4, Uo, Us is 


Ox oy Oz 
Ou, Ou, Out 
me, te SOE, ee OY, Es 
Lr Ug, Ug 0 (Uy, Uy, Ug) OUn Olo Oly = hy hg hg 
ce 
Oug Ug Us 


By Problem 38 of Chapter 2, the given determinant equals 


PI ee Le Ox oy ix as y pce 
=——i = ——k)- (=i =—~j = = = 
On Om a nk ie. ne Oe oe eae 

Or or Or 

— +a Km = fhe, hoe, x hae 

uy Cus Oug ie ove ere 

= hahohs C4 °* Co x @3 = hy hohg 
; So Re Or or or ; 

If the Jacobian equals zero identically then —=— —— are coplanar vectors and the curvi- 


Ou, : Ou : Oug 
linear coordinate transformation breaks down, i.e. there is a relation between x,y,z having the form 
F(x,y,z) = 0. We shall therefore require the Jacobian to be different from zero. 


14. Evaluate Sf fc y2+ 2?) dx dy dz where V is a sphere having center at the origin and ra- 
v 


dius equal to a. 


Fig. (a) 


Fig. (6) 


The required integral is equal to eight times the integral evaluated over that part of the sphere con- 
tained in the first octant (see Fig. (2) above). 


Then in rectangular coordinates the integral equals 


a Va2—x2 Va2—x2—y2 
f (x2 + y? + 22) dz dy dx 
x0 y=0 z=0 


but the evaluation, although possible, is tedious. It is easier to use spherical coordinates for the eval- 


15. 


16. 
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uation. In changing to spherical coordinates, the integrand x?+y?+2z? is replaced by its equivalent r? 
while the volume element dxdydz is replaced by the volume element r? sin 6 drdG@dd (see Problem 
10(5)). To cover the required region in the first octant, fix 6 and oo) (see Fig.(8) above) and integrate from 
r=0 to r=a; then keep ¢ constant and integrate from O=0 to 77/2; finally integrate with respect tod 
fron P=0 to P=77/2. Here we have performed the integration in the order r,€,@ although any order can 
be used. The result is 


1/2 7/2 pa 1/2 7/2 pa 
8 f f (r2)(r?2 sin 6 drd@ dd) = sf [ sine drdO dh 


@=0 G@=0 r=0 @=0 G=0 r=0 
1/2 T/2 1/2 1/2 
= 8 f ~ sin 6 | cad = = sin 0 d@dpb 
p=0 O=0 p=0 G=0 
1/2 n/2 1/2 
= 8a f — cos 6 | _ dp = 80° dp we 
5 P=0 5 d=0 


Physically the integral represents the moment of inertia of the sphere with respect to the origin, i.e. the 
polar moment of inertia, if the sphere has unit density. 


In general, when transforming multiple integrals from rectangular to orthogonal curvilinear coordi- 


nates the volume element dxdydz is replaced by hhh, du,du,du, or the equivalent Me) du, du,dug 


where J is the Jacobian of the transformation from x,y,z to u,,uU5,ug (See Problem 13). 


or 


If u4,U9,Ug are general coordinates, show that Or Or | OF ang Vu,, Vue, Vug are recipro- 
Ou, us Cus 


cal systems of vectors. 


We must show that au ‘ Vug = { : 7 ye where p and q can have any of the values 1,2,3. 

We have 4 

or or or 

ar = —du,+ —dupt — du 

Oi Oe tig 

Multiply by Vuz ° . Then 
Vu, ° dr = du, = (Vu 54 dug + (Vu ° dup + (Vu, i 3 ) dug 
1 uo ug 

or — Vay or = 1, Vu, ° Or = 0, Vg okt = 0 


; uy 


Similarly, upon multiplying by Vus * and Vus * the remaining relations are proved. 


Prove OE 4 SE Bt Vf Vay + Vg x Vay } = 1. 


Qu, dup dus 


From Problem 15, or Or | or and Vu,, Vus, Vug are reciprocal systems of vectors. Then the 


Ou4 : Cus : Ous 
required result follows from Problem 53(c) of Chapter 2. 


The result is equivalent to 2 theorem on Jacobians for 
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Our Guy Qua 
Ox yO 
Ou Ou uy ¥. U4, Uo, Ug 
Vu4 id Vuo x Vus = Be Oy. ae = cerca era 
ug ug Sug 
Ox dy Oz 
andso J(—*-*— ¥r¥s2 ) J (UA: te Us = 1 using Problem 13. 


U4, Uo, Ug X,Y ,z 


17. Show that the square of the element of arc length in general curvilinear coordinates can be ex- 


pressed by a & 
2 = 
ds yy 2 Byq diy dug 
p=1 qz=i 
We have 
dr = OU ais + Ot digs + Ot dy, = a, du, + @, duo + ad, dus 
Ou4 Ou Ous 


Then ds2 = dredr = @,°@, duf + @,°Q, du, dug + ,°Q, du, dug 
+ Gy +, dup du, + Ap+ Gy dus + Ap +@y dug dug 
+ Oy Gy dug du, + Og * Gs dug dus + GgQy dug 
3 8 
= y 2 Big dup dug where Bea = a,- a 
This is called the fundamental ce or metric form. The quantities g 


coefficients and are ge i.e. 84q> 
In this case g,,= h? 


are called metric 
qe ° = 0, p#q, then the coordinate system is orthogonal. 


fetes ae gas = ne ete form extended to higher dimensional space is of 
fundamental importance in the theory of relativity (see Chapter 8). 


GRADIENT, DIVERGENCE AND CURL IN ORTHOGONAL COORDINATES. 


18. Derive an expresssion for V® in orthogonal curvilinear coordinates. 


Let Vb = f,e,+ f,e,+ fee, where f,,f,,f, are to be determined. 
: or or or 
Since dr = du, + du, + du 
ie ae. ~ Onset 
= hy e, du, + ho @5 dup + hg @g dug 
we have 
“dy d® = V@s+ dr =. hy fy duy + ho foduy + hg fg dug 
But (2) d® al of du, + oP du uo + oP dug 
Ou, Ou Oug 
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Equating (1) and (2), f, = = ef, 2° z =, 3 : = 
1 Ouy oe = 


e, Ob e, OP eg OP 


Then Ve ‘ hy Ou, . ho Ou : hg Oug 


This indicates the operator equivalence 
e, O en O e, O 
SSS 
hy uy ho Ou hg Oug 


which reduces to the usual expression for the operator V in rectangular coordinates. 


19. Let uz, uo, ug be orthogonal coordinates. (a) Prove that |Vu,| = hy , p= 12,3. 
(b) Show that ep = E,- 


e = 
(2) Let ® =m in Problem 18. Then Vu, = = and so | Vues | = le, | /rs = hy* , Since |e, | =1. Simi- 
: : 


~1 -1 
larly by letting & = uo and us, | Vu | =ho and | Vus| =hg . 
Vu 


(b) By definition Ep = [us From part (a), this can be written Ey = hyVu, = ep and the result is proved. 
up ° 


20. Prove e, = ho hgVu.x Wig With similar equations for e, and eg, where u,,u5,ug are orthogonal 


coordinates. 
ey 7) eg 
From Problem 19, Vu, = ae Vu, = a Vue = 7. 
1” hy Uo ho ug hg 
€5X @ e 
Then Vu x Vus = 2 = = : and ee, = hohg Vuy x Vug . 


hojhg hg hg 


Similarly Co = hgh, Vu x Vuz “and e€3 = hyho Vu.x Vuo . 


21. Show that in orthogonal coordinates 


Vee; = 22 2 ogy 
(a) (Ay 1) hate ie 4 IgNg) 
eo a5, Be 
(b) Vx (Axe1) hoki. Ole (Ayhy) — haha ous (Ay hy) 
with similar results for vectors Aje, and Ages. 
(a) From Problem 20, 
V * (Aye) = V bd (Aq hohg VuoxVus) 
= V(Azhohs) . VuoxVug + Azhohg V- (VuoxVus) 
e e e 
= V(Ayhohe) ° i * i. + 0 = VAs haha) . ck 
_ feo &2 OL &g 0 ae 
= E On, (Ayhohg) + he Os (Ay hohg) + is. One (Ashahe) | lek, 
1 fe) 
= Az (Arhohs) 


hyhohg Ou, ® 
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(b) Vx (Apex) = Vx (Ayh, Vay) 
= V(Azhy) x Vuz + Ayh, Vx Vuz 


= V (Az h1) x pe + @Q 

hy 
. fe 2 2 0 es 0 e1 
os E Ou, (Ay hy) + ho Gus (A, hy) + hs Oug cash | x hy 


_&3 fe) 
hiho Oto 


= oe ee 


Ash 
hgh, Oug ( ») 


22. Express div A = V°A in orthogonal coordinates. 


V-A = V+ (Ae, + Apep + Ages) = Ve (Apex) + Ve (Apes) + Ve (Ages) 
1 fe) re) fe) 
= ——— | —~ (A, hohe) + —— (Aoheh-) + —— (Aehah 
hihghe Ena ms (Aghghy) a, - ahaha | 


using Problem 21(a). 


23. Express curl A = Vx A in orthogonal coordinates. 


VxAa = Vx (Aye, + Apeo + Ages) = Vx(Aye1) + Vx (does) + Vx (Ages) 
£2 0 £3 0 
hghy Oug (Ayh4) = ahs Quo (Ay hi) 


re) e fe) 
eS ye aed 
hy ho uy ( Apt) hohg Cus (Az he) 


aoe 2 ° 
+ wa On (Ag hg) as Ou (Ag hg) 


ay pecs sr 2 t) 3 
hohs | Ou (Aghg) — ‘Ola (Agha) | + co | (Ayhy) — om (As | 


es | 2 a 
ae | (Agha) — Bis sno | 


using Problem 21(5). This can be written 


24. Express Vw in orthogona] curvilinear coordinates. 


fe) fe) 
From Problem is, Vw = <2 OPP ag Sa Og 08: OW 
hy Ouz ho Ou hg Oug 
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If A=Vy, then A, Bee ae ; Aes oF : 2 Gia and by Problem 22, 
hy Our ho Ou 
Via = V-W = Vy 


1 E hohg Op, 2 hake ow ‘ O Ayko wy, 
hyhohg 


Our hy Ou, = Oty shy Oty = tg stg (Ott 


25. Use the integral definition 


(see Problem 19, Chapter 6) to express V°A 
in orthogonal curvilinear coordinates. 


Consider the volume element AV (see adja- 
cent figure) having edges h,Au,, hoAuo, hgAug. 


Let A= A, e, + Ap @p + Ag eg and let n be 
the outward drawn unit normal to the surface AS of 
AV. On face JKLP, n=—e,. Then we have ap- 
proximately, 


ff AcndS = (Aen at point P) (Area of JKLP) 
JKLP 
[ (4, @1 + Apeo + Ages) * (—e,) | (hohg Aug Aus) 


Mt 


it} 


— Ay hohg AupAug 
On face EFGH, the surface integral is 


A, hohs Auy Aug + 2 (Ay hohg AupAug) Aus 
uy 


apart from infinitesimals of order higher than Au, Auy Aug. Then the net contribution to the surface 
integral from these two faces is 


20 (Ay hohg AugAug) Au, = aE (Aq hghg) Au, Aug Aug 
Ou, Ou, 


The contribution from all six faces of AV is 


C) ° ° 
=— (Ay hghg) + =~ (Ag hyhg) + =~ (Ag hihg) | Aus Aug Aug 
Ou, Oue Oug 

Dividing this by the volume hihohg Au, Auy Aug and taking the limit as Au,, Auo, Aug approach zero, 
we find 


re) re) i) 
diva = Vea =. =e |S 4 = aids 4 Oe 
lv iciok Ee hg) + te ee ce 1h) | 


Note that the same result would be obtained had we chosen the volume element AV such that P is 
at its center. In this case the calculation would proceed in a manner analogous to that of Problem 21, 
Chapter 4. 
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26. Use the integral definition 


(curl A)-n 


(see Problem 35, Chapter 6) to express Vx A 
in orthogonal curvilinear coordinates. 


Let us first calculate (curlA)*e,. Todo 
this consider the surface S, normal to e, at P, as 
shown in the adjoining figure. Denote the boundary 
Let A= A,e, + Ape@o + Ages. We 


¢ Aedr 
C 


of Sy by C,. 


have 


(VxA) +n 


4 


AS-0 AS 
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3 


A-ar 
lim 


1 


The following approximations hold 


(1) 


Then 


or 


(2) 


Similarly, 


or 


(3) 


and 


(4) 


Adding (J), (2), (3), (4) we have 


ry A-ar 
C 


fava 


PQ 


f avae 


ML 


fava 


LM 


fava 


a 


u 


(A at P) + (ho Aug eo) 


(Axe, + Ago + Ages) * (ha Auges) = 


Aghg Aug + Es (Ag hg Auto) Aug 


Oug 
3 
—Aghy Aug — 5, (Ag he Aug) Aug 
ug 
(A at P) + (hg Auges) = Aghg Aug 


_- Ag hg Aus 


Aghg Aug + fe (Ag hg Dug) Aus 
ue 


Cus Oug 


ul 


Cus Oug 


apart from infinitesimals of order higher than Aus Aug. 


fava + fava + fava + fava 


PQ Qh LM 


MP 


Ag he Quo 


a0 (Ag hg Aug) Aun — ie (Ag ho Aug) Aug 


[ <s (Aghg) — ae (tan | Aug Aug 
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Dividing by the area of S, equal to hohgAupAug and taking the limit as Au. and Aug approach 
zero, 
AL 3 
curlA) -e = Aghs) — =— (Agh 
( ) +e ik E (Ag hg) Oa ( »| 
Similarly, by choosing areas S, and Ss perpendicular to eo and eg at P respectively, we find (curl A) + e, 
and (curlA) * eg. This leads to the required result 


ey ° re) 
ulA = —_— | hea) ~ — (Aoh 
cur ne Exe g/g) on (Ao >| 
2. [= Satie = (ahs | 
hgh, | Oug U4 hye, hoes hes 
es | O re) 1 re) re) re) 
— (Aghe) — — (Ayzhy) 7 —— | — — — 
hiho |= : Ou, : | hy hohg uy Ous ug 


hyA, hgAg hgAg 


The result could also have been derived by choosing P as the center of area S,; the calculation 
would then proceed as in Problem 36, Chapter 6. 


27. Express in cylindrical coordinates the quantities (a2) V®, (b) V-A, (c) Vx A, (d) Vd, 


For cylindrical coordinates (0,¢,2), 


Uy= Pr Uy=P, Ug=Z3 y= C_, C= Cy, Cg=ez ; 


and hythg21, hy=hg=P, hgzhy= 1 
a) V@ = ta + A Se + Se es 
2 te, + 4 oes : 1, 
: Fe ' a + Se, 
(6b) Vea = a E (hohg Ay) + < thahs Ay) + (haha 2) 


dale) * Flom) + & (oo) 


= Asie: Odd 8 
= [S04 as, a) 


where A = Aner + Ageo+ Azes, i.e. Ay= Ap, An= Ag, Ag= Az. 


hye, ho@o hges en Pep ez 
Vira 2: Ae, (Oe SOUS ACOs ee 
i ‘ hahohe Ou, dus Oug Pjd0 om oe 


bela Beas As A, pAg Az 
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OA OA OA OA 
zo ioe EP paee 2 ype) 
- 3 [(H-Zem) e+ (63-63) w+ (Zew-H) 
a We = —1_] 2 (teks 2 = 38 + 2 (take of 
hyhohg Ou, hy Ou, a Ou Oug hg Ous 
z 1 (P)() arenes a of) , 09 (CM) of 
(1) ()(1) (1) op Cr) Oz \ (1) Oz 


28. Express (2) Vx A and (b) V7 in spherical coordinates. 


Here uy=7r, ug=O, ug=P; e:= ey, Cp= eg, Cg= ey; hy=hy=1, ho=hg=r, hg=hg=r sin G; 


hy@, hoe hges @r re, rsin ce] ey 

View: ©. cole fot, 225-0 +e, ae Nie 

— hyhohs Ou, Ou Oug (y(ryr sin Q) Or fele, (le) 
hy Ay hoAo hgAg Ay rTAg r sin @ Ag 


1 fo) fo) 
: Oe ein Ad) ss tA 
ain © Se sae cme ot as 


OAy OA 
{= _ Le sin Ag} re, + {2 cay _ —} rsin@ es| 


o vey = [2 (tte av), 2 (toe av), 2 (tate ay 
hy ho hg Ou, hy uy Ous ho uo Oug hg Oug 
a 1 Oo f@rsind) ob \ , 0 f(r sinO a) oy 
(1)(r)(r sin) | Or (1) Or 00 r 00 
, 2 f Mo ow 
Ob \r sin 6 od 
1 no 2. {| 2 ov 0 fig OW 1 oy 
2 Og. ue Bice fe ha 
? sin 6 E or ( ) ” 30 (ss 36) * sind 362 


eee ee ee 
r? Or ( x) i r?sinO 06 (ss 00 ° sin’ op? 


29. Write Laplace’s equation in parabolic cylindrical coordinates. 


From Problem 8(b), 


U,=U, Up=v, Ug=z; hy= Vu?+ v7, ho= Vue t+ v7, hg=1 
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2 : = ow ow F oy 

ne Nae xs (2(*) <S; (24) « ae 2 (ates ay 
- 1 (=e ‘ “u) , ow 
~ ou®ty? \ Ou? Oe? Oz? 


and Laplace’s equation is Vw = 0 or 


30. Express the heat conduction equation wv = «V°U in elliptic cylindrical coordinates. 


Here Uy =U, Up= VU, Ug=Z ; h,= ho= aV sinh? u + sin’v, hg=1. Then 


Vis 1 Ofw\), dfow), o Pisin? we siney OL 
a” (sinh? ut sin’ v) Ou \ ou ov \ dv Oz Oz 


, fy, fy]. fs 
a*(sinh? u + sin’ v) Ou? Ov O27 


and the heat conduction equation is 


w 2 gf—— 2. ~ (ae + : zy} 
Ot a” (sinh? u + sin? v) Ou? Ov? Oz? 
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31. Show that the square of the element of arc length on the surface r =r(u,v) can be written 


ds* = Edu? + 2F dudv + Gdv* 
We have dr = dy + ay 
Then ds® = dredr 
Or or Or Or Or or 
= SF au? at, d GF gy? 
One! Pa ys 


= Edu? + 2F dudv + Gdv? 


32. Show that the element of surface area of the surface r = r(u,v) is given by 


dS = VEG — F* dudv 


The element of area is given by 


Or , Or), (Or, Or 
(SE me Shy Sr x SE) dudy 


The quantity under the square root sign is equal to (see Problem 48, Chapter 2) 


Or oOr.,or or Or Or.or Or 2 
Or, Or,,Or, or, _ /or OE CES te, PE d th It follows. 
‘On Oh Ob Oa © Ba oe Oe Oe cee ery pee 


dS = (Se du) X (z dv) 
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MISCELLANEOUS PROBLEMS ON GENERAL COORDINATES. 
33. Let A be a given vector defined with respect to two general curvilinear coordinate systems 
(U4,Uo,Ug) and (i,,i5,U,). Find the relation between the contravariant components of the vector 


in the two coordinate systems. 


Suppose the transformation equations from a rectangular (x,y,z) system to the (u,,uo,u,) and 
(#4 ,U2,Ug) Systems are given by 


x 
. , 
x 


Then there exists a transformation directly from the (u;,uo,ug) system to the (u4,U5, 5) system defined by 


% (U4, Ud, Ug) ’ ed yu, ud, Ug) ’ z 24(u4, uo» Ug) 


%o(ly,Ug,Ug), Y = Yo(U4,U2,Ug), 2 = 2o(iy, Uo, tg) 


(2) uy = U4 (4, Uo, itz) ’ Uo = uf, ito, itg) » ug = Ug(4, Uo, ig) 


and conversely. From (1), 


dr = Or du, + Or dus + Or dus = a, du, + a. dup + C1 A dug 
Ouy us Oug 
a = Shae, + Sdip + Qo dig = yd + Andi + Fy diz 
On, Olio Og 
Then 
(3) Qiduy + Qpdup + Ogdug = GG, di, + Apditp + OAndiig 
Ouy Ou, Ouy 
From (2 du, = = dit = dip + xc dat 
om (2), U4 oi dit, Op din Oly dig 
Ou fe) Ou 
d = —2 di, + 2S din + —* diz. 
=e On, Olin fs. 
Oug Ou Ou 
dug = dix + ding + — diz 
: wh a Ono 
Substituting into (3) and equating coefficients of diy, ditj, diz on both sides, we find 
aoa Ou, Ou Ou. 
a Sy eS OS a 
; * On, ? Oh, > On, 
=_ Ouz Ou Oug 
(4 = @—* + — + @,— 
Oe * Dit e Oi om 
— Ouz Cus Ou 
a = @-— + at + — 
: * Oks @e Oiig = Oiig 


Now A can be expressed in the two coordinate systems as 
(5) A = C,@, + Co@ + Cgo@g and A = C,Q, + Cod, + Cad, 


where C,, Co, Cg and Cy, Co, Cg are the contravariant components of A in the two systems. Substituting 
(4) into (5), 


CyQ, + CoQ + Cg@g = C1@, + CoG, + CyQy 


= fee ae Se oe ee ee ae ee Ee 
= (135, 23n,° © 3n,) i G3,'°S, Cs 35, © (C1 aE ? Qin 22a, 3 


34. 
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Then 
>= Ou, ee Ou, — uy 
C = Ce. + Con + Coe 
2 : On, ? dip * Oly 
= Oue = Ou _ uy 
C = Cy, + Com + Con 
(6) 2 1 ui, 2 ui, 3 a, 
Oug a ug — Oug 
C = Cox + Com + COR 
8 1 Oa, ? Bip 3 Oi, 
or in shorter notation 
C C Ou, ass, Oup So Ou 9 
v4 = cee a — + =— p= 1, :3 
(7) p 1 a, 2 a 3 -" 
and in even shorter notation 
3 i uy 
(8) Cy = Le Cg > p= 1,2,3 
q= ug 
Similarly, by interchanging the coordinates we see that 
rf 
(9) Cy = L Cg = p= 1,2,3 
q= ug 


The above results lead us to adopt the following definition. If three quantities C,, Co, C, of a co- 
ordinate system (u4,uo,us5) are related to three other quantities C,, C,, Cg of another coordinate system 
(4, U,Ug) by the transformation equations (6), (7), (8) or (9), then the quantities are called components of 
@ contravariant vector or a contravariant tensor of the first rank. 


Work Problem 33 for the covariant components of A. 


Write the covariant components of A in the systems (uy,uo,ug) and (i4,i5,ug) AS C4, Co,cg and 
€1,Co,C3 respectively. Then 


(1) A = Cy Vuy + Co Vuo + C3 Vus = Cy Vii, + Co Vio + C3 Vis 


Now since up = up(us, Up,Ug) With p= 1,2,3, 


Ox Ou, Ox Cus Ox Oug Ox 
@) Oa EE 5, Oe SE: ics 
oy Oi Or Oiadey | Oae. Oy 
ity Oly uy Oty us Oty Oug 
BOR? yg RP OE age) Dee oe Cup Cle 
Oz uy Oz Ou Oz Cus Oz 
Also, 
(3) ¢4 Vuz + co Vup + cg Vug = (o, Ms cp Sts es Su 


Ou4 Ou Cus Ou Oug 


Q 
WEE ey 2 Gy 8 Oy) a (e154 + co? + og 5) 


and 
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Ou, Otig Ou 


(4) &,Va,+2,Vio+ tgVig = (fr + Og =~ t+ Og) i 
Ox Ox Ox 
Of cn Ott ace Ome Olle ou Oise, Otis 
+ 14 + + (€ + Cp == + Cg =~) kK 
ie, oe wen (ia. 2a. a5") 
Equating coefficients of i,j,k in (3) and (4), 
uy Cus Cus _ ou _ Oto _ Dus 
+ == + = = Cc. = Co C3 
Be. ee Oy 1 Ox oe 
re) fe) fe) _ Ou _ Ou _ On. 
(5) cya + cont + og OF i= + 25 + aw 
oy oy oy oy y y 
Ou Ou Oug . Oy _ Oe _ Olly 
— + + — = — + — + t,— 
Bape Se agr. oe Oe hie St Bal” Oe 
Ou 
Substituting equations (2) with p= 1,2,3 in any of the equations (5) and equating coefficients of 1 , 
x 
Qua Sug Suz Sue Oug Cuz Cue Ha on cach side, we find 
Oy’ dy’ dy’ dz’ dz’ 
ide eee ee aes 
; a 2 Ona 2 Din 
- Ou . Ole . Oitg 
c = Cym 0+) CQ UF OCR 
2 2 : Ou 2 Ou 2 Ou 
as: uy Ps Oita Olig 
c = i a? ie a 
: * Que ? Ous 5 Que 
which can be written 
On. . O@ 5 On 
(7) “pb = C4 = + eos + C3 oA Pp = 1,2,3 
" a a 2 
or 
: ii 
(8) ch = i & a p= 1,2,3 
qzi us 
Similarly, we can show that 4 
5 2 oF Sug : 
(9) cy Cg 3. p= 1,2,3 
get up 


The above results lead us to adopt the following definition. 


If three quantities c,,co,cg of aco- 


ordinate system (u,,U5,Ug) are related to three other quantities ¢,,¢j,¢, of another coordinate system 
(it3,Ug,%5) by the transformation equations (6), (7), (8) or (9), then the quantities are called components of 


@ covariant vector oF a covariant tensor of the first rank. 


In generalizing the concepts in this Problem and in Problem 33 to higher dimensional spaces, and 
in generalizing the concept of vector, we are led to tensor analysis which we treat in Chapter 8. In the 
process of generalization it is convenient to use a concise notation in order to express fundamental ideas 


in compact form. 


It should be remembered, however, that despite the notation used, the basic ideas treat- 
ed in Chapter 8 are intimately connected with those treated in this chapter. 
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35. (a) Prove that in general coordinates (u,, uo, Us), 


Bi Bn Bs 

: (oh Bry ary 

6 Bo, 50 So Ou, up OUg 
831 830 8s 


where are the coefficients of du, du. in ds? (Problem 17). 
bbq pq 


(b) Show that the volume element in general coordinates is Ve du, dug dug. 


(a) From Problem 17, 
or OF Ox Ox | by by | Be 


1 =- @°a@, = —-no = = = —_ p.q= 1,2,3 
} bbq p q Oup ug Oup ug up ug uy ug 
Then, using the following theorem on multiplication of determinants, 
a4 ao ag A, B, C, a, A, + Gp Ag + ag Ag a, By + dg Bo t+ ag Ba ay Cy, + ag Co + ag Cg 
by be bg Ap By Cy = b, A, + bp Ag+ bg Ag 5, By + bp Bo + bg Bg 5, Cy + bg Cot bg Cy 
C1 Co Cg| | Ag Bg Cy €, A, + cgAgt+ CgAg ¢1 By + co Bot Cg Bg Cy Cy + eg Cot CgCy 
we have 
Ox Oy Oz . 
Ou4 Ou, Ou4 
CBRE eR [cmc 
Ou, Cus Oug us Ou Cup 
Ox Oy Oz 
Oug Oug Ous 


Ox dy Oz || oe oe o%& 
Ou, Ou, Ou, Our Oug Oug 


Qe dy dz || ay dy 


~ Buy Bug Oug|| Ou Suz Sug) | 2 See Se 
Ox Oy Oz |} dz Oz Oz Be oir te 
Oug Oug ug Ouy Quy Oug ee 
(6) The volume element is given by 
Or or or or or or 
dV = | (Edu) + (-E dug) x (td = |e. SE x SE) du, dug d 
me uy) Dis ua) on ug ) a ay awe U4 Quo dug 


Ve du, dugdug __—si+iby part (a). 


Note that Vg is the absolute value of the Jacobian of x,y,z with respect to u4,uU5,ug (see Prob.13). 
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SUPPLEMENTARY PROBLEMS 


Answers to the Supplementary Problems are given at the end of this Chapter. 


36. Describe and sketch the coordinate surfaces and coordinate curves for (a) elliptic cylindrical, (6) bipolar, 
and (c) parabolic cylindrical coordinates. 


37. Determine the transformation from (a) spherical to rectangular coordinates, (b) spherical to cylindrical 
coordinates. 


38. Express each of the following loci in spherical coordinates: 
(a) the sphere x? +y?+27 = 9 (c) the paraboloid z = x? +? 


e) the plane =x, 
(b) the cone 27 = 3(x?+y7) (d) the plane z=0 (e) : y 


39. If PP, z are cylindrical coordinates, describe each of the following loci and write the equation of each 
locus in rectangular coordinates: (a2) 0=4,z=0; (b) 0=4; (c)®=7/2; (4) P=77/3, z=1. 


40. If u,v,z are elliptic cylindrical coordinates where a= 4, describe each of the following loci and write the 
equation of each locus in rectangular coordinates: 


(a) v=7/4; (b)u=0, 2=0; (c)u=1n2, z=2; (d)v=0, z=0. 


41. If u,v,z are parabolic cylindrical coordinates, graph the curves or regions described by each of the fol- 
lowing: (a)u=2, z=0; (b)v=1, z=2; (c)1SuS2, 2v83, z=0; Gd) 1l<u<2, 2<v<3, z=0. 


42. (a) Find the unit vectors e,, eg and eg of a spherical coordinate system in terms of i,j and k. 
(6) Solve for i,j and k in terms of e,, eg and eg. 


43. Represent the vector A= 2yi—zj+3xk in spherical coordinates and determine 4,, Ag and Ay. 
44. Prove that a spherical coordinate system is orthogonal. 


45. Prove that (a) parabolic cylindrical, (b) elliptic cylindrical, and (c) oblate spheroidal coordinate systems 
are orthogonal. 


46. Prove e, = Ge, + sind pe,, ey = — Ge, + cosh pe, e 


4 sind Pe, — cosO dep. 


47. Express the velocity v and acceleration a of a particle in spherical coordinates. 


48. Find the square of the element of arc length and the corresponding scale factors in (a) paraboloidal, 
(b) elliptic cylindrical, and (c) oblate spheroidal coordinates. 


49, Find the volume element dV in (a) paraboloidal, (6) elliptic cylindrical, and (c) bipolar coordinates. 
50. Find (a) the scale factors and (b) the volume element dV for prolate spheroidal coordinates. 
51. Derive expressions for the scale factors in (a) ellipsoidal and (6) bipolar coordinates. 


52. Find the elements of area of a volume element in (a) cylindrical, (b) spherical, and (c) paraboloidal co- 
ordinates. 


53. Prove that a necessary and sufficient condition that a curvilinear coordinate system be orthogonal is that 
=0 for p#q. 
Bbq PFQ 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


71. 
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, : X¥,z 
Find the Jacobian ob mersgere 
12 42, 43 


cylindrical, and (e) prolate spheroidal coordinates. 


) for (a) cylindrical, (b) spherical, (c) parabolic cylindrical, (d) elliptic 


Evaluate fff Vx? +? dx dydz, where V is the region bounded by z = x? + y? and z = 8—(x? +7). 
V 


Hint: Use cylindrical coordinates. 


Find the volume of the smaller of the two regions bounded by the sphere x?+y7+z? = 16 and the cone 
z2= x2 + y?, 

Use spherical coordinates to find the volume of the smaller of the two regions bounded by a sphere of 
radius a and a plane intersecting the sphere at a distance A from its center. 


(a2) Describe the coordinate surfaces and coordinate curves for the system 
x? — y? = 2u,z COSUo, xy = uz,Sinus, Zz = Us 
x; Ys Zz 


(b) Show that the system is orthogonal. (c) Determine /( ) for the system. (d) Show that u, and 


U4, Uo, Ug 
Us are related to the cylindrical coordinates O and @ and determine the relationship. 
Find the moment of inertia of the region bounded by x?~—y? = 2, x?—y? = 4, xy=1, xy=2, z2=1 and 
z=3 with respect to the z axis if the density is constant and equal to K. Hint: Let x*—y? = Qu, xy=v. 


Find _Or : Or 2 Or ; Vu, Vuo, Vus in (a) cylindrical, (6) spherical, and (c) parabolic cylindrical co- 
uy us Cus 


ordinates. Show that e,=E,, @2= Eo, €3= Eg for these systems. 


Given the coordinate transformation u,=xy, 2uo=x?+y?, ug=z. (a) Show that the coordinate system is 
not orthogonal. (6) Find J(—22*"-). (c) Find ds?. 
U4, Ug, Ug 


Find Ve, div A and curlA in parabolic cylindrical coordinates. 
Express (a) Vw and (b) V A in spherical coordinates. 

Find VW in oblate spheroidal coordinates. 

of oe 


+ 


Ox Oy? 


Write the equation = ® inelliptic cylindrical coordinates. 


Express Maxwell’s equation Vx E=- 4 on in prolate spheroidal coordinates. 


Ot 


2 
2 
Express Schroedinger’s equation of quantum mechanics Vw + a (E — V(x,y,z))W = 0 in parabolic 


cylindrical coordinates where m,h and E are constants. 


Write Laplace’s equation in paraboloidal coordinates. 


OU Vv’ : ; ; 9 
Express the heat equation >. x VU in spherical coordinates if U is independent of (a2), (b) d and 
t 


@, (c)randt, (4), O ande. 
Find the element of arc length on a sphere of radius a. 


Prove that in any orthogonal curvilinear coordinate system, div curlA=0 and curl grad=0. 
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72. 


73. 


74, 


715. 


76. 


17, 


78. 


79. 


80. 
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Prove that the surface area of a given region R of the surface r=fr(u,v) is Sf EG—F? dudv. Use 
R 


this to determine the surface area of a sphere. 


Prove that a vector of length p which is everywhere normal to the surface r= r(u,v) is given by 


A = t (SE x & Vic 
u 


(a) Describe the plane transformation x=x(u,v), y=y(u,v). 
(6) Under what conditions will the u,v coordinate lines be orthogonal? 


Let (x,y) be coordinates of a point P in a rectangular xy plane and (u,v) the coordinates of a point Q in 
a rectangular uv plane. If x = x(u,v) and y = y(u,v) we say that there is a correspondence or mapping 
between points P and Q. 

(a) If x = 2u+v and y = u—2v, show that the lines in the xy plane correspond to lines in the uv plane. 
(6) What does the square bounded by x= 0,x=5, y= 0 and y=5 correspond to in the uv plane? 


(c) Compute the Jacobian Kw) and show that this is related to the ratios of the areas of the square 


and its image in the uv plane. 


If x= 3 (u2 —v*), y=un determine the image (or images) in the uv plane of a square bounded by x= 0, 
x=1, y=6, y=1 in the xy plane. 


Show that under suitable conditions on F and G, 


© 7 © t 
f f e  AX*+Y) F(x) Gly) dxdy = f e~ St {f F(u) G(t—u) iu dt 
o “oO fe) 


(6) 


Hint: Use the transformation x+y = t, x=v from the xy plane to the vt plane. The result is important in 
the theory of Laplace transforms. 


(a) If x = 3u, + ug—ug, y = uy + Quo + Qug, 2 = 2uy—Ug— Ug, find the volumes of the cube bounded by 
x= 0, x=15, y=0, y=10, 7= 0 and z=5, and the image of this cube in the u,u jug rectangular coor- 
dinate system. 

(b) Relate the ratio of these volumes to the Jacobian of the transformation. 


Let (x,y,z) and (u,,uU9,ug) be respectively the rectangular and curvilinear coordinates of a point. 
(a) If x = 3u4, + ug—ug, y = uy t+ 2ug+ 2ug, 2 = 2u, —ug— ug, is the system u,ugug orthogonal? 
(b) Find ds? and g for the system. 

(c) What is the relation between this and the preceding problem? 


O(% 9,2) 


2 
. Verify that J =g. 
O(u1 » Uo, Ug) 


If x=u, +2, y=ustug, z=u,—u, find (a g and (6) the Jacobian J = 


ANSWERS TO SUPPLEMENTARY PROBLEMS. 


36. 


(a)u=c, and v=Co are elliptic and hyperbolic cylinders respectively, having z axis as common axis. 
z2=Cg are planes. See Fig. 7, page 139. 

(6)u=c, and v=cy are circular cylinders whose intersections with the xy plane are circles with centers 
on the y and x axes respectively and intersecting at right angles. The cylinders u=c, all pass 
through the points (—a,0,0) and (2,0,0). z=cg are planes. See Fig. 8, page 140. 

(c)u=c, and v=Cy are parabolic cylinders whose traces on the xy plane are intersecting mutually per- 
pendicular coaxial parabolas with vertices on the x axis but on opposite sides of the origin. z= cg, 
are planes. See Fig. 6, page 138. 


The coordinate curves are the intersections of the coordinate surfaces. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


47. 


48. 


49. 


50. 
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ie) 


. "p= arc tan ~ 


Paid Vitex 
(a) r= V x2 +2422, @ = arc tan — sf 


(b) r=Vp?+22, O= are tan, p=h 


(a) r=3, (b) O=7/6, (c) rsin?O = cos 0, (d) O=77/2, 
(e) the plane y=x is made up of the two half planes ¢ = 77/4 and b= 57/4. 


(2) Circle in the xy plane x? +y? =16, z=0. (b) Cylinder x*+y? =16 whose axis coincides with z axis. 
(c) The yz plane where y20. (d) The straight line y=V3x, z=1 where x20, y20. 


(a) Hyperbolic cylinder x?—y?= 8. (b) The line joining points (—4,0,0) and (4,0,0), i.e. x=t, y=0, z=0 
2 2 
where —4St< 4. (c) Ellipse = + ae 1, z=2. (d) The portion of the x axis defined by x24, y =0, 


9 
z=0. 
(a) Parabola y = —8(x—2), z=0. (b) Parabola y* = 2e+1, z=2. (c) Region in xy plane bounded by 


parabolas y* = —2(%—1/2), y? = ~8(x—2), y? = 8(x+2) and y? = 18(x+9/2) including the boundary. 
(d) Same as (c) but excluding the boundary. 


(az) er = sinOcos@ i + sin@ sind j + cosO k 
e, = cosGcoshi + cosO sind j —~ sind k 
e, = —sind i + cosd j 
(b) i = sin@Ocosde, + cos @ cosh e, ~— sind es 
j = sinOsinde, + cos@ sind e, + cosh es 
k = cosOe, — sinO e, 
A = A,e, + Ageg + Ag &g where 
A, = 2% sin?O sind cos — rsin@ cosO sind + 3rsin@ cos 6 cosh 
Ag = 2rsin@ cos @ sing cosf — rcos?@ sind — 3rsin?O cos > 
Ay Ri. Or sin@ sin®d — rcosO cosh 
v=. we, + Ug &p + vee where v.=T, vy = 10, ve=rsind d 
a = ae, + ageg + aye, where a,=t—rO =r sin? @ p*, 
1 d . . 
ay = = ae ey sin cos 0 p+, 
1 d 2.00 4 
a, = = (r? sin? @ 
$ + sin O dt o ?) 


(a) ds? = (u?+v?) (du?+dv?) + u2v2 df2, hah, = Vu2+v*, hg = uv 
(b) ds? = a?(sinh?u + sin?v) (du2+dv2) + dz?, hy, = hy = avsinh?u + sin?v, hz =1 
(c) ds* = a?(sinh?& + sin?7) (dé* + d7/?) + a*cosh?&é cos*7 dp?, 


hg = hy = avsinh?€ + sin?7, hg=acosh€ cos 7 


2 
(2) uv(u2+v2)dudvdd, (b) a?(sinh?u + sin?v)dudvdz, (c) a” du dvdz 7 

(cosh v — cosu) 
(a) he = h, = aVsinh?é + sin?7, hyg=asinhé sin7 


(b 


—_ 


a®°(sinh?€ + sin?7) sinh € sin d&d7y dd 
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52. (a2) Ododp, pdpdz, dpdz 
(6) rsinO drdf, r?sin@ ddd, rdrdO 
(c) W+v2)dudv, uvVu?+v2 dudh, uvVu2+v?2 dudh 


54. (2) PO, (b) r?sinO, (c) u?+v?, (d) a?(sinh?u + sin?v), (e) a%(sinh?é + sin?7) sinh € sin 7 


55. ae 56. oe 7. Z (208 307h + 19) 58. (c) £3 (d) uy = 3% up = 2h 
59. 2K 
Or . xit yj 
60. (2) — = cosPi + sind j, Vo = —= = = cosfit sindj 
3p ‘i Vx2t+y? 
ae ee . 
<r —~psindi + pcos i, Vb = RPE eed 
or = k, Vz = k 
Zz 
(b) * = sinG cosPi + sin@ sindj + cosOk 
Tr 
oe = rceosGcosPi + rcos@ sindj — rsinO k 
s = —rsin@ sindi + rsin9 cosh j 
i k 
Vee SES sinO cos@i + sin@ sindj + cosO k 
Vux2t+y? +2? 
Vo = xzityzj—(x*+y?)k _ cos cosfi+cos @ sing j — sind k 
(x2+y2 42% Vx2+y? ‘ 
Vie —yit xj _ —sindi + cosh j 
x2 + y? rsin 0 
or , Or : ’ or 
C= = it ‘ — = —vi +t ‘ — = k 
” Ou i Ov 7 a Oz 
Vie, ee 
u2 + v? u2 + v2 
24,2 2 2 2 Sep, 
61. (b) _ =, (e) ds? = (ety) (Sus tua) — Sey donde «2 3 Ho ldus Fee) — 2s uate ay? 
y?—x (x? —y?) 2(u2—ul) 
6z. VO = 1 a? ea ae = + Be 
Vu2+v2 Ou Vue Ov Oz 
divA = [2 (v u2+v2 A 9 + oO (ViFr? Ay) | + 0Az 
er 3 Ov Oz 
culA = waht (v u?+v? Ay) )\ Vu?+v2 ey 
u2+ v2 


+ a oud - Sa \ u?+ v7 e,, 


u 


+ {2 (vars, - 2 (vera) } o,| 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


74. 


78. 


79. 


80. 
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ow ow 
ee oe | Eee ae 
VY: = Or a 06 aa rsin@ op “¢ 
OA 
Vea = 2 Se 2 (sind A be 
@) . r2 re ae ee a + rsin@ od 
Vv’ =... ese OU sy 
¥ a* cosh € (sinh?é + sin?7) oS 3 ¥) 
2 
re a ete as, gk 
a? cos 7)(sinh2é + sin?7) on 13 on a? cosh2é cos?7) Op? 
2 2 
af + = a%(sinh?u + sin?v)® 
1 te) re) 
R - SE. S 
aRS? L tan *o) — agi > “ 
3 3 3 
a is ae ye 
co 6 c Oo 6” co ° 
where R = sinh& sin7) and S = Vsinh?é + sin?7) . 
1 fov , vy oy 712m _ _ 
=5|2 + 5,2 + 3,2 + oe (£ -Wu,»,2)) Ww = 0, where W(u,v,z) = V(x,y,z). 
2 
w . [1 Qqe@), 1 2 cing M, 
kG «[4 or”) and 06" 06 
OU 19 7) ] 3 oU. . OU d .dU 
bh) = = (re @ 6 = —— 0 d) — (r? 
se? «(2 Soy. PRE Se re oe ae ae ae 
ds? = a?[d0?+ sin? df?] 
Ox Ox Oy Oy _ 
a Fo ae a 
(a2) 750, 75; (b) Jacobian = 10 
(a) No. (b) ds? = 14du? + 6du> + 6du° + 6du,du, — 6du, du, + 8du du, g = 100 
(a) g= 16u? ue (6) J = 4u,u, 


Chapter 8 


PHYSICAL LAWS must be independent of any particular coordinate systems used in describing them 

mathematically, if they are to be valid. A study of the consequences of this re- 
quirement leads to tensor analysis, of great use in general relativity theory, differential geometry, 
mechanics, elasticity, hydrodynamics, electromagnetic theory and numerous other fields of science 
and engineering. 


SPACES OF N DIMENSIONS. In three dimensional space a point is a set of three numbers, called 

coordinates, determined by specifying a particular coordinate system 
or frame of reference. For example (x,y,z), (0,9,z), (7,9,o) are coordinates of a point in rectan- 
gular, cylindrical and spherical coordinate systems respectively. A point in N dimensional space is, 
by analogy, a set of N numbers denoted by (x},x?2, veep tl) where 1,2,...,N are taken not as expo- 
nents but as superscripts, a policy which will prove useful. 


The fact that we cannot visualize points in spaces of dimension higher than three has of course 
nothing whatsoever to do with their existence. 


COORDINATE TRANSFORMATIONS. Let (x1, x?, vee tt ) and (x, x?, vay ) be coordinates of a point 
in two different frames of reference. Suppose there exists N 
independent relations between the coordinates of the two systems having the form 


xi OU x*(x1, x7, Bee aM ) 
x2 = 7 (xt, x?, 00. aM) 
(1) aa ae 
mY = EM xh x?) ly 
which we can indicate briefly by 
(2) we = xt a? My k = 1,2,...,N 


where it is supposed that the functions involved are single-valued, continuous, and have continuous 
derivatives. Then conversely to each set of coordinates (x1, x2 ..., x4) there will correspond a 
unique set (x*,x?,...,%4) given by 


(3) xk = xhgi x¢2..., x4) k= 1,2,...,N 


The relations (2) or (3) define q transformation of coordinates \from one frame of reference to another. 
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THE SUMMATION CONVENTION. In writing an expression such aS a,x + aox* +... + ayx* we can 
N , 
use the short notation 2 a,x. An even shorter notation is sim- 
JF. 


ply to write it as aja! , where we adopt the convention that whenever an index (subscript or super- 


script) is repeated in a given term we are to sum over that index from 1 to N unless otherwise spec- 
ified. This is called the summation convention. Clearly, instead of using the index j we could have 
used another letter, say p, and the sum could be written a x? . Any index which is repeated in a giv- 
en term, So that the summation convention applies, is called a dummy index or umbral index. 


An index occurring only once in a given term is called a free index and can stand for any of the 
numbers 1, 2,...,N such as k in equation (2) or (3), each of which represents N equations. 


CONTRAVARIANT AND COVARIANT VECTORS. If NV quantities 4’, A’, sa) AY ina coordinate sys- 
tem (x*,x?,...,x) are related to N other quantities 


A.A, ge in another coordinate system (x',x?,...,x") by the transformation equations 
N 
—p zP 9 
AU = Qe = Be See | 
2; nt P 


which by the conventions adopted can simply be written as 
=p ee 
An = SA 

Ox 


they are called components of a contravariant vector of contravariant tensor of the first rank or first 
order. To provide motivation for this and later transformations, see Problems 33 and 34 of Chapter 7. 


If N quantities A,,Ao,...,4y in a coordinate system (x+,27,...,x") are related to N other 


quantities A,, Ao ey Ay in another coordinate system (x‘, x”, wey kA) by the transformation equations 
. q 
ee 7 9 : 
A, = ay Ag p= 1,2,...,N 
q=t 
or 
ri ee 


they are called components of a covariant vector of covariant tensor of the first rank or first order. 


Note that a superscript is used to indicate contravariant components whereas a subscript is 
used to indicate covariant components; an exception occurs in the notation for coordinates. 


Instead of speaking of a tensor whose components are AP or Ay we shall often refer simply to 
the tensor A? or Ay. No confusion should arise from this. 


CONTRAVARIANT, COVARIANT AND MIXED TENSORS. If N? quantities Av? in a coordinate system 
(x1, x?,...,x4) are related to N? other quan- 


tities Aer in another coordinate system (x1, x?, ey A) by the transformation equations 
¥ ¥ 
—pr =P y-T Qs 
A = YY Se ORY pr = 1,2,...,N 
S=1 qzi Ox Ox 


or 
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Tiss ox? ox 95 
Ae 3 Se Oe 
Ox 7 3x5 


by the adopted conventions, they are called contravariant components of a tensor of the second rank 
or rank two. 


2 ae 7 ‘ 
The N quantities Aj, are called covariant components of a tensor of the second rank if 


Wii, 5. women 
a Ox? oxr 95 


Similarly the N° quantities Ad are called components of a mixed tensor of the second rank if 


ze xP OxS 49 
at 3n9 gt 1S 


THE KRONECKER DELTA, written 8, is defined by 


sik {° if jAk 
1 if j=k 


As its notation indicates, it is a mixed tensor of the second rank. 


st 
TENSORS OF RANK GREATER THAN TWO are easily defined. For example, A are the compo- 


nents of a mixed tensor of rank 5, contravariant of order 
3 and covariant of order 2, if they transform according to the relations 


qe" BP Ox” Oz™ Ox Oy) 95 
i) 0x9 OxS Oxt Ox? OJ RL 


SCALARS OR INVARIANTS. Suppose ¢ is a function of the coordinates x®, and let b denote the 
functional value under a transformation to a new set of coordinates x® 


Then @ is called a scalar or invariant with respect to the coordinate transformation if ¢ = Q. A 
scalar or invariant is also called a tensor of rank zero. 


TENSOR FIELDS. If to each point of a region in N dimensional space there corresponds a definite 

tensor, we say that a tensor field has been defined. This is a vector field or 
a scalar field according as the tensor is of rank one or zero. It should be noted that a tensor or 
tensor field is not just the set of its components in one special coordinate system but all the possi- 
ble sets under any transformation of coordinates. 


SYMMETRIC AND SKEW-SYMMETRIC TENSORS. A tensor is called symmetric with respect to two 

contravariant or two covariant indices if its com- 
ponents remain unaltered upon interchange of the indices. Thus if Ae = Ape the tensor is sym- 
metric in m and p. If a tensor is symmetric with respect to any two contravariant and any two Cco- 
variant indices, it is called symmetric. 


A tensor is called skew-symmetric with respect to two contravariant or two covariant indices 
if its components change sign upon interchange of the indices. Thus if Anet= ~Apet the tensor is 
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skew-symmetric in m and p. If a tensor is skew-symmetric with respect to any two contravariant and 
any two covariant indices it is called skew-symmetric. 


FUNDAMENTAL OPERATIONS WITH TENSORS. 


1. Addition. The sum of two or more tensors of the same rank and type (i.e. same number of contra- 
variant indices and same number of covariant indices) is also a tensor of the same rank and type. 
Thus if Ag? and Ba? are tensors, then Ca? = Ag? + By? is also a tensor. Addition of tensors 
is commutative and associative. 


2. Subtraction. The difference of two tensors of the same rank and type is also a tensor of the same 
rank and type. Thus if Ae and By? are tensors, then Dee = AnP _ Ber is also a tensor. 


3. Outer Multiplication. The product of two tensors is a tensor whose rank is the sum of the ranks 
of the given tensors. This product which involves ordinary multiplication of the components of 
the tensor is called the outer product. For example, Afr Bs = Cz is the outer product of Agr 
and Bs . However, note that not every tensor can be written as a product of two tensors of lower 
rank. For this reason division of tensors is not always possible. 


4. Contraction. If one contravariant and one covariant index of a tensor are set equal, the result in- 
dicates that a summation over the equal indices is to be taken according to the summation con- 
vention. This resulting sum is a tensor of rank two less than that of the original tensor. The 
process is called contraction. For example, in the tensor of rank 5, Ane”, set r=s to obtain 


Aaa = BrP a tensor of rank 3. Further, by setting p=q we obtain Be = C" a tensor of rank 1. 


5. Inner Multiplication. By the process of outer multiplication of two tensors followed by a contrac- 
tion, we obtain a new tensor called an inner product of the given tensors. The process is called 
inner multiplication. For example, given the tensors A™? and ie the outer product is Amp Br. 
Letting qg=r, we obtain the inner product Ant Be: Letting q=r and p=s, another inner product 


An? Be is obtained. Inner and outer multiplication of tensors is commutative and associative. 


6. Quotient Law. Suppose it is not known whether a quantity X is a tensor or not. If an inner prod- 
uct of X with an arbitrary tensor is itself a tensor, then X is also atensor. This is called the 
quotient law. 


MATRICES. A matrix of order m by n is an array of quantities Ay, 9» called elements, arranged in m 
rows and n columns and generally denoted by 


941 G49 «-- Ayn G3 MQ «.- Ain 
Qoy ae cee aon an Qoo eae aon 
e e e or e s e 
Amr Amo «+» Inn Ani Amo --- Ann 
or in abbreviated form by (4p) oF (a, 0] , p=l,....m; q=1,...,2. If m=n the matrix is a square 


matrix of order m by m or simply m; if m=1 it is a row matrix or row vector; if n=1 itis a column 
matrix of column vector. 


The diagonal of a square matrix containing the elements 411, Qq,...,2,, is called the princi- 
pal or main diagonal. A square matrix whose elements are equal to one in the principal diagonal and 
zero elsewhere is called a unit matrix and is denoted by 7. A null matrix, denoted by O, is a matrix 


all of whose elements are zero. 
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MATRIX ALGEBRA. If 4 = (pq) and B= (b4q) are matrices having the same order (mby n) then 


1. A=B8B if and only if Abg = bog: 


2. The sum S and difference D are the matrices defined by 
S = AtB = (Apq+ bog), D = A—B = (Apq— by) 


3. The product P= AB is defined only when the number n of columns in A equals the number of rows 
in B and is then given by 


P = AB = (A4q)(bpq) = (Apr bq) 


nN 

where Ape beg = 2; Apr beg by the summation convention. Matrices whose product is defined 
T=21 

are called conformable. 

In general, multiplication of matrices is not commutative, i.e. AB#BA. However the asso- 
ciative law for multiplication of matrices holds, i.e._A(BC) = (AB)C_ provided the matrices are 
conformable. Also the distributive laws hold, i.e. A(B+C) = AB+AC, (A+B)C = AC+BC. 

-_O ee” 
4. The determinant of a square matrix A= (449) is denoted by |A |, det A, | ay, | or det (a,,) ; 
if P=AB then |P| =|A4||BI. 


5. The inverse of a square matrix A is a matrix A~* such that AA~*=/, where / is the unit matrix. 
A necessary and sufficient condition that A~? exist is that detA #0. If detA =0, A is called 
singular. 


6. The product of a scalar ’ by a matrix A = (4pq)» denoted by AA, is the matrix (Ady 9) where each 
element of A is multiplied by A. 


7. The transpose of a matrix A is a matrix A? which is formed from A by interchanging its rows and 
columns. Thus if A = (ay), then Af = (agp). The transpose of A is also denoted by a 


THE LINE ELEMENT AND METRIC TENSOR. In rectangular coordinates (x,y,z) the differential of 
arc length ds is obtained from fds? = dx? + dy? +dz2 
By transforraing to general curvilinear coordinates (see Problem 17, Chapter 7) this becomes ds* = 


. ob Bpq du, dug. Such spaces are called three dimensional Euclidean spaces. 
pe. g=t 


A generalization to N dimensional space with coordinates (x',x?,...,x4) is immediate. We de- 
fine the line element ds in this space to be given by the quadratic form, called the metric form or 
metric, 


or, using the summation convention, 


In the special case where there exists a transformation of coordinates from x! to ¥” such that 
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the metric form is transformed into (dx*)* + (d%7)* +... + (dx)? or dx "dx, then the space is call- 
ed N dimensional Euclidean space. Inthe general case, however, the space is called Riemannian. 


sn a ee 


The quantities 8pq are the components of a covariant tensor of rank two called the metric 
tensor or fundamental tensor. We can and always will choose this tensor to be symmetric (see Prob- , 
lem 29). 


CONJUGATE OR RECIPROCAL TENSORS.(| Let g = | pq | denote the determinant with elements 
Bg and suppose g#0. Define gP4 by- 


9 _ cofactor of Bbq 
B 


Then es is a symmetric contravariant tensor of rank two called the conjugate or reciprocal tensor 
of Bbq (see Problem 34). It can be shown (Problem 33) that 


eq a ae 
8 Brg ~ 6, 


ASSOCIATED TENSORS. Given a tensor, we can derive other tensors by raising or lowering indices. 

For example, given the tensor Ay we obtain by raising the index p, the, 
tensor Are the dot indicating the original position of the moved index. By raising the index g also 
we obtain APQ Where no confusion can arise we shall often omit the dots; thus APY can be written 
AP? These derived tensors can be obtained by forming inner products of the given tensor with the 
metric tensor Bbq or its conjugate gP9, Thus, for example 


r r q 

Ae, ~ 8 eee AP? g oa Ars» Aes ~ 8rq AS 
«tk k «St 
ADS =o bon g Ate 


These become clear if we interpret multiplication by zg’? as meaning: let r=p (or p=r) in whatever 
follows and raise this index. Similarly we interpret multiplication by gg aS meaning: let r=q (or 
g=r) in whatever follows and lower this index. 


All tensors obtained from a given tensor by forming inner products with the metric tensor and 
its conjugate are called associated tensors of the given tensor. For example A” and Aq ate asso- 


ciated tensors, the first are contravariant and the second covariant components. The relation be- 
tween them is given by 


A = 


b = By 4 or AP = BPA 


q 


For rectangular coordinates bq = 1 if p=q, and 0 if péq, sothat A = AP, which explains why 


no distinction was made between contravariant and covariant components of a vector in earlier chap- 
ters. 


LENGTH OF A VECTOR, ANGLE BETWEEN VECTORS. The quantity APB, , which is the inner 

product of A? and Bg , is a scalar anal- 
ogous to the scalar product in rectangular coordinates. We define the length L of the vector AP or 
Ay as given by 
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a og p _ pg = P 4 
L = A Ay = gi Agdg = Bpq4 A 
We can define the angle 9 between AP and B, as given by 

APB, 


cosG@ = ———— 
JAP p 
(A Ay) (B B,) 


THE PHYSICAL COMPONENTS of a vector A? or A,, denoted by AviAgs and A, are the projec- 
tions of the vector on the tangents to the coordinate curves and are 
given in the case of orthogonal coordinates by 


pee A ae Ag as As 
Ay = g ye = “1 . Ay —— g A — Fi Ay = g. A = 
61 fs Y Boo V Beg 
Similarly the physical components of a tensor A Apg are given by 
11 Ar Jen 12 Aso Ra 13 Ass 
Auy = 84,4 Sgt Ayy = 6118 a0 a , Auy = 811836 Ao = =, etc. 
§11 ae 841 838 


TRANSFORMATION LAWS OF CHRISTOFFEL’S SYMBOLS. If we denote by a bar a symbol in a co- 


ordinate system xP, then 


P a.9 dar Oe ee 
nee a fogs) Ox 0x7 Ox” - Ox Ox 
, CRE at Sek oa 569 3am oq/ ogk 
{i} ‘ {i} Bet af 2, tt oe 

jk PIJ d%5 oxi Ox" Ox? oxi ox” 


are the laws of transformation of the Christoffel symbols showing that they are not tensors unless 
the second terms on the right are zero. 


r 


GEODESICS. The distance s between two points ¢, and fg on acurve x*=x"(t) in a Riemannian 


space is given by 
b A 
-f dx! 4, 
ty Bq az 
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That curve in the space which makes the distance a minimum is called a geodesic of the space. By 
use of the calculus of variations (see Problems 50 and 51) the geodesics are found from the differen- 
tial equation 


ce {i ala 
ds? pqgy ds ds 


where s is the arc length parameter. As examples, the geodesics on a plane are straight lines where- 
as the geodesics on a sphere are arcs of great circles. 


THE COVARIANT DERIVATIVE of a tensor A, with repect to x’ is denoted by Ay g and is de- 


fined by = 
OA Ss 
Ang = a { ba, 
, 0x9 Pq 
a covariant tensor of rank two. 
The covariant derivative of a tensor AP with respect to x’ is denoted by ie and is defined by 
p _ AP P\,s 
Dg) = aad + {oka 


a mixed tensor of rank two. 


For rectangular systems, the Christoffel symbols are zero and the covariant derivatives are the 
usual partial derivatives. Covariant derivatives of tensors are also tensors (see Problem52). 


The above results can be extended to covariant derivatives of higher rank tensors. Thus 


P, +++ Pm eA 
A, satay G = Sg. 
st % q 
Ox 
Ss Pp, -.P s P, +P s P, +P 
~ { bane a { ees od Bae, Ts { A Ape gee 
rg era ™n 
qs a°°° 7 qs acreln qs Toe ln 


Pyo>+ Pm 
is the covariant derivative of A,” r, With respect to x, 
fees 


The rules of covariant differentiation for sums and products of tensors are the same as those 
for ordinary differentiation. In performing the differentiations, the tensors g ,gP9 and 8? may be 
treated as constants since their covariant derivatives are zero (see Problem 54). Since covariant 
derivatives express rates of change of physical quantities independent of any frames of reference, 
they are of great importance in expressing physical laws. 


PERMUTATION SYMBOLS AND TENSORS. Define e,,, by the relations 
s 


C109 = Con, = Cae = +1, Cog = Cig0 = Cgon = — 1, Cogr = 0 if two or more indices are equal 


bq 


and define e”’” in the same manner. The symbols C bor and e”” are called permutation symbols in 
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three dimensional space. 


Further, let us define 


evr & ve ei 


&, 
“pqr ~ Vg “bar? 


T ‘ A A 
‘ Pq are covariant and contravariant tensors respectively, called 


It can be shown that Eng and € 
permutation tensors in three dimensional space. Generalizations to higher dimensions are possible. 


TENSOR FORM OF GRADIENT, DIVERGENCE AND CURL. 


1. Gradient. If ® is a scalar or invariant the gradient of @ is defined by 


VO = gaid = 6, = oe 
xX 


where 2,4 is the covariant derivative of with respect to x? 


2. Divergence. The divergence of AP is the contraction of its covariant derivative with respect to 
x1, i.e. the contraction of A i Then 


div AP = AP, = 1% Wy 4h 
p Vg Ox : 
3. Curl. The curl of A, is Apig _ Ags 5,9 _ xP , atensor of rank two. The curl is also 


defined as —€P I Ay. 
4. Laplacian. The Laplacian of Pis the divergence of grad @ or 


» OP 
V’> = dive, =§ L2a ko 


In case g<0, Vg must be replaced by /—g. Both cases g>0O and g <0 can be included by 
writing V le| in place of Vg. 


oA 
THE INTRINSIC OR ABSOLUTE DERIVATIVE of A, along a curve x? =%%t), denoted by =", is 
defined as the inner product of the covariant deriva- 


q q 
tive of Ay and =, i.e. Ay q oz and is given by 
Ay 7 dAy r dx? 
& ia oe, dt 
Similarly, we define 
8A? — dA? + { P AP dx4 
ot dt qr dt 


The vectors A, or A? are said to move parallelly along a curve if their intrinsic derivatives 
along the curve are zero, respectively. 


Intrinsic derivatives of higher rank tensors are similarly defined. 
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Po dn 
RELATIVE AND ABSOLUTE TENSORS. A tensor 4,” |" is called a relative tensor of weight w 
re 


if its components transform according to the equation 


ee ae : en Pyo++ Pn Oxn% Ox’m Ox"1 Ox'n 
s s — — A, r — ese —_— eee 
aS x wen Sut OaPm gg = OS 


Ox 


x 
the type of tensor with which we have been dealing above. If w=1 the relative tensor is called a 
tensor density. The operations of addition, multiplication, etc., of relative tensors are similar to 
those of absolute tensors. See for example Problem 64. 


where J = is the Jacobian of the transformation. If w=0 the tensor is called absolute and is 


SOLVED PROBLEMS 


SUMMATION CONVENTION. 


1. Write each of the following using the summation convention. 


felon) felon) (olen) Op |; 
a) d = ee det 4) one ue, oe dee db = —— dx) 
CaP at ae a es a7 
oy BE, DR dd | eh at , , Oak dal ézk  Oeh ass 
dt Oxt de Qx2 ae * O,4 de - dt xm dt 
(c) (xt + (x2)? + (x8)? + + el? xP gk 
(d) ds? = g,,(dx4y" + Bo(dx2) + Ba, (4x3). ds? = gp, dx edx® , N=3 
3 3 
p,q pg 
dx dx’. dx’ dx', N= 
. fe = B5q O* ge enn 


2. Write the terms in each of the following indicated sums. 


N 
R kL 1 2 
(a) oa, ™ ‘ red On * ar + oe +e + ay x 
gr e qT ir or Nr 
(b) Apg A A Reh Apg A = Ay A + AnoA + + Apy A 
irk 
(c) g Ox! Ox" =3 
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: SS e Ont Ox* 
TS jet k=1 Wg Ox" oxs 


ay 
u 


Oxf Ot 5 | Ox) Oe? 5 Del Ox 


~ 2 (8 Ger Ses * 0 ar as * 8 Ger UE 
Ox* xt Ox? Ox? Ox8 xt 
11 OxT OxS 21 Oz7T OxS ®s1 Qer Oxs 


Ox? Ox? Ox? Ox? Ox? Ox? 


+ ==“ + 
S12 Og" x5 22 OgT gS” 82 OgT Og 


Ox? dx® Ox? x x8 x8 


S13 OgT OS 828 BgT OS P08 ORT ORS 


3. If xP k=1,2,...,N are rectangular coordinates, what locus if any, is represented by each of the 
following equations for N=2,3 and N24. Assume that the functions are single-valued, have con- 
tinuous derivatives and are independent, when necessary. 


(a) a, xF = 1, where a, are constants. 
For N= 2, a,x1 +a,x? =1, a line in two dimensions, i.e. a line ina plane. 
For N=3, a,x1 + a,x? +a,x°=1, a plane in 3 dimensions. 


For N24, a,x) +a,x7 +... + axl = 1 is a hyperplane. 


(b) aha = 1, 
For N= 2, (x1)? + (x2) =1, acircle of unit radius in the plane. 
For N=3, (x1)? + (x2)* + (x3)? = 1, a sphere of unit radius. 
For N24, (x1)? + (x2)? +... + (4)? = 1, a hypersphere of unit radius. 


(c) xP = xP). 
For N= 2, xt = x*(u), x? = x(u), a plane curve with parameter u. 
For N=3, x+=x*u), x? =x%(u), x° = x°(u), a three dimensional space curve. 
For N 24, an N dimensional space curve. 


(d) xP = x*u,v). 
For N=2, x1 =x(u,v), x? = x?(u,v) is a transformation of coordinates from (u,v) to (x1, x). 
For N=3, x =x (u,v), x? = x°(u,v), x? = x*(u,v) is a 3 dimensional surface with parameters u and v. 
For N24, a hypersurface. 


CONTRAVARIANT AND COVARIANT VECTORS AND TENSORS. 
: : 4 mn m 
4. Write the law of transformation for the tensors (a) Any» (6) ee (e)C . 


4? . igh Ox Ox” t 
(2) Bog Ne ay Aap 
Oxt Ox Ox J 
As an aid for remembering the transformation, note that the relative positions of indices p,q,r on 
the left side of the transformation are the same as those on the right side. Since these indices are as- 
sociated with the x coordinates and since indices i,j,k are associated respectively with indices p,q,r 
the required transformation is easily written. 
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(o) 5°, = SP G9 Det Bud Ox pan 


rst Ox Ox” Oz" Ox5 oxt HF 
: =p 
(c) GP = = 0 


. Aquantity A(j,4,1,m) which is a function of Coordinates + transforms to another coordinate sys- 
tem x* according to the rule 
Ox! Ox? xT OxS 


Aipegitss) = Se ST am A kil m) 


(a) Is the quantity a tensor? (b) If so, write the tensor in suitable notation and (c) give the con- 
travariant and covariant order and rank. 


(a) Yes. (b) A (c) Contravariant of order 3, covariant of order 1 and rank 3+1= 4. 


. Determine whether each of the following quantities is a tensor. If so, state whether it is contra- 


. : ahs » og (x1, vee) 
variant or covariant and give its rank: (a) dx”, (6) ——~—;>—— - 


Ox” 
= gee K ai. Ox! h 
(a2) Assume the transformation of coordinates x° = X*(x1,...,x"). Then dx = ak dx* and so dx” isa 
x 
contravariant tensor of rank one or a contravariant vector. Note that the location of the index & is 


appropriate. 
(b) Under the transformation Pa aha, veep), ¢ is a function of xP and hence x/ such that P(x, ww) = 
d(x}, weey MY, i.e. Mis a scalar or invariant (tensor of rank zero). By the chain rule for partial differ- 


Oh _ Oh _ Bh Vek _— Bxk VW op a, a 
entiation, ef = ei = ae: ei = Jel Fuk and uk transforms like A; = 3x) Ap. Then Oak 1s 


a covariant tensor of rank one or a covariant vector. 


Note that in 8 the index appears in the denominator and thus acts like a subscript which indi- 
x 


cates its covariant character. We refer to the tensor s or equivalently, the tensor with components 


x 


, as the gradient of }, written grad or Vo. 
x 


. Acovariant tensor has components xy, 2y—z?, xz in rectangular coordinates. Find its covariant 
components in spherical coordinates. 


1 


Let a denote the covariant components in rectangular coordinates x*= x, x*= ys =z. Then 


A, = xy = xi x?, A, = 2y—z? = 2x2 — (x8), Ag = xtx8 
where care must be taken to distinguish between superscripts and exponents. 


Let A, denote the covariant components in spherical coordinates Zier, X= 6, X= gd. Then 


5 wl wy 
(1) A, = ack AS 
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The transformation equations between coordinate systems are 


1 


x = xX 2 


1 sin %? cos x°, x2 = x1 sin x* sin x®, x8 = x1 cos x 


Then equations (]) yield the required covariant components 


> a Oxt Ox? Ox? 
Ce Va ea? 


= (sin x2 cos x%) (x’x?) + (sin x? sin X°) (2x? — (x8¥) + (cos x2) (xtx3) 


= (sin 6 cos d) (r? sin?0 sind cos $) 
+ (sin @ sind) (2r sin @ sin®@ — r* cos?@) 
+ (cos Q) (r? sin 6 cos @ cos $) 
= Ox Ox? 
A, = A, + — 
. * OR? 


OF 


A, + 


= (rcos O cos $)(r* sin?@ sin ® cos >) 
+ (rcos @ sin) (2r sin G sin@ — r? cos?) 


+ (—rsin 9) (r? sin @ cos 6 cos -) 


7 Ox A + Ox A + 0x3 A 


= (—rsin @ sin ) (r? sin?@ sind cos d) 
+ (rsin @ cos f) (2r sin O sind — 7? cos?0) 
+ (0) (r? sin @ cos 6 cos #) 
OA, 
8. Show that 59 is not a tensor even though A, is a covariant tensor of rank one. 
x 
By hypothesis, A, = =) Ap . Differentiating with respect to xR, 
x 
a eee 
x” ox) Ox* Ox” ox ©? 
of Mp at oP 
on Ox9 Ox® = Og axl? 
OxP Ox? OAy a x? 
S ceegnaebg. ae yer ale 
Ox! Ox" Ox9 x” Ox! . 
Ody 
Since the second term on the right is present, ——— does not transform as a tensor should. Later we 
x 
OA 


shall show how the addition of a suitable quantity to wre] causes the result to be a tensor (Problem 52). 
x 
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9. Show that the velocity of a fluid at any point is a contravariant tensor of rank one. 


The velocity of a fluid at any point has components dx in the coordinate system xP, In the coor- 


sj ig 

dinate system x’ the velocity is dt But 
az] Ox! axk 
dt Oxk dt 


by the chain rule, and it follows that the velocity is a contravariant tensor of rank one or a contravariant 
vector. 


THE KRONECKER DELTA. 


10. Evaluate (a) 6 


Was , (b) 8 


bp or bq 
g T° 


p 
Since 8g = 1 if p=q and Oif p#q, we have 


p gr pr bq p 
(a) Sgdg = Ag, (b) Og Op = O- 
p 
11. show that 2% = 5. 
gt 
p 
If p=q, &, = 1 since Pies, 
p 
If p#q, ae = 0. since xP and x’ are independent. 
x 
ax? _ ob 
Then 59 = Og: 
P y=9 
12. Prove that 2% 9% = ia 
Ox? Ox" 


Coordinates Lf are functions of coordinates x! 


which are in turn functions of coordinates x”. Then 
by the chain rule and Problem 11, 


Osh | xP On? s? 


Ox” rae Ox” e 

—p =P 4 q — 

13. If A = Ox A prove that rhs = Ox' Y 
Ox Ox? 


7 =P r 
Multiply equation a = of by Ox 
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r —p r aeP q rq 
Then Ox A = OxT Ox! A = 8 A = A’ by Prob. 12. Placing r=q the result follows. This 
ze P Ox? 0x4 
indicates that in the transformation equations for the tensor components the quantities with bars and quan- 
tities without bars can be interchanged, a result which can be proved in general. 


14. Prove that 5% is a mixed tensor of the second rank. 


CD 
If 8g is a mixed tensor of the second rank it must transform accoraing to the rule 


<j Oxi Ox p 
5 = ESS 
Ox? oxk q 
sia i fg 
The right side equals OR! Ox! = 8 by Problem 12. Since 5! = 5 =1 if j=k,and 0 if /#4, it fol- 


Ox? zk 


lows that 8g is a mixed tensor of rank two, justifying the notation used. 


Note that we sometimes use 6,.=1 if p=q and 0 if p#q, as the Kronecker delta. This is how- 
ever not a covariant tensor of the second rank as the notation would seem to indicate. 


FUNDAMENTAL OPERATIONS WITH TENSORS. 


15. If Ar? and Be! are tensors, prove that their sum and difference are tensors. 


By hypothesis ria and Bed are tensors, so that 


qh oR! oRk ax” ba 
L OxP Ox9 og? 7 
4 ol Sek OxT 
By - OF ORR oat gra 
Ox Ox x 
—jk —jr = 
Adding, ao aR ya OEL Oe oe” Ae ; a 
t L Ox? Ox7 Oz? 
—jk —jk — 92) Ogk Our PY Pg 
Subtracting, (A, = B ) a 3,P 344 apt (A, _ B, ) 


Pq 


pq pq Pq Pq Pq 
Then A, +B, and A, —8, are tensors of the same rank and type as A, and eae 


Pq pqs Pd 1s 


16. If A, and B, are tensors, prove that C,, = A, B, is also a tensor. 


s 
We must prove that otek is a tensor whose components are formed by taking the products of compo- 


17. 
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nents of tensors apa and Be Since Ae and B, are tensors, 


jk _ Ox) dek dx" 69 

oS Ee, ae | Ar 
Ox x7 Ox 

= = t 

Be = One xt B 
Oxs Ox” 

—h— oJ ek Y Dm t 
Multiplying, AB, = OR OF" ox a A i Be 

Ox? Ox7 OF" OxS OE” 


which shows that Ap tps is a tensor of rank 5, with contravariant indices p,qg,s and covariant indices 


r,¢ , thus warranting the notation ae. We call ee = Ane the outer product of Aba and Be. 


Let ay, be a tensor. (a) Choose p=é and show that Att , where the summation convention is 


bq 


employed, is a tensor. What is its rank? (6) Choose p=¢ and q=s and show Similarly that Argp 


is a tensor. What is its rank ? 


bq 
(2) Since A,,, is a tensor, 


(1) qik _ dal Oek Oer Des Det 9 


p 
We must show that Avsp is a tensor. Place the corresponding indices j and n equal to each other 


and sum over this index. Then 


zit _ Oe! ORR xT BxS Det 9 


mj Ox? aex7 del oem ogi  7St 
Out de) VR Our Ox8 ea 
dei xP O27 del oem 7S? 


and so Ar b is a tensor of rank 3 and can be denoted by BY. The process of placing a contravariant 


index equal to a covariant index in a tensor and summing is called contraction. By such a process a 
tensor is formed whose rank is two less than the rank of the original tensor. 


Pq 
(6) We must show that Arap is a tensor. Placing j=n and k=m in equation (1) of part (a2) and summing 
over j and k, we have 
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git ORI RR Oar eS Oat 409 
Lkj Ox? Ox9 dzl ORF ogi 7S? 


tS Ox? Pg 
5, 85 Sr Ast 
Ox7 rigs 
agi “rap 


’q 
which shows that Argp 


twice, the rank was reduced by 4. 


is a tensor of rank one and can be denoted by C,- Note that by contracting 


p 
18. Prove that the contraction of the tensor Ag is a scalar or invariant. 


vi . BX! |? 


We have A, = 


OxP ok 9 
— < q 
Putting j= and summing, a! = ox) Ox" p bp ae = 4 
j Ox? Oxf 9 q 
Then A! = a? and it follows that av must be an invariant. Since AP is a tensor of rank two and 


contraction with respect to a single index lowers the rank by two, we are led to define an invariant as a 
tensor of rank zero. 
p 
19. Show that the contraction of the outer product of the tensors A and Bg is an invariant. 


_j oj 
Since a’ and 8B. are tensors, Ave ox! A’. 


— q 

B =——B Then 
q 
Ox? 2 ogk 9 
= Oe! Oe9 |p 
k Ox? ra ¢ 
By contraction (putting j= and summing) 
= x) 3x9 q 

A’B. = Ce 7 55 A” By - As 
j Ox? Oxf . 


and so APB, is an invariant. The process of multiplying tensors (outer multiplication) and then contract- 
ing is called inner multiplication and the result is called an inner product. Since AB, is a scalar, it is 


often called the scalar product of the vectors AP and Bg . 


p qs 
20. Show that any inner product of the tensors A. and B, is a tensor of rank three. 


IS Ss 
Outer product of gr and B! - asi 7 
rT t rt 
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Let us contract with respect to indices p and ¢, i.e. let p=¢ and sum. We must show that the result- 


IS 
ing inner product, represented by Ab Bt » is a tensor of rank three. 


IS 
By hypothesis, A and By are tensors; then 


_3 —-J > 7 2: -1 y=m >.t gs 
aos ee Be a ee ee eae ge 
k Ox? OxS Oz” 


Multiplying, letting j=n and summing, we have 


rea - Oz) Ox" og! OF" Ont {P pas 


j de? Ozk Oe? os ost *” 


p 


showing that A Be is a tensor of rank three. By contracting with respect to gq andr ors andr in the 
product ab Be, we can similarly show that any inner product is a tensor of rank three. 


Another Method. The outer product of two tensors is a tensor whose rank is the sum of the ranks of 
the given tensors. Then AP Sig is a tensor of rank 3+2=5. Since a contraction results in a tensor 
whose rank is two less than that of the given tensor, it follows that any contraction of ab Bie is a tensor 
of rank 5—2=3. 


21. If X(p,q,r) is a quantity such that X(p.q.r) Be = 0 for an arbitrary tensor Be.” prove that 
X(p,q,r) =0 identically. 
qn 
Since B, is an arbitrary tensor, choose one particular component (say the one with qg=2,r=3) not 
equal to zero, while all other components are zero. Then X(p,2,3)B, =0, so that X(p,2,3)=0 since 
Ba” #0. By similar reasoning with all possible combinations of g and r, we have X(p,qg,r) = 0 andthe 
result follows. 


‘ s s s 
22. A quantity A(p,q,r) is such that in the coordinate system x*, A(p,q,r) By = C, where B is an 


$s 
arbitrary tensor and Cy is atensor. Prove that A(p,q,r) is a tensor. 


In the transformed coordinates zt, A(j, k,l) a = Cr. 


a zk D5 zm dy? =” 3x? 
Then A(j,k,l) Ox* Oz™ Ox" RB = OR™ Ox! Ce = oz" Ox! A(p, 9,7) BR 
0x7 OxS Ozt 7 OxS Ox7 ?P OxS Ox . 
te op - p 
a ox” [= Ox" Gk ly — OF 4p.a.r | Be = 0 
dx5 Lox? ox! Oxd 
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n n 
Inner multiplication by ee (i.e. multiplying by ue and then contracting with ¢=m) yields 


ox” ox? 


2 [OR Ot Z. ox? a 
Og be Aaa = A(p,4, n| a = 0 
s [& ax! Pre 
“kar — p Pie 
or |= Ox” A(j, k,l) — Ox! A(p, wn | ay = 0. 
ad Ox! OxJ 


qn 
Since ei is an arbitrary tensor, we have by Problem 21, 


Se OS Aj kad ~ Se Ap.) = 0 
Inner multiplication by ox! O% yields 
Ox™ Ox 
on 8) AC aD = Bae Oat A(p,q.r) = 0 
or Ajsmn) = = of A(P, 957) 


which shows that A(p,q,r) is a tensor and justifies use of the notation Apes 


In this problem we have established a special case of the quotient law which states that if an inner 
product of a quantity X with an arbitrary tensor B is a tensor C, then X is a tensor. 


SYMMETRIC AND SKEW-SYMMETRIC TENSORS. 


bqr 
23. If a tensor A as is symmetric (skew-symmetric) with respect to indices p and q in one coordinate 
system, show that it remains symmetric (skew-symmetric) with respect to p and q in any coordi- 
nate system. 


Since only indices p and gq are involved we shall prove the results for B 


If ged is symmetric, ged Be. Then 


a" Z ox) og Bde ox: Ox! gv? - Bes 
ax? x9 0x7 Ox? 
bq ; ben 4 : 
and B- remains symmetric in the x*coordinate system. 
If Bed is skew-symmetric, Bed - - Bo. Then 
git _ Onl oe apo _ Oak Oe! pm ky 
ov a Ox? Ox? 


Pq y aan ; 
and B remains skew-symmetric in the x? coordinate system. 


The above results are, of course, valid for other symmetric (skew-symmetric) tensors. 
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24. Show that every tensor can be expressed as the sum of two tensors, one of which is symmetric 
and the other skew-symmetric in a pair of covariant or contravariant indices. 


Consider, for example, the tensor Bro We have 
BPP os spa 2 BY, 1 phd _ Bi?) 
But Red 7 (BP B?? = RP is symmetric, and sP4 = 4p? B’?) 7 _s? is skew-symmetric. 


By similar reasoning the result is seen to be true for any tensor. 


i Rk 
25. If P= a aA A show that we can always write 2 = be, A’ A” where ba, is symmetric. 


_ jk. a ae jr 
B ax, A A= a, 54 A’ = a, 5A A 
: - a 
Then 2b = ay Aba” 4 ay; A! A = (ay + ay) Al A 
" j z 34F 
and SP = 2+ %) 4 bi, A A 


where by = 2(0,,+ 2,;) = Ons is symmetric. 


MATRICES. 


26. Write the sum S =A +B, difference D=A—B, and products P=AB, Q=BA of the matrices 


3 i .=5 2 0 -1 
A = 4 ~—2 3 1], B= —4 1 2 
—2 1 —1 1 —1 0 


3+2 1+0 -—2~—1 5 1 -3 
—2+1 s+] = ( 0 —1 | 
—2+1 1—1 -—-1+0 —1 0 -1 


( = + 
1-0 -—2+1 1 i! | 
D=A-~—-B= (+ a —2-—1 s=2 ( 8 —3 :) 
2- 1+1 —1-0 —3 2 —1 


It 


a) 
i 
aN 
es) 
| 


(4)(2) + (-2X—4) + (31) (40) + (- 2X1) + (3-1) (4-1) + (-2(2) + (30) 
(22) + (1-4) +(-1I)C1) 20) + (11) + (-1M-1) (2X1) + (12) + (-1)(0) 


—1 

Ss -:) 
—9 2 4 
8 L 3 

BA = : —4 ») 
=f 3 —5 


This shows that AB # BA, i.e. multiplication of matrices is not commutative in general. 


(32) + (1-4) + (-2)01) (80) + (11) + (2-1) (8)(H1) + (12) + xo) 


Q 
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= & =) show that (A+B)(A—B) # A2— B?. 


avo) } 1-8 ( : Ss) Then (4+B)(A—B) -(} al : ) = (- *). 
a4 4 5 217 \-4 5 2 3 
ef 24 21) _/35 p2e(-! 2\f-1 2\_[7 -6 
“hag “Sf (S13 —5 8] 3 -2 3-2 -9 10] 


Therefore, (A+B)(A—B) # A-—B’. However, (A+B)(A—B) = A?—AB+BA~—B?. 


28. Express in matrix notation the transformation equations for (a2) a covariant vector, (b) a contra- 
variant tensor of rank two, assuming N=3. 


q 
(a) The transformation equations Ay 7 Ox! A, can be written 


7 Ox? Ox? Ox3 

A ae = A 
; Ox: dx? Oz : 

= Oxt Ox? = Ox8 

A = Gee tee) Ae A 
. Ox? Ox? Ox? @ 

ra Ox? «Ox? 0x8 

A Ge. GR. ae A 
‘ Ox3 x2) Ox8 ° 


in terms of column vectors, or equivalently in terms of row vectors 


Ox" Ox Oxt 
Ox? x? ox? 
eo aan oe Ox? Ox? Ox? 
(Ay Ag Ags) = (Az Ao Ag) sgl Dg? OR? 
Ox Ox® Ox° 
_pr ox? Ber 98 
(b) The transformation equations A =— —A can be written 
0x7 Ox 
—u —2 ~—18 =1 <1 1 11 12 13 
a a a Ox* = Ox xt anes deen a 
Oxt Ox? = 0x8 
rtea ig —28 m Ox? Ox? Ox? a ae Pi 
Ox Ox? x3 
= = eS 3 = 3 = 3 
ge Vee 7s Ox? x x gon Ae? qe 
Oxt = Ox2 0x8 


Extensions of these results can be made for N>3. 


tion fails. 


Ox? 
Ox 
Ox? 
Ox? 

ba 


0x8 


One 
Oxt 

x3 
Ox? 
fora 


Ox8 


For higher rank tensors, however, the matrix nota- 
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THE LINE ELEMENT AND METRIC TENSOR. 
29. If ds? = Bip dx! dx® is an invariant, show that Bx, is a symmetric covariant tensor of rank two. 


By Problem 25, @ = ds”, A = dx! and A® = dx: it follows that Bip can be chosen symmetric. Also 
since ds? is an invariant, 


: j k j a,k 
z dx ar? = g dxidx® = g Cf agP gt = gy Se Ont aeP aaa 
pq jk Fe ORP Ox7 i Oe? 9x9 


Then g 9 = and g., is a symmetric covariant tensor of rank two, called the metric tensor. 


Ox" Gx 
ROP ox9 jk 
30. Determine the metric tensor in (a) cylindrical and (b) spherical coordinates. 


(a) As in Problem 7, Chapter 7, ds? = dp°+ p°df+dz?. 


if x =P, x°=,x)=2 then 844~ 1, Bop =P Bag = 1s B49 ~8o,~ 0, Bog Bg = 9 bo1~ 84,7 9- 


B11 B19 Bag ene 
In matrix form the metric tensor can be written Boy, Bon, Bos = 0 ~? 0 
B51 839 855 oe 2 
(b) As in Problem 8(a), Chapter 7, ds? = dr2+r2d07+r2 sin?@ dg. 
1 0 0 
If x1=7r, x2= 06, = the metric tensor can be written 0 r? 0 
0 0 r?sin?@ 
In general for orthogonal coordinates, Exp = 0 for j7#k. 
B11 812 818 
31. (2) Express the determinant g = jg 8 6,,| in terms of the elements in the second row and 
834 B30 833 


their corresponding cofactors. (6) Show that Bip G(j,k) = g where G(j,k) is the cofactor of 
Bip in g and where summation is over & only. 


(a) The cofactor of Bip is the determinant obtained from g by (J) deleting the row and column in which 
g ” appears and (2) associating the sign (—1)4 +h to this determinant. Thus, 
J 


Cofactor of g,, = (~1) | %2 8), Cofactor of g, = (—1) "> | %1 415), 
21 og me o 
32 °33 31 3 
Cofactor of g = (17272 | 811 Fre 
ba4 Ex0 


Denote these cofactors by G(2,1), G(2,2) and G(2,3) respectively. Then by an elementary principle 
of determinants 


Bp, G21) + 8, G(2,2) + B,,G(2.3) = B 
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32. 


33. 


34. 
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(6) By applying the result of (a2) to any row or column, we have g ib G(j,k) = g where the summation is 
over & only. These results hold where g = | g | is an Nth order determinant. 


(a) Prove that Bo G(3,1) + Ss G(3,2) + Bon G(3,3) = 0. 
(b) Prove that & i, &(P.k) = 0 if j#Ap. 


& 
(a) Consider the determinant g 


Bio 13 
Be Be which is zero Since its last two rows are identical. Ex- 


i1 
21 
B04 8o0 Bon 


panding according to elements of the last row we have 


B. G(3,1) + Bs G(3,2) + Bis G(3,3) = 0 


(b) By setting the corresponding elements of any two rows (or columns) equal we can show, as in part (a), 
that Bx, G(p,k) = 0 if j# p. This result holds for Nth order determinants as well. 


Define z’ Bis AEF) 


where G(j,k) is the cofactor of g,, in the determinant g = | gp | #0. 


Prove that B5, gPF = a 


J 

j ik 
By Problem 31, bi ee = 1 or Bip g’ = 1, where summation is over & only. 

& 

C(p,k) pk 
By Problem 32, . os = 0 or g, =0 if p#j]. 
J Bip z Bi, 8 pF] 
b 


Then B., gPP(=1 if p=j, and 0 if p#/j) = Os ‘ 
Z 


We have used the notation glk although we have not yet shown that the notation is warranted, i.e. 
that glk is a contravariant tensor of rank two. This is established in Problem 34. Note that the cofactor 
has been written G(j,k) and not GJk since we can show that it is not a tensor in the usual sense. How- 
ever, it can be shown to be a relative tensor of weight two which is contravariant, and with this extension 
of the tensor concept the notation Gik can be justified (see Supplementary Problem 152). 


Prove that g? n is a symmetric contravariant tensor of rank two. 


Since 8 ip is symmetric, G(j,k4) is symmetric and so zi” = G(j,k)/g is symmetric. 


If BP is an arbitrary contravariant vector, B, = g, BP is an arbitrary covariant vector. Multiplying 
j q 
by z)%, 


itn - of%, pe « 5) ph = pd FO ace a 
g7p = g4g BP = 8 BP = BY or gIB = B 
q Pq p zs 


Since Bg is an arbitrary vector, g! q is a contravariant tensor of rank two, by application of the quotient 


law. The tensor Pld is called the conjugate metric tensor. 
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35. Determine the conjugate metric tensor in (4) ¢ylindrical and (6) spherical coordinates. 


1 0 0 
(a) From Problem 30(2), g = |0 £7? Oj] = (0 
0 o 1 
ae cofactor of g,, ze isk p? 0 4 
g plo 1 
cofactor of Boo 1 ]1 1 
p p 
ca cofactor of g,,, 1/1 0 : 
g p? 10 p? 
ge = cofactor of g,. es 0 4 a % 
g 2,]0 1 
p 


Similarly gi = O if j#%. In matrix form the conjugate metric tensor can be represented by 


1 oOo oO 
0 1/0? oO 
0 o 1 
0 0 
(b) From Problem 30(6), g = |0 1? 0 = + sin? 6 


0 OO. r*sin?@ 


As in part (a), we find gt? = 1, g% a g@ = 3 _ and gi* Ofer eek, end an mate teen 
this can be written r sin 
1 0 0 
0 1/r? 0 


0 0 1/r? sin? 6 


36. Find (a) g and (b) ," corresponding to ds? = 5(dx1)° + 3(dx2) + 4(dx3)° — 6 dxtdx2 +4 dx2dx3. 


5 -3 0 
(a) g,, 75: 8,=3; Ba te Ban 7854 28 Boa = bqo = 2 Byg *8q4 = 9: Then g=j{-3 3 2} = 4. 
0. 2 4 


(6) The cofactors G(j,k) of Bik are 
G(1,1)=8, G(2,2)=20, G(3,3)=6, G(1,2)=G(2,1)=12, G(2,3)=G(3,2)=—10, G(1,3)=G(3,1)=—6 


Then g¥=2, g=5, g%=3/2, g@=g%=3, g@=gS?=—5/2, giS=g81=—3/2 


Note that the product of the matrices i) and (gF*) is the unit matrix I, i.e. 


5 —-3 0 2 3 —3/2 1 0 0 
~3 3. 2 3 5 —5/2 = 0 1 0 
0 2 4 —3/2 —5/2 3/2 001 
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ASSOCIATED TENSORS. 


R R ik 
37. If A, = Bay A’, show that A = g/ A, 


k e 
Multiply A, = g. 4 by 29, 
ultiply 4; = g., y g! 
RG ko, qj k 4k 
Then g!4 A, = ees, A =5,4°=4, ie. A = 6/74, or A’ = gi A. 


The tensors of rank one, A, and AP are called associated. They represent the covariant and contra- 
variant components of a vector. 


38. (a) Show that L” = 8 ar A’ is an invariant. (b) Show that L” = gd A, A, . 


(a) Let A, and an be the covariant and contravariant components of a vector. Then 


Jj 
- _ ox! 79 
A, = —A;, A 
Pop Oxk 


so that A, A’ is an invariant which we call L?. Then we can write 


et Oa oe ee 
J jr bg 
2 fd sas UA eI acd = 8 
(6) From (a), L = A; A = A; g A, g A; = g Ay Ag. 


The scalar or invariant quantity L = VA is called the magnitude or length of the vector with 
covariant components Ay and contravariant ies AP, 


39. (a) If AP and B are vectors, show that B5q Va is an invariant. 


Pp 
A 
(b) Show that __ eq “7 sCois an invariant. 
ae 


(a) By Problem 38, #B, = a Bpq B’ = Bg a is an invariant. 
p q 4 p bbq a si 
(b) Since A Ay and B Bg are invariants (A Ay) (B4B,) is an invariant and so —————_—_._ iS an 
invariant. V (AP Ay) (B’B,) 
We define 84q a Bt 
cosG = 


V(AP As) (BY Bg) 


as the cosine of the angle between vectors AP and BI, If Bbq A? Bo = APB, = 0, the vectors are 
called orthogonal. 
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40. Express the relationship between the associated tensors: 


jk R gkr peSa eee SL 
(a) AY and Anger (b) As and A” , (c) a “4 and Aor 


jkl_ jib kq lr a rl 
(a) A= Br eB Agar 8 Aba = Bis Bug By 4 


a gkr gkr ig _Lr yok 
(b) Any = Big g,,4 or A = glVg Ae 

peTS. Hf R eoeS] eoeS] th DTS. 
(c) Alot = gf gt Str Ajgkh = Tigh = 87 Erk Aig. 


41. Prove that the angles Cis 6, and oe between the coordinate curves in a three dimensional co- 


ofdinate system are given by 


E15 855 E54 
cos 0, = ——=—, C0s.0.. = =e 608: 0... 
841 B50 850 85g E33 B14 


Along the x1 coordinate curve, x2= constant and x* = constant. 


dx 1 
Then froia the metric form, ds? = g (dx1)° or =. 
: = ds Vg. 
41 
Thus a unit tangent vector along the x* curve is Ay = TE Si. Similarly, unit tangent vectors along 
11 
T T T r 
the x? and x® coordinate curves are A, = = 6, and A, = aa Oa 
V 820 55g 
The cosine of the angle 0,, between Ay and AS is given by 
pq 1 1 Pq E10 
cos 6,, = g, A,4o = g, == ~~ 5,5 = 
ce i ae 09 e,, bon Vbx1 Bon 
Similarly we obtain the other results. 
42. Prove that for an orthogonal coordinate system, g., = g,, = 8, = 0- 
° ° = = = o = 
. This follows at once from Problem 41 by placing &,=@=6,,=90. From the fact that B5q7 bop 
it also follows that $35> ba Sins 0 
43. Prove that for an orthogonal coordinate system = 1 2 See 
; > Bay git » B50 gz? * 5gg g38 
From Problem 33, g?” = Se 
“es Erg q° 
ee 17 = 11 12 13 a 
If p-q=l, g° 6.,= 1 Of 6° 6,, + 6° by +b" &, 1 
Then using Problem 42, Bia = ae . 
& 


Similarly if p=q=2, Soo= ei and if p=q=3, i 
& 
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CHRISTOFFEL’S SYMBOLS. 


s s 5 
44. Prove (a) [pq,r] = [gp.r], (b) | = \, » (ce) [pq.r] = brs {eo : 


Og 
(2) [pq,r} = 4( 


(c) ac = g,.8 [par] = oe [pq.r] = [pq.k] 


ot [pq.k] = ete} ie. [par] = 6, ‘at 


Note that multiplying [pqg.r] by g>” has the effect of replacing r by s, raising this index and re- 
; : Ss ; ; s 
placing square brackets by braces to yield :} . Similarly, multiplying 1a by Bp, 8 85, has the 


effect of replacing s by r, lowering this index and replacing braces by square brackets to yield [pq,r]. 


8g 
45. Prove (a) a = [pm,q] + [¢m,p] 
(c) { ri = 2. In vg 
(b) 0g ~ _?@3 Fk _ iqn§y P Pq Ox7 : 
Ox™ 8 mn 8 mn 
3 re) fe) re) re) fe) 
(a) [pm,q] + [gmp] = 4( 5 bq eng bm y(— 4 Emp = Eqn Bbq 
Ox™ = xP xT Ox™ x7 Ox? Ox 
(b) 2 gi*, , = Clara = 0. Then 
Ox™ tj Ox™ * 4 ° 
k 8: j Og!* es ae ae og”* _ _dk 985; 
Ox™ Ox™ “tj tf Oy™ Dy 
Multiplying by gi”, g'”g Ogi" Se a] 
, tJ Ox™ Ox” 
vb a 
i.e. 5 ee Z — git gi ({am.7] + [imei] 


Og” ir fk je for 
ie: ae yim Oe jm 


and the result follows on replacing r,k,i,j by p,qg,n,n respectively. 


(c) From Problem 31, g = Biz G(j,&) (sum over & only). 
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Since G(j,k) does not contain Bip explicitly, OB = G(j,r). Then, summing over; andr, 


2g, 
OB = Og jr = G(j,r) Bp 
Ox™ = Og. Ox” "Ox" 
jT 
ir 85, 


— get” (Limr] + [rm,j]) 


Thus 


1 C4 = ] or i = 2. invg 
2g Ox™ 1m Jim Ox” 


The result follows on replacing j by p andm by q. 


46. Derive transformation laws for the Christoffel symbols of (a) the first kind, (b) the second kind. 


OP Oat 
(a) Since Bip = oi ack k 8pq" 
cy tk, BP at pg Ber, BP M5 OP Oat, 
xz agi Oe Ox7 Oe" «= -DzF DEM OEk PT -OeM OeI ORR PY 


By cyclic permutation of indices j,k,m and p,q,r, 


Q) > Ban “s 0x9 Ox” 85, Ox? A Ox? Ox" ; Fs ee ox" 
oJ de® BE" Be? ded ge ogiog™ 97 = ogdag® OR” “gr 
A 
Ox? Oz™ Oz5 O97 Oe® de™ Oe’ Gxt 7h = deh Oe™ Ogi =P 


Subtracting (1) from the sum of (2) and (3) and multiplying by z, we obtain on using the definition 
of the Christoffel symbols of the first kind, 


Ox? O29 2 Ox? ond 
4 ik, = iv 
(4) [jk,m] jk ~ (pa r] + ik ae B54 


zm Ox” Ox” 
Oe ost 


cam. (OP x7 Aer Oem ORM Ox? Ox? Den Oe™ 
Bm (ikem) = 359 age om des Det © [PUT] * SF age Bem es Dat © Pa 


(b) Multiply (4) by gst to obtain 
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n x? Ox? ORM or got Ox? ORM od gy 
= a Petackes S pace i 5 $s 
axe tif Sei Bet ays eS Lear] + Sie as § O85, 
_ oe dxf a {eh oP Onn 
OJ On” OxS UPI Oz Ox® Ox? 
T g $s 
since 8 ge’ [par] = gS (par) = {:} and 3. gst ie eg, = 8. 
o x™ {n} Ox” Tg Ox! {nt 
47. Prove ; = : a Se, Sars ‘ 
Oxd oxk jkY oxn ox! ox® (pq 
PG ep 
From Problem 46 (5), {i} = Ox! Ox! OR? { a + ox oR 
jk zi Ox? OxS (Pg Oxd Oz Ox? 
; Out n\ Ox™ ax? Ox? om (is \ Or om 
’ Ox" Oe ga (OF Urs ——; 5 
aa Ox” ve Fal ox) Ox * . : oxI Ogk ? 
= Ox? x9 { a \ + oe 
oxi de® (Pq dz/ Ox” 
ox" 
Solving for —* _ the result follows. 
Ox/ Ox” 


48. Evaluate the Christoffel symbols of (a) the first kind, (6) the second kind, for spaces where 


=0 if ‘ 
4 Pq 
@g,, og Og Og 
(a) If p=q=r, [pq.r] = [pp.p] = 2( BE oy Pn =H a 
Ox? "SP Ox? 2 Oy? 
Og, Og Og Og 
Ifp=q#r, [pgr] = [ppr] = 1( <tr « er _ “e) - —. PP | 
OP xP Ox” 2 Ox" 
Og Og Og Og 
If p=r#q, [pagar] = [pgp] = 1( =H ae <x) a a 
0x9 Ox? Ox? 2 3x9 
If p,q,r are distinct, [pq,r] = 0. 
We have not used the summation convention here. 
(6b) By Problem 43, gl =p (not summed). Then 
ei 


s sr ss [pq.s] , 
= g°"[pq,r] = 0 if r#s, and = g°°[pq,s] = oon (not summed) if r=s 
SS 
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fs) 
If p=q=s, eet eel eh “ee = 12 ing 
Pq Pp B54 264 Ox? 2 OP bp 
rs) 

Ss s [ pp.s | 1 Epp 

If p= 5 = = oe TF eC 7 

Beane ve {h B55 2855 Ox° 

[Pap] 1 °%p 193 

uprsta, fi b= f? = = q = 5 ag M&,,- 
Pq Pq By 8, Ox 2 Ox bp 


If p,q,s are distinct, { . = 0. 


49. Determine the Christoffel symbols of the second kind in (a) rectangular, (5) cylindrical, and 
(c) spherical coordinates. 


We can use the results of Problem 48, since for orthogonal coordinates Bq = 0 if p#q. 


(a) In rectangular coordinates, Sy ile so that {<i = Q. 


(6) In cylindrical coordinates, x1 = 0, x2 =, x9 =z, we have by Problem 30(a), ts sks 2.3 0 a 
The only non-zero Christoffel symbols of the second kind can occur where p=2. These are 


fe) 
a 1 b50 10 9» 
= oo SF -~-() = —/)—, 
va 28. Oxt 2 00 
Oe aan ee Se tt? ps — 
21 12 2855 xt 20? 00 ane re) 


(c) In spherical coordinates, xt=r,x?= 0, x=, we have by Prob. 30(6), Pen r2, Baa™ r2 sin?0, 
The only non-zero Christoffel symbols of the second kind can occur where p=2 or 3. These are 


{ at 1 980 1 0 
ee 
22 2g,, Ox" 2 Or 
os {2\. 2 Se. toe. 
21 12 2B Ox? 2r? Or r 
3 
{ * Bs ashes SOS et Oe ar = —rsin’? 
33 284, oxt 2 Or 
f) 
ae soft eee 2 ski 2 aro) = —sinOcosO 
33 2850 Ox? or? 06 
3 
{ab-{a}- 1 S% 2 1 9 pe ginegy = 1 
31 13 2825 Ox} 2r? sin? @ or r 
3 
1nt-{3}- sir je OS, 1 sll Oe ied, = cotd 
32 23 2854 Ox? ar? sin?O 00 
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GEODESICS. 


t 
50. Prove that a necessary condition that /] = f : F(t,x,%) dt be an extremum (maximum or min- 
t 
imum) is that 2F — @ (2F) — 9. : 
Ox dt ox 


Let the curve which makes / an extremum be x = X(t), ty£tQ to. Then x= X(t)+ E7)(t), where € is 
independent of ¢, is a neighboring curve through ¢, and & so that 7)(t,) = 7)(t2)=0. The value of / for the 
neighboring curve is 


i : 
I(€) = f * FU, X+En, X+EN) dt 


ty 

This is an extremum for €=0. A necessary condition that this be so is that aL =0. But by differ- 
entiation under the integral sign, assuming this valid, ae 

dl = T° (oF nN + OF 7) dt = 0 

dé €-0 ty Ox Ox 
which can be written as 

to te ty to 
f a) ee needa = f Ate ae SEV a a 
an x Ox ty ty dt ox te Ox dt Ox 
Since 77 is arbitrary, the intesrand 2© — 4 (SF, = 9, 
Ox dt Ox 


to 
The result is easily extended to the integral f Ft, x1, x1, x2, 22, 0.24, x4) de 
ty 


OF _ d_/OF 
Ox” dt Ox? 


and yields 


called Euler’s or Lagrange’s equations. (See also Problem 73.) 


51. Show that the geodesics in a Riemannian space are given by Fe 


to / 
We must determine the extremum of By q x? 24 dt using Euler’s equations (Problem 50) with 
ty 


F= “Ey x? 37 we have 


Og 
cL Ie ee ee le ge 
Ox? 2 Pq Ox? 
OF 2, (g 3? £7)-1/2 22 yp 
OnF 2 °° bq bk 


Using as = B 5g xP x4 » Euler’s equations can be written 
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op P) 
Bay * g 
£ (PR) ~ 5 ta Pw = 9 
dt Ss 2s Ox? 
Qe, .p 1 8, Evy x? 
or a8 + aA LP a es! 
P x7 2 OF s 
Og Og,, 8 
Writing PE? ahs a pees + — ae) this equation becomes 
Ox! 2 0x9 = Ox? 
by i 
g 2 + [pq,k] ” ais i 2 aan 
pk $ 


If we use arc length as parameter, s=1, s=0 and the equation becomes 


2p P 49 
d x dx’ dx _ 
Sok ds? + [pq] ds_ ds aa 
Multiplying by gt, we obtain 
dx” + e dx? dxf = 0 
ds? Pq ds_ ds 
THE COVARIANT DERIVATIVE . 
52. If A, and AP are tensors show that (a) A, = ss oe ce, 
p PF Ox9 pay 
p 
and (b) ae = oA , { 4 ba are tensors. 
9 Ox? gs 
. = Ox" 
a) Since A, = —- A,, 
aces alberta 
‘5 C4; Bat Oy xt Sat 
Ox” Ox) Ox? Oz” gi ozk * 
From Problem 47, 
ox { n \ Ox” Ox? Ox! { r | 
zd ORF EY gen og ogk Ue! 
Substituting in (1), 
ree dae or he aes aay 
or ont az Ox! RY an "gd gk LETS” 
ax? Ox] OA, n _ ax? Ox4 s 
= oe See ey ge . Ay se ok, s 
Ox Oe a,9 ik ozs Ox” (Pg 


or 
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OA 

and 59 _ { . \ A, is a covariant tensor of second rank, called the covariant derivative of A, with 

My Pq 
respect to x? and written Ay g ‘ 

2G <j 

(b) Since Te - OF A 
Ox” 
_4 ° Q -. 
Bs OA! oe Ou" et Oe Ont ir 
Ox” Ox” Ox? Ox" Ox” Ox? Ox” 


From Problem 47, interchanging x and x coordinates, 


22. {thee ee {ih 
Ox" Ox? rt y 9," Ox” Ot Ui! 
Substituting in (2), 
Sy a ee eg a 
Ox Ox” Ox? Ox? re Ox Ox? Ox” Oxe Ox il 
_ oe det oa”, find oel ant yr et St Sid yr 
Ox” Ox" Ox" re Ox” Ox ® Ox” Ril 
- wma, fol alate _ fitz 
OxP Iz® x9 Sd) OyP Ox* ifs 


or 


ge ki OxP ox? \Ox9 qs 


s 
and og + a iz is a mixed tensor of second rank, called the covariant derivative of ae with 
s 


b 
respect to x’ and written Aig ‘ 


53. Write the covariant derivative with respect to x? of each of the following tensors: 
He es fl ea ae jel 
(a) Ars (b) A’, (c) Ay, (d) Ary (6) Anas 


OAn 
Gi da eee { : 
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54. Prove that the covariant derivatives of (a) bin , (b) gi® (c) 5 are zeTo. 


(a) ae : : 
Fin .g a jg f Bsr ka Sis 


Cig.k] — [kaj] = 0 by Problem 45(a). 


jr it sk ki js _ 
b = + + = QO by Problem 45(6). 
(6) g 9 344 {ihe {i\, y (0) 


55. Find the covariant derivative of AY Bin with respect to x! , 


: O(A.B, ) ‘ : 
(A BN) a Ron ~ {ikem - {shat 


lb 
> 
=| fev) 
R nS 
a Gay 
I 
(Poa, 
~ 
Q 
——_ 
Pte 
+ 
ree, 
2~ 
—— 
me 
aw 
~~” 
& 
s 3 


This illustrates the fact that the covariant derivatives of a product of tensors obey rules like those 
of ordinary derivatives of products in elementary calculus. 


56. P ARB) > 
. Prove 8, ve dig = Bi, n4g° 


km km km - km 
CG, An iq = Bing AL- b Ang = 8, Ang 


since g., _=0 by Prob. 54(a). In covariant differentiation, g.., ght and = can be treated as constants. 
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GRADIENT, DIVERGENCE AND CURL IN TENSOR FORM. 


b 


57. Prove that divA = ge A’). 


oh. 
Vg Ox® 


The divergence of 4? is the contraction of the covariant derivative of AP, i.e. the contraction of 


AP or A . Then, using Problem 45(c), 


k 
aivAh = AP, OA” {aha 
Ox® =P 
Cy ban) k oma Ove. kk 1 2 h 
: + (—— lav g)A (— yA oe oe A) 
Ox? , ax® og Ox* Vg Ox 

) of 

58. Prove that V?@ = —& —_(Vg gk? —) 
Vg Ox Ox” 

The gradient of Dis grad P= VH= Js , & covariant tensor of rank one (See Problem 6(b)) de- 
x 
fined as the covariant derivative of &, written P,. The contravariant tensor of rank one associated with 
@ , is ae ght oP Then from Problem 57, 
, Ox" 
2 oP 1 oO of 
Vd = divi’ —y = == yg gh —) 
Ox" Vg Ox Ox 

oA, OA, 

59. Prove that Ap q = Ag p = = Ss 
, . x9 Ox? 


; j 7 OA, { % \ Ag {: a - OA, OA, 
bq ~ “4p = arta Sop: ee a s Se ge oe 
0x7 Pq Ox? qP Ox9 Ox? 


This tensor of rank two is defined to be the curl of Ay. 


60. Express the divergence of a vector a in terms of its physical components for (a) cylindrical, 
(b) spherical coordinates. 


(a), For cylindrical coordinates x1=p, x7=@, x =z, 


1 0 0 
g = 0 p20] = p? and Vg=p (see Problem 30(a)) 
001 


The physical components, denoted by 4,, 4g, Az are given by 


A, = Vg, A= A, Ag= Ved = pa, Az = Vg, A = A 
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Then 


2/5 Ay 


div ae 7 b 


oy 
Y 


1,0 tC) C) 

Feel peas eee es — A 
pl 3p (er) +t ag + are z)] 
(b) For spherical coordinates x/=r, x7 =0, ®=¢, 


1 0 0 
g = 0 r? 0 = r*sin?@ and vg =r2sinQ (see Problem 30(b)) 
0 O r*sin?O 
The physical components, denoted by Ay. A, LA p are given by 


1 1 2 2 3 3 
A, = Vg Ad =A, Ay = Ve A = rA, Ay = Vg A = rsin@ A 


Then 


5" sin9 A,) + Ad sin 0 Ag) + S504) 


= 12 gg, + 1 2 (sin6 A,) + : OAg 


61. Express the Laplacian of ©, VS, in (a) cylindrical coordinates, (b) spherical coordinates. 
(a) In cylindrical coordinates g+=1, g“= 1/07, g*°=1 (see Problem 35(a)). Then from Problem 58, 
Ve = 


3 @ 31% 9 
[_—(p =) +§ — pt 10 
apap * ap 26 a Ode? 


3 I 
Car ot Se er 
: Ye xk! oe” 
: Lf Og OD |, 20 ey OP On) LA OP 
= emg ls, sind S) + 5g sinO so) + aE xp)! 
190 ,o®b 1 oO ob 1 om 


= SS ee fp 2 oe ey seers 
aaa) + sg 3g Slag) + wate OP 
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INTRINSIC DERIVATIVES. 

62. Calculate the intrinsic derivatives of each of the following tensors, assumed to be differentiable 
: : a 

functions of t: (a) an invariant ®, (b) At, (c) AY (d) Aras 


q q 
(a) 8B. ®D, dx. OP de | , the ordinary derivative. 
5t qT de Ox? de dt 
j i yd j q I nd q 
ayet. « gi al 2 [ee {ike dxl _ OA" dx {iba a 
St "9 de x7 qs dt On? dt qs dt 
2 ale i \ ys dxf 
dt qs dt 
J Jj 
Pes ey ae om fi fils) a 
3, ~ 4h de ae kqf $s qsf t 
j 
: as ee 3 j axl Pa gs ae 
dt kqf S dt qsf k dt 
jk jk 
(d) OA an is jk dx! Aran _ Js alt _fs ale 
Se lmn.g dt aut lq ‘s mqgf isn 


s aon dxf 

~ dt lqf smn dt mq lms dt 
% j sk dx k js dx’ 
qs} lmn dt qs§ imn dt 


J 
8g, q Sok q 88, Gand 
‘Lam Ge ings, ea Sg Lier = 8 dx = 0 by Problem 54. 
ot 7 dt 


RELATIVE TENSORS. 
64. If Ag and BS are relative tensors of weights w, and w, respectively, show that their inner and 


outer products are relative tensors of weight w, + w,. 


By hypothesis, 
7? = jy Oxt Ox ‘a B™ = sve ox! ox” Ox! RB 
k OxP Oxk 9 m Ox? OxS OxN ¢ 
_ wd slm wytw, OFF x7 Ox! Oe™ Ob OP Urs 
The outer product is A- B = jt = Ss Cl ASO 
kon OxP Oz? Ox OS Oz" I t 


a relative tensor of weight w,+w.. Any inner product, which is a contraction of the outer product, is also 


a relative tensor of weight w, two. 
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65. Prove that Vg is a relative tensor of weight one, i.e. a tensor density. 


The elements of determinant g given by E59 transform according to Bin aor ica 7 


Ox? 


Ox? | | dx 
Ox? 


Oxd 


2 , 
Taking determinants of both sides, Zz = g=J-g or Vg=JvVg, which shows 


that Vg is a relative tensor of weight one. 


66. Prove that dV = Vg dx* dx? ... dx” is an invariant. 


By Problem 65, dV = Ve dzt dx?... dx” = Vg J dx* dx? ... dz! 
Vg | 2% 1 azt ax? ... dz = Vg det dx2... dx” = av 
bd 


From this it follows that if ® is an invariant, then 
fifa = fi fea 
T v 


for any coordinate systems where the integration is performed over a volume in N dimensional space. A 
similar statement can be made for surface integrals. 


MISCELLANEOUS APPLICATIONS. 


67. Express in tensor form (a) the velocity and (b) the acceleration of a particle. 


R 
(a) If the particle moves along a curve x” = x(t) where é is the parameter time, then v” = oe is its ve- 
locity and is a contravariant tensor of rank one (see Problem 9). 
dvk  d?xk 


(6) The quantity ae ae is not in general a tensor and so cannot represent the physical quantity 


acceleration in all coordinate systems. We define the acceleration ak as the intrinsic derivative of 


Rk 
the velocity, i.e. a® = a which is a contravariant tensor of rank one. 
t 


68. Write Newton’s law in tensor form. 


Assume the mass M of the particle to be an invariant independent of time ¢. Then wa" = FP a 


contravariant tensor of rank one is called the force on the particle. Thus Newton's law can be written 


R 
Fe = Mak = y 2 
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k k qg 
69. Prove that a” = bur d x + it dx? dx 


St dt? dt dt 
Since vF is a contravariant tensor, we have by Problem 62 (5) 

R R q 2k q 
be deg RY sax’ CL Ee, {hh pa 
dt dt qs dt dt? gp dt 

_ @xk fk ak ad 
dt pay dt dt 


70. Find the physical components of (a) the velocity and (b) the acceleration of a particle in cylin- 
drical coordinates. 


(a) From Problem 67(a), the contravariant components of the velocity are 


dxt do  dx* do , dx® _ dz 
dt dt’ dt dt dt dt 


Then the physical components of the velocity are 


dx* dp dx? dd dx? dz 
ee eee Gan s at a 
ba, dt dt’ S520 dt dt 


2 
using g,, = 1, 80= PP» 8,71. 


(6) From Problems 69 and 49(b), the contravariant components of the acceleration are 


: dx! Si ee ae dp bys 

a —} __ — .— — ee as — 
dt? 229 dt dt dt? e dt 

2 | dx? , J? dx dx? , J? deed ° dd +2 dp dp 

a Oe 12f de de afd: de d®@ " pDde de 
2 

and a = x = dz 

dt? dt? 


Then the physical components of the acceleration are 
Ve,0 = p- ph, Ve, 0 = ph+2pp and vg ae = 7 


where dots denote differentiations with respect to time. 


Wi. If the kinetic energy T of a particle of constant mass M moving with velocity having magnitude v 
is givenby T = 3Mv? = 2Mg,, x? x7, prove that 


d,oT, OF 


d oT - i 
dt Oa xk “h 


where a, denotes the covariant components of the acceleration. 


Since T = 3Mg ae 27, we have 
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& 
OT LS ty PO OT Lk ye Tang 2 27) = Mg," + EG 5739) 
Ox” 3x gh ng de ox q od 
nC 3g 
then 2,27) OF u(« cs mei a Oi a rag a A ot) 
dt oxk Ox* kq Oxd 2 Oxk 
3 3 3 
- mule 39 + 4, Set, Se _ oa 8) 
4s ae a 


= Me, 29 + [pq,k] 2? 2% 


= M oof + r 7) °g = M ris = Ma 
br (: {rh : Sor k 


using Problem 69. The result can be used to express the acceleration in different coordinate systems. 


72. Use Problem 71 to find the physical components of the acceleration of a particle in cylindrical 
coordinates. 


Since ds? = dp?+ pdb dz”, v? = (SEY = 67+ p°h? +3? and T = Mv? = $M(6"+ oP? + 2), 
From Problem 71 with x+=p, x?=, x®=z we find 
oe i d 
a = p-pd, ag= (o>), ag = % 


Then the physical components are given by 


since 8, = 1; Base p" oe es 1. Compare with Problem 70. 


73. If the covariant force acting on a particle is given by Fy =— ae where V(x?, ..., Pl ) is the 
x 
' d ,oL OL 
potential energy, show that —(—~—) — —=— = 0 where L=T~-—YS. 

dt BF Oxk 

From L =T—YV, OL oF since V is independent of %*. Then from Problem 71, 
Oxk § OxR 

d ,oOT OT OV d OL OL 
— —-~ => = Ma, = Fy = ~= > and =(5+) —- “ = 0 
de De® Oak k k Suk de De® ak 


The function L is called the Lagrangean. The equations involving L, called Lagrange’s equations, 
are important in mechanics. By Problem 50 it follows that the results of this problem are equivalent to the 


ty 
statement that a particle moves in such a way that i) Ldt is an extremum. This is called Hamilton’s 
rt 


principle, 
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74. 


715. 


76. 
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Express the divergence theorem in tensor form. 


Let ae define a tensor field of rank one and let v% denote the outward drawn unit normal to any point 
of a closed surface S bounding a volume V. Then the divergence theorem states that 


a ies 


V 5 


l 


For N dimensional space the triple integral is replaced by an N tuple integral, and the double integral by 
an N—1 tuple integral. The invariant A k is the divergence of A’ (see Problem 57). The invariant 
AR y, is the scalar product of AR and 4, analogous to A-n in the vector notation of Chapter 2. 


We have been able to express the theorem in tensor form; hence it is true for all coordinate systems 
since it is true for rectangular systems (see Chapter 6). Also see Problem 66. 


Express Maxwell’s equations (a) divB = 0, (5) divD = 479, (c) VxE =— i 3B (d) VxH = a 


’ 
: t 
in tensor form. 


Define the tensors B®, Dé, E,, H,, I k and suppose that © and c are invariants. Then the equations 


k’ 
can be written 
(a) B", = 0 
R 
(6) D 2 4770 
j f 
jkq _ 1 OB jeq _ 1 OB 
(c) ~E" TE S42 2 “ory Eek aS ene 
kg ¢c Ot k,q c Ot 
dy ey ant! o ey Os K art! 
kg Cr kg C 


These equations form the basis for electromagnetic theory. 


= 7 : e . 
(a) Prove that Ay gr _ Aging = Rogr A, Where Ay is an arbitrary covariant tensor of rank one. 


n : = n ‘ 
(b} Prove that Ror is a tensor. (c) Prove that Kors ae Mog is a tensor. 
OA . 
el ] ] 
©) Ab,qr “5.9.7 Ont i “ia {int Pj 


By interchanging ¢ and r and subtracting, we find 


77, 


78. 


79. 


80. 


81. 
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Neh Sate Aa Sa 
Pry Uigy ® Ox? (Pay J Pap lirf ® Ox? Uprf 3 
k ] re) ] k i f) i 

{rt enh 4 = ati : foot (ey 4 : ati b 4 


j 
A. 
Rear 44 


Go SENG 3 Oo fft _ fFXUGSi 2 fi 
— Kegr 7 detent Ae ay dnot {ary F Ox {it 


Replace j by n and the result follows. 


Ay gr = Ab rg 


(b) Since Ay or _ Ay rg is a tensor, Rear A,, is a tensor; and since A, is an arbitrary tensor, Rear is 


a tensor by the quotient law. This tensor is called the Riemann-Christoffel tensor, and is sometimes 
n 


3 v4) eoeo7 . 
written R Ry gre or simply Ry ar - 


“pqr’ 


(c) Roars = Bns Reve is an associated tensor of Reor and thus is a tensor. It is called the covariant 


curvature tensor and is of fundamental importance in Einstein’s general theory of relativity. 


SUPPLEMENTARY PROBLEMS 


Answers to the Supplementary Problems are given at the end of this Chapter. 


Write each of the following using the summation convention. 


(a) a,x4x® + a,x?x® + 1. + ay x!x° (c) A! pt + A? B? + ALB +... + ae 
21 22 23 2N 
(b) AB, +A” B, +A’ B+... +A” By (d) gg + ee + oe, + a s,, 
(e) BYt* + Bie? + Bo + Be? 


Write the terms in each of the following indicated sums. 
; sj dk 
(a) vg A), N=3 (by AvP Be C,, N=2 (c) S- Ox" 
Ox J Ox Ox” 


What locus is represented by a, xPxk =1 where xP k=1,2,...,N are rectangular coordinates, a, are 
positive constants and N=2,3 or 4? 


ae 
a 


If N=2, write the system of equations represented by a bq” 


a ak 
Write the law of transformation for the tensors (a) AS , (b) By » (c) Cy. (2) Aq. 
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82. 


83. 


84. 


85. 


86. 


87. 


88. 


89. 
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Determine whether the quantities B(j,k,m) and C(j,&,m,n) which transform from a coordinate system 
x? to another x? according to the rules 

Ox! Ox oxt 
Ox? Oz7 Ox™ 
are tensors. If So, write the tensors in suitable notation and give the rank and the covariant and contra- 
variant orders. 


(a) B(p,q.r) = B(j,k,m) (b) C(p.9.7.8) Pe ae A an eee ete ae C(j,&,m,n) 


How many components does a tensor of rank 5 have in a space of 4 dimensions ? 


Prove that if the components of a tensor are zero in one coordinate system they are zero in all coordinate 
systems. 


Prove that if the components of two tensors are equal in one coordinate system they are equal in all co- 
ordinate systems. 
k 


k k 
Show that the velocity oe = v” of a fluid is a tensor, but that a is not a tensor. 


Find the covariant and contravariant components of a tensor in (a) cylindrical coordinates :, p,z, 
(6) spherical coordinates r,0, Pp if its covariant components in rectangular coordinates are 2x —z, xy, 


Ye. 


The contravariant components of a tensor in rectangular coordinates are yz, 3, 2x+y. Find its covariant 
components in parabolic cylindrical coordinates. 


b p 
q q 


Evaluate (a) 8¢ By’, (6) 89 BLA, (0) 8p 8 Bye (d) 8g By 8% Bp. 


" 
90. If ae is a tensor, show that ri is a contravariant tensor of rank one. 
1 7k , ‘ ‘ ; bag 
91. Show that Orn = 0 j#k is not a covariant tensor as the notation might indicate. 
7 _ of ox? 5 
. f A = A =: —— ¥ 
92. I b sep g prove that Ag 5.4 Ay 
7? _ OP OxS 49 q _ Ox Ox” -? 
93. If A, = 2 = A! prove that 40 = 4% &@ 4. 
af Ox? Oxr S sg %P Oxs a 
2 
94. If is an invariant, determine whether 5 pag is a tensor. 
Ox? Ox9 


95. 


96. 


97. 


98. 


99. 


p 
If A, and B, are tensors, prove that ri BT and i B! are tensors and determine the rank of each. 


p Pq 
Show that if Fi is a tensor, then a + a is a symmetric tensor and A ve Ag? is a skew-symmetric 


Sr 
tensor. 


Pg 


“eS A By. is symmetric. 


If ara and Brs are skew-symmetric tensors, show that cP4 - 


If a tensor is symmetric (skew-symmetric), are repeated contractions of the tensor also symmetric (skew- 
symmetric) ? 


p 


Prove that Ang x Pil = 0 if Ang is a skew-symmetric tensor. 


100. 


101. 


102. 


103. 


104. 


105. 


106. 


107. 


108. 


109. 


110. 


111. 


112. 
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What is the largest number of different components which a symmetric contravariant tensor of rank two 
can have if (a2) N=4, (b)N=6? What is the number for any value of N ? 


How many distinct non-zero components, apart from a difference in sign, does a skew-symmetric covariant 
tensor of the third rank have ? 


if aba is a tensor, prove that a double contraction yields an invariant. 


Prove that a necessary and sufficient condition that a tensor of rank R become an invariant by repeated 
contraction is that R be even and that the number of covariant and contravariant indices be equal to R/2. 


Ss 
If Ay and B sare tensors, show that the outer product is a tensor of rank four and that two inner prod- 
ucts can be formed of rank two and zero respectively. 


If A(p.q) Bg = cP where By is an arbitrary covariant tensor of rank one and rei is a contravariant tensor 
of rank one, show that A(p,q) must be a contravariant tensor of rank two. 


Let a and Bg be arbitrary tensors. Show that if ae By C(p,q) is an invariant then C(p,q) is a tensor 
which can be written & : 


Find the sum S=A+B, difference D= A—B, and products P= AB and Q=BA, where A and B are the 


matrices 
en a 3-1 B = 4 3 
2 4 —-2 -1 
2 0 1 1 —1 2 
(6) A = —-1 —2 2q, B= 3 2 —4 
-1 3 1 —-1 —2 2 


Find (3A—2B)(2A—B), where A and B are the matrices in the preceding problem. 


(a) Verify that det (AB) = {det A} {det B} for the matrices in Problem 107. 
(b) Is det (AB) = det (BA) ? 


—-3 2 —1 
3 —~l 2 
Let A = , B= - 
(: 9 ‘) 1 3 2 
2 1 2 
Show that (a) AB is defined and find it, (6) BA and A+B are not defined. 


2-1 3 x 1 
Find x, y and z such that 1 2 —4 ¥ = —3 
—1 a -=2 z 6 


The inverse of a square matrix A, written A~* is defined by the equation AA~+ =], where / is the unit 
matrix having ones down the main diagonal and zeros elsewhere. 


1 -1 1 
Find A~* if (a) A = é 2 . (b) A = 2 i | 


Is A~*A =! in these cases ? 
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113. 


114. 


115. 


116. 


117. 


118. 


119. 


120. 


121. 
122. 


123. 


124. 


125. 


126. 


127%. 


128. 
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2 1 —2 
Prove that A = 1 —2 3 has no inverse. 
4 3 4 


Prove that (ABY* = B71471, where A and B are non-singular square matrices. 


Express in matrix notation the transformation equations for 
(a) a contravariant vector (b) a covariant tensor of rank two (c) a mixed tensor of rank two. 


2 


nae and X is an arbi- 
—3 I 


Determine the values of the constant X such that AX=XAX, where A = ( 


trary matrix. These values of X are called characteristic values or eigenvalues of the matrix A. 


The equation F(A)=0 of the previous problem for determining the characteristic values of a matrix A is 
called the characteristic equation for A. Show that F(A)=O, where F(A) is the matrix obtained by re- 
placing X by A in the characteristic equation and where the constant term c is replaced by the matrix c/, 
and O is a matrix whose elements are zero (called the null matrix). The result is a special case of the 
Hamilton-Cavley theorem which states that a matrix satisfies its own characteristic equation. 


f yeu 
Prove that (AB) =B A 


Determine the metric tensor and conjugate metric tensor in 
(a) parabolic cylindrical and (b) elliptic cylindrical coordinates. 


’ ; = r 

Prove that under the affine transformation =<” = a’ x’ + 6", where a” and 4%. are constants such that 
aban = 4 , there is no distinction between the covariant and contravariant components of a tensor. In 
the special case where the transformations are from one rectangular coordinate system to another, the 
tensors are called cartesian tensors. 

jr 


Find g and g’ corresponding to ds? = 3(dx+)? + 2(dx2)* + 4(dx°y° — 6dx1dx°. 


If Ae = eA, , show that A; = Ba, An and conversely. 


Express the relationship between the caaeuaeies" tensors 


bq *q bag jr 
(a) A’ and A, » (6) AL. and Ava (c) A and Alea: 


, (b) Age By" = BAe = A BP . Hence demonstrate the gen- 


Bh APap 
me Bars 
eral result that a ‘ian symbol in a term may be lowered from its upper position and raised from its 
lower position without changing the value of the term. 


p p ‘qT T 
= BY .C_, th A = . 
gr gor en por = Bag C, and A, = B, C Hence demonstrate the result 


that a free index in a tensor equation may be raised or lowered without affecting the validity of the equa- 
tion. 


Show that (a) A, 


Show that if A 


b 
Show that the tensors Bq" ghd and 6 are associated tensors. 


zJ q ik Ox? ak 
Prove (a) E_ = Ox (b) git Ont _ ,P9 Ox” 


a,b  °PT agk’ ai ® ed 


If ar is a vector field, find the corresponding unit vector. 


129. 


130. 


131. 


132. 


133. 


134. 


135. 


136. 


137, 


138. 


139. 


140. 


141. 


142. 


143. 


144. 


145. 


146. 


147. 
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Show that the cosines of the angles which the 3 dimensional unit vector u* make with the coordinate 


curves are given by 


Ue 
Eg 


fis 


os 
"8 


Determine the Christoffel symbols of the first kind in (a) rectangular, (b) cylindrical, and (c) spherical 
coordinates. 


Determine the Christoffel symbols of the first and second kinds in (a) parabolic cylindrical, (b) elliptic 
cylindrical coordinates. 


Find differential equations for the geodesics in (a) cylindrical, (6) spherical coordinates. 
Show that the geodesics on a plane are straight lines. 
Show that the geodesics on a sphere are arcs of great circles. 


Write the Christoffel symbols of the second kind for the metric 
ds? = (dx*? + [(x2? — (x)?] (dx?y" 


and the corresponding geodesic equations. 


Write the covariant pie oa with respect to Pl of each of the following tensors: 


(2) al, (b) Ay bs (ey Ad, @) ASP (ey al® 


kim Imn * 


Find the covariant derivative of (a) Bip AR, (b) re By, (c) 3) A; with respect to x7, 


Ly 


to obtain the covariant derivative of yu from the covariant derivative of A 


Use the relation A’ =g » 


If ® is an invariant, prove that ©, pq= LD. gp. i.e. the order of covariant differentiation of an invariant 
is immaterial. 


r 
Show that € and <4 are covariant and contravariant tensors respectively. 


par 


Express the divergence of a vector a in terms of its physical components for (a) parabolic cylindrical, 
(b) paraboloidal coordinates. 


Find the physical components of grad @D in (a) parabolic cylindrical, (b) elliptic cylindrical coordinates. 
2 
Find V © in parabolic cylindrical coordinates. 
r 
Using the tensor notation, show that (a) div curl A = 0, (b) curl grad ® = 0. 


Calculate the intrinsic derivatives of each of the following tensor fields, assumed to be differentiable 
functions of ¢: 


(a) A,, (b) ad » (c) A; BP . (d) pal where ¢ is an invariant. 


. oh sthcth : k 3 jor 
Find the intrinsic derivative of (a) bin A, (b) oN A; » (c) Bs, 5, Ay . 


d bq _ 5 P94 24g 
Prove dt (g Ay Ag) = 2g Ay 5 : 
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148. 


149. 


150. 


151. 


152. 


153. 


154. 


155. 


156. 


157. 
158. 
159. 
160. 


161. 


162. 


163. 


164. 
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Show that if no external force acts, a moving particle of constant mass travels along a geodesic given by 


Soda 
—(—) = 0. 
Seas” 


Prove that the sum and difference of two relative tensors of the same weight and type is also a relative 
tensor of the same weight and type. 


pq, pq: 


If A, is a relative tensor of weight w, prove that g-w/e A, is an absolute tensor. 


IS 
If A(p.q) a = C> , where Be is an arbitrary relative tensor of weight w, and C, is a known relative 
tensor of weight w., prove that A(p,q) is a relative tensor of weight wo—w,. This is an example of 
the quotient law for relative tensors. 


Show that the quantity G(j,4) of Solved Problem 31 is a relative tensor of weight two. 


Find the physical components of (a) the velocity and (b) the acceleration of a particle in spherical co- 
ordinates. 


Let A” and B’ be two vectors in three dimensional space. Show that if \ and , are constants,then 
CT =) A+ B” is a vector lying in the plane of A’ and B”. What is the interpretation in higher dimen- 


sional space ? 


Show that a vector normal to the surface $(x1,x?,x°) = constant is given by A? « ged =. Find the 
corresponding unit normal. . 


Oo 
The equation of continuity is given by V. (ov) + a. = 0 where co is the density and v is the velocity of 
a fluid. Express the equation in tensor form. 


Express the continuity equation in (a2) cylindrical and (5) spherical coordinates. 

Express Stokes’ theorem in tensor form. 

Prove that the covariant curvature tensor Roars is skew-symmetric in (2) pandg, (6) rands, (c) gands. 
Prove Rpgrs = Rrspq: 


Prove (a) Roars + Rosqr + Rorsq = 0, 
(6) Rogrs + Rrqps + Rrspq + Rosrq = 9- 


Prove that covariant differentiation in a Euclidean space is commutative. Thus show that the Riemann- 
Christoffel tensor and curvature tensor are zero in a Euclidean space. 


p 
Let 7? = a be the tangent vector to curve C whose equation is oe = Pies where s is the arc length. 
q q 

(a) Show that E4q T? T7=1, (b) Prove that Byq Tr? or = 0 and thus show that no = 7 rv is a unit 
q 

normal to C for suitable K. (c) Prove that oN is orthogonal to N°. 

1S 
With the notation of the previous problem, prove: 
pg P §Nn9 7 dno q 
(a T N =0, (6 T -——=-xk or —+KxkT )=06. 
) Bbq ) bg" Ss Bq Se 


Tr 
(ex +K T’) is a unit vector for suitable 7 orthogonal to both ri and N’. 
s 


Hence show that B” = 4 
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165. Prove the Frenet-Serret formulas 


p p p 
OTe ee HONE 7B’ — KT’, 6B. _ ry? 
5s ds 


where 7?. n? and B? are the unit tangent, unit normal and unit binormal vectors to C, and K and 7 are 
the curvature and torsion of C. 


166. Show that ds? = c2dx4° — dx® dx” (N=3) is invariant under the linear (affine) transformation 
xi = Y(xt—vx4), Se x?, Pax, xt = y(x* a xt) 


2 

where Y,6,c and v are constants, G =v/c and y=(1—8 )-1/2. This is the Lorentz transformation 
of special relativity. Physically, an observer at the origin of the xt system sees an event occurring at 
position x1,x2,x8 at time x4 while an observer at the origin of the xt system sees the same event occur- 
ring at position z*,%7,z° at time x*. It is assumed that (J) the two systems have the x* and x* axes 
coincident, (2) the positive x° and x° axes are parallel respectively to the positive %? and %° axes, 
(3) the %* system moves with velocity v relative to the x* system, and (4) the velocity of light c is a 
constant. 


167. Show that to an observer fixed in the x? ty system, a rod fixed in the x? (x 4) system lying parallel to 


the +(x) axis and of length L in this system appears to have the reduced length LY1—8*. This 
phenomena is called the Lorentz-Fitzgerald contraction. 


ANSWERS TO SUPPLEMENTARY PROBLEMS. 


71. (a) a,x¥x® (by A%4B. (ce) ADB” (a) g29g_  N=4 (e) BP2", N=2 
R J R qt 
pole 1 Or 2 sO. 8 ; 
TEA) aes OMY OE eae AY te eg e A) (co) OE. Out , Oe! Or, , oe! Oat 
- ; 
(b) Ait BP é rae BP C, + Av BP C, ~ ye BP Oxt Ox Ox2 Oxm™ Ox" Ox™ 
79. Ellipse for N=2, ellipsoid for N=3, hyperellipsoid for N= 4. 
80. { oe + Q4 5x 4 by 
Qg,%* + Aopx? = bo 
Pq x ox? ok 4 = Ox" Ox” 
i i amen ee ©) pq = agb 3g9 Cnn 
—pqr x? ox? OeT Ox" Dijk : Ox” 
6).8. = Se Re (ay A... = eA 
: Out Ox! Auk ozs p oe 


82. (a) B(j,&,m) is a tensor of rank three and is covariant of order two and contravariant of order one. It can 


be written Bip . (6) C(j,#,m,n) is not a tensor. 


83. 4° = 1024 
87. (2) 20cos*P — zcosP + p* sin? cos*h, 


— 20 sin d cos + pz sin d + p*sin d cos? @d, 
pz sing. 
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(b) 2rsin?O cos? — rsinO cosG@ cosm + r*sin*O sin?d cos?d + r?sinG cos?9 sind, 


2r2sinO cosO cos? — r?cos?@ cosh + r*sin®G cos sin? fh cos? h 
— r®sin?6 cos@ sind, 


— 2r? sin?G sind cosh 


+ r?sin@ cos@ sind + r*sin*O sind cos? 


p 
88. urvz + 30, 3u —uv2z, u? t+ uv — v? 89. (a) By (b) ae (c) O53. (d) N 
94. It is not a tensor. 95. Rank 3 and rank 1 respectively. 98. Yes. 
100. (2) 10, (b)21, (ec) N(N+1)/2 101. N(N—1)(N— 2)/6 
7 2 -1 -4 14 10 18 8 
107. S$ = des » Pe ; = 
ae @ || | 4 :) & | . i = 
3 -1 3 1 1 -1 1 —4 6 1 8 -—3 
(b) § = 2 0-2 ], D= —-4 —4 6 |, P = —-9 —7 10 }, Q = 8 —-16 11 
—2 1 1 0 5 -3 9 9 —16 —2 10 —" 
3 —16 20 
—52 —86 -6 5 3 
108. (a 9 163 —-1 110. 
(2) 104 vo) (6) ( | —4 17 -—2 
—61 —135 132 
9 1 1/3 1/3 0 
111. x«=-1, y=3, z=2 112. (a b —5/3 1/3 1]. Yes 
y (a) 5/2 a) (0) ( /3 1/ ) 
-1 0 1 
A* oxt ox? ox AD 
Ox Ox? a8 
—92 <2 <2 <2 
115. (a) A = Ox? Ox? Ox? AZ 
Ox+ = Ox? 0x3 
AS 0x8 ox? x AS 
Ox2 Ox? Ox? 
ae es Ay D2 “AS Ox1 1 1 
Ar, Ayo Ai ~~ = Ar, Ayo Aig oe ee ee 
x2  Ooxt oxi Ox? 0x2 0x3 
7 4 a. Ox? Ox? 0x? Ox? Ox? Ox? 
(6) Asa Ago A : Ox ORD Aa, Aco A oe ee 
21 4eq Aog =2 =2 =3 21 Acq Ag 1 3g? = 
7a 4 ra Ox a Ox? 0x3 0x3 Ox s 0x3 
Ag, Age Ass 32 3S 3s Ag, Ago Ass si 3s2 359 
a ee aa <1 1 <1 1 1 1 
Ay he He OR Oe IN yt gh gil fot oxt  oxt 
Ox =ax2 x8 Ox? Ox2 8x3 
72 72 72 Ox? x2 x2 2 2 2 Ox? Ox? x? 
(c) A, Ao, A = =—_ A A A —— 
ete Oz? Ox? 0x3 a Ke ee Ox? Ox? 0x3 
At Ap As Ox? Ox® x? AS As As One One. 0x8 
Ox? =x? x8 ox? Ox? = x8 
uzt+v2 0 0 l 0 0 
foe 
1 
oe 2 4 42 
116. \ = 4, -1 119. (2) 0 u2+v2 0 a 
0 0 1 0 0 1 
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1 


2 2 + sinZ 0 SO getCDE. ine ee 0 ° 
a“(sinh*u + sin*v) 0 a*(sinh?u + sin?v) 
1 
Qratnh2 tn2 >= OOS oS 
(d) 0 a*(sinh*u +sin’v) 0 f, ? a*(sinh?u + sin?v) 
0 0 1 ? e ; 
4/3 0 1 
121. g=6, (9) = { 0 1/2 0 
1 0 1 
’q bj ‘ q p “7 pir rl oof rl JR 
= ° = a ; A 
Fa oe 


128. 


le Ve, Ven, PAP 


130. (a) They are all zero. 
(b) [22,1] =~o, [12,2] = [21,2] = 0. all others are zero. 
(c) [22,1)=—r, [33,1] =—rsin?6, [33,2] = —r2sin9 cosO 
[21,2] = [12,2] =r, [31,3] = [13,3] = r sin?@ 
[32,3] = [23,3] = r2sin@ cos@. All others are zero. 


131. a) [11,1J=u, [22,2]=0, [11,2] =—v, [22,1] = - 
[12,1] = [21,1] = v, [21,2] = [12,2] =u. 


1 u 2 7 v 1 _ ou 2 Pai 

11 u2+ v2’ 22 u2+ v2’ 22 u2+ v2’ 11 u2+ y2’ 

a ee ee ee ; 28-3270. 4 | an others are zero. 
21 12 u2 + v2 21 12 u2+ v2 


(b) [11,1] = 2a? sinhucoshu, [22,2] = 2a2sinvcosv, [11,2] = —2a? sinv cosv 
[22, 1] = = — 2a? sinh u cosh u, [12,1] = [21,1] = 2a? sinv cos», [21,2] = [12,2] = 2a? sinhu coshu 


{ 1 . Sinhu coshu 2 \ _ _Sinv cosv \ 1 \ ~- —Sinhu coshu 
11 sinh? + sin?v ’ 22 sinh?u +sin?v— 22 sinh?u + sin?v - 
2 (_ _—sinv cosv 1 . 1 . __Sinv cosv 
11 sinh2u + sin?v ' 21 12 sinh2u + sin?v ’ 


2 2 sinh u coshu 
= = —~_.__*—_,__ All others are zero. 
{ 21 \ { 12 \ sinh?u + sin?v 


do dp 2 d’?h 2 do db d?z 
132. ——— O(—) = ee ay pene PR — = 
(*) ds? pe ae me ds? pds ds “ ds? ° 
d?r dO dp 
b) > — r(—Y — rsin O(—Y = 0 
(6) rz: Ce Ce 
2 
dG, 2dr dO _ in cos 9 (fey = 0 
ds? ’ ds ds ds 
2 
a? + 2 dr dp + 2 cot 0 a6 dp 0 
ds? rds ds ds ds 
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1 2 
yas. {bm a, sabtday? cece lett ooo All others are zero. 
22 12 21 (xty oe (x?) 22 (x?) _ (x1) 


dx! 1, 4x? o dx? 2x1 dx dx? x? dx? 5 _ 
+ eX —-y = 0, ta 9 BO a an ee ee ee 
ds? ds ds? (x1)° — (x”)° ds ds (x2)° — (x1)° ~ ds 
gk 
OA ; ; 
gk 1 s jk j sk ky js 
‘ A = _ A + A A 
re NO ag x4 ve s a 1 wet 
gk 
R 0A ik ik ; k iS 
(b) Al = a otc Gay caeene Meat by vacaeree 6, as + { bal 
Im,q Ox! lq Sm mq ls qs Lm qs ™ 
j 
OA F ss 
CTE a ame ie ay er ee Ae a cae am 1 
Rlm,q 0x7 kq sln lq kgm mq kis qs kim 
jrl 
OA . ; : . 
kl m s rl j skl k\ jst l gk 
- us A A 
(d) Ang x4 {aba + Ms A, + os f An . 3 : 
gr 
iR OA ik k ik 
ey ae NYT ey _ ds we eo as 
Lmn,q ae lq smn mq sn ngf ims qs $ imn 
' : ‘ 
137. (2) g. A,,, (bd) re B + A Bs, ¢e) ae A. 
jk 9 q oR k,q | 
i fo o AES OA, 
141. (a2) —— | — (Vu2+02 A + — (Vu2+v2 A + — 
u? + v* [2 w Ov v) Oz 


oA 
(b) oes [2 (uv Vu? + v? Ay yt 2 wliFe 4,) | + ae: 2 
v 


uv(u2 + v2) | Ou uv Oz? 


od i od oP 

142. iss: oP oP 

(a) ae ope 35 5, te Be 
i we, ,2,, , 8, 


i earner Geese ) 
aVsinh?u +sinty Ou - Ov oz 7 


where @,,, €,, and e, are unit vectors in the directions of increasing u,v and z respectively. 


2 2 
1 oe og 


Ou? Ov? 


oA, 2 dx’ _ oA, s dx! e a s dx! 
145. (a2) — = A, — = — A, BES» tae eS k A, ax 
ét GT dt Ox kq dt dt q dt 
ik R . 
(b) 84” 7 dA’ Fa an dx4 KY is dx? 
6 dt qs dt qs du 
te) 5 (A B® Aj Bead SB 
$4 ——. = peo Ae + 65 
St t J 8 


i] 
ee 
a] & 
SES 

| 
ee, 
~ 
Q 
we ee 

W 

Qa. 
SRS 
ee” 

O& 

a 

+ 
lo 
eGQu 
= [5 

a 
oan, 
. > 
—— 

W 
& |e 

Q 
~~ 


8 g 
eeey A = ee 


k 
ae dA_ 
i bi St Bip t 
k &t k\ dt 


153. (a) r, 6, r sind db 
(b) F — rO — r sin? p?, 


dev") q ov! Og 3 oo 


156. 
Ox! 2g Ox! Ot 


157. (2) (ov) + —(ov7) + 


3 


b) — (ov) + 
ON Oe) 


= (ov) + 
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< 76) — rsin@ cosO b?, 
q 


0 where v 


sO ys ovr oo 
Pe . P * Ot 


ie) 3 2v1 2 
— (ov?) + o(— + ov? cotO) + 
op r 


1 


r sin 


Iolo 


Ot 


where v!, v2 and v® are the contravariant components of the velocity. 


158. 


i] 


dx? . 
fae a pe 


C 


3 & (r? sin? db) 


are the contravariant components of the velocity. 


= 


and Og is the positive unit normal to the surface S which has C as boundary. 
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Absolute derivative, 174 Box product, 17 
Absolute motion, 53 Brahe, Tycho, 86 
Absolute tensor, 175 
Acceleration, along a space curve, 35,39,40,50,56 Calculus of variations, 173 
centripetal, 43, 50,53 Cartesian tensors, 210 
Coriolis, 53 Central force, 56, 85 
in cylindrical coordinates, 143, 204 Centripetal acceleration, 43, 50, 53 
in general coordinates, 204, 205 Centroid, 15 
in polar coordinates, 56 Chain rule, 77, 177, 179 
in spherical coordinates, 160, 212 Characteristic equation, 210 
of a particle, 38, 42, 43, 50, 52, 84, 203, 205 Characteristic values, 210 
relative to fixed and moving observers, 52,53 Charge density, 126 
Addition, of matrices, 1'70 Christoffel’s symbols, 172, 192-195, 211 
of tensors, 169 transformation laws of, 172, 193, 194 
Addition, of vectors, 2, 4,5 Circulation, 82, 131 
associative law for, 2,5 Circumcenter, 33 
commutative law for, 2,5 Clockwise direction, 89 
parallelogram law for, 2, 4 Cofactor, 171, 187, 188 
triangle law for, 4 Collinear vectors, 8, 9 
Aerodynamics, 82 non-, 7, 8 
Affine transformation, 59, 210, 213 Column matrix or vector, 169 
Algebra, of matrices, 170 Commutative law, 2, 5, 16, 17 
of vectors, 1,2 Component vectors, 3, 7, 8 
Angle, between two surfaces, 63 rectangular, 3 
between two vectors, 19, 172, 190 Components, contravariant, 136, 156, 157, 167, 168 
solid, 124, 125 covariant, 136 
Angular momentum, 50, 51,56 of a dyad, 73 
Angular speed and velocity, 26, 43, 52 of atensor, 157, 167, 168 
Arbitrary constant vector, 82 of a vector, 3, 136, 156, 157, 158, 167 
Arc length, 37, 56, 136, 148 physical, (see Physical components) 
in curvilinear coordinates, 56, 148 Conductivity, thermal, 126 
in orthogonal curvilinear coordinates, 136 Conformable matrices, 170 
on a surface, 56 Conic section, 87 
Areal velocity, 85, 86 Conjugate metric tensor, 171, 188, 189 
Area, bounded by a simple closed curve, 111 Conjugate tensors, 171 
of ellipse, 112 Conservation of energy, 94 
of parallelogram, 17, 24 Conservative field, 73, 83, 90, 91, 93 
of surface, 104, 105, 162 motion of particle in, 93, 94 
of triangle, 24, 25 necessary and sufficient condition for, 90, 91 
vector, 25, 83 Continuity, 36, 37 
Associated tensors, 171, 190, 191, 210 equation of, 67, 126, 212 
Associative law, 2, 5, 17 Contraction, 169, 181, 182 
Contravariant components, 136, 156, 157, 167, 168 
Base vectors, 7, 8, 136 of a tensor, 157, 167, 168 
unitary, 136 of a vector, 136, 156, 157, 167 
Binormal, 38, 45, 47, 48 Contravariant tensor, of first rank, 157, 167 
Bipolar coordinates, 140, 160 of second and higher rank, 168 
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Contravariant vector, (see Contravariant compo- 
nents of a vector) 
Coordinate curves or lines, 135 
Coordinates, curvilinear, (see Curvilinear coordi- 
nates) 
Coordinate surfaces, 135 
Coordinate transformations, 58, 59, 76, 135, 166 
Coplanar vectors, 3 
necessary and sufficient condition for, 27 
non-, 7, 8 
Coriolis acceleration, 53 
Cosines, direction, 11, 58 
law of, for plane triangles, 20 
law of, for spherical triangles, 33 
Counterclockwise direction, 89 
Covariant components, 136, 157, 158, 167 
of a tensor, 167, 168 
of a vector, 136, 157, 158, 167 
Covariant curvature tensor, 207 
Covariant derivative, 173, 197-199, 211 
Covariant tensor, of first rank, 158 
Covariant vector, (see Covariant components of a 
vector) 
Cross-cut, 113 
Cross product, 16, 17, 22-26 
commutative law failure for, 16 
determinant form for, 17, 23 
distributive law for, 16, 22, 23 
Cubic, twisted, 55 
Curl, 57, 58, 67-72 
in cylindrical coordinates, 153, 154 
in orthogonal curvilinear coordinates, 137, 150 
in parabolic cylindrical coordinates, 161 
in spherical coordinates, 154 
integral definition of, 123, 152, 153 
invariance of, 81 
of the gradient, 58, 69, 211 
physical significance of, 72, 131 
tensor form of, 174, 200 
Current density, 126 
Curvature, 38, 45, 47, 113 
radius of, 38, 45, 46, 50 
Riemann-Christoffel, 206 
tensor, 207 
Curve, space, (see Space curves) 
Curvilinear coordinates, 135-165 
acceleration in, 143, 204, 205, 212 
arc length in, 56, 136, 148 
definition of, 135 
general, 148, 156-159 
orthogonal, 49, 135 
surface, 48, 49, 56, 155 
volume elements in, 136, 137, 159 
Cycloid, 132 
Cylindrical coordinates, 137, 138, 141, 142, 160, 161 
arc length in, 143 
Christoffel’s symbols in, 195, 211 
conjugate metric tensor in, 189 


Cylindrical coordinates, 
continuity equation in, 212 
curl in, 153, 154 
divergence in, 153, 200, 201 
elliptic, (see Elliptic cylindrical coordinates) 
geodesics in, 211 
gradient in, 153, 154 
Jacobian in, 161 
Laplacian in, 153, 154, 201 
metric tensor in, 187 
parabolic, (see Parabolic cylindrical coordinates) 
velocity and acceleration in, 143, 204, 205 
volume element in, 144, 145 


V, (see Del) 
, (see Laplacian operator) 
Del (VY), 57,58, (see also Gradient, Divergence and 
Curl) 
formulas involving, 58 
integral operator form for, 107, 123 
invariance of, 81 
Delta, Kronecker, 168, 179, 180, (see also Kron- 
ecker’s symbol) 
Density, 126 
charge, 126 
current, 126 
tensor, 175, 203 
Dependence, linear, 10,15 
Derivative, absolute, 174 
covariant, 173, 197-199, 211 
directional, 57, 61-63 
intrinsic, 174, 202, 211 
Derivatives, of vectors, 35-56 
ordinary, 35, 36, 39-43 
partial, 36, 37, 44, 45 
Descartes, folium of, 132 
Determinant, cofactor of, 171, 187, 188 
cross product expressed as, 17, 23 
curl expressed as, 57, 58 
differentiation of, 41 
Jacobian, (see Jacobian) 
of a matrix, 170, 209 
scalar triple product expressed as, 17, 26, 27 
Determinants, multiplication of, 159 
Dextral system, 3 
Diagonal of a square matrix, 169 
Difference, of matrices, 170 
of tensors, 169 
of vectors, 2 
Differentiable, scalar field, 57 
vector field, 57 
Differentiability, 36, 37 
Differential equations, 54, 104 
Differential geometry, 37,38, 45-50, 54-56, 166, 212-13 
Differentials, 37 
exact, (see Exact differentials) 
Differentiation of vectors, 35-56 
formulas for, 36, 37, 40, 41 
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Differentiation of vectors, 
order of, 37, 69 
ordinary, 35, 36 
partial, 36, 37 
Diffusivity, 127 
Directional derivative, 57, 61-63 
Direction cosines, 11, 58 
Distance between two points, 11 
Distributive law, 2 
for cross products, 16, 22, 23 
for dot products, 16, 18 
for dyadics, 74 
for matrices, 170 
Div, (see Divergence) 
Divergence, 57, 64-67 
in curvilinear coordinates, 137, 150 
in cylindrical coordinates, 153, 200, 201 
in parabolic cylindrical coordinates, 161 
in spherical coordinates, 161, 200, 201 
invariance of, 81 
of the curl, 58, 69, 70, 211 
of the gradient, 58, 64 
physical significance of, 66, 67, 119, 120 
tensor form of, 174, 200, 201 
theorem, (see Divergence theorem) 
Divergence theorem, 106, 110, 111, 115-127 
expressed in words, 115 
Green’s theorem as a special case of, 106, 110, 111 
physical significance of, 116, 117 
proof of, 117, 118 
rectangular form of, 116 
tensor form of, 206 
Dot product, 16, 18-21 
commutative law for, 16, 18 
distributive law for, 16, 18 
Dummy index, 167 
Dyad, 73 
Dyadic, 73-75, 81 
Dynamics, 38, (see also Mechanics) 
Lagrange’s equations in, 196, 205 
Newton’s law in, (see Newton’s law) 


Eccentricity, 87 
Eigenvalues, 210 
Einstein, theory of relativity of, 148, 207, 213 
Electromagnetic theory, 54, 72, 206 
Element, line, 170, 187-189 
volume, 136, 137, 159 
Elements, of a matrix, 169 
Ellipse, 63, 139 
area of, 112 
motion of planet in, 86, 87 
Ellipsoidal coordinates, 140, 160 
Elliptic cylindrical coordinates, 139, 155, 160, 161, 
211 
Energy, 94 
conservation of, 94 
kinetic, 94, 204 
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Energy, 
potential, 94 
Equality, of matrices, 170 
of vectors, 1 
Equilibrant, 6 
Euclidean spaces, 170 
N dimensional, 171 
Euler’s equations, 196 
Exact differentials, 83, 93, 111 
necessary and sufficient condition for, 93 
Extremum, 196 


Fictitious forces, 53 
Field, (see Scalar and Vector field) 
conservative, (see Conservative field) 
irrotational, 72, 73, 90 
sink, 13, (see also Sink) 
solenoidal, 67, 73, 120, 126 
source, 13, (see also Source) 
tensors, 168 
vortex, 72 
Fixed and moving systems, observers in, 51-53 
Fluid mechanics, 82 
Fluid motion, 66, 67, 72, 116, 117, 125, 126 
incompressible, 67, 126 
Flux, 83, 120 
Force, central, 56, 85 
Coriolis, 53 
moment of, 25, 26, 50 
on a particle, 203, 205 
repulsive, 85 
universal gravitational, 86 
Forces, fictitious, 53 
real, 53 
resultant of, 11 
Frames of reference, 58, 166 
Free index, 167 
Frenet-Serret formulas, 38, 45, 213 
Fundamental quadratic form, 148 
Fundamental tensor, 171 


Gauss’ divergence theorem, (see Divergence theorem) 
Gauss’ law, 134 
Gauss’ theorem, 124, 125 
Geodesics, 172, 173, 196, 197, 211 
Geometry, differential, (see Differential geometry) 
Grad, (see Gradient) 
Gradient, 57, 58, 59-63, 177 
in cylindrical coordinates, 153, 154 
in orthogonal curvilinear coordinates, 137, 148, 149 
in parabolic cylindrical coordinates, 161, 211 
in spherical coordinates, 161 
integral definition of, 122, 123 
invariance of, 77 
of a vector, 73 
tensor form of, 174, 200 
Graphical, addition of vectors, 4 
representation of a vector, 1 
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Gravitation, Newton’s universal law of, 86 
Green’s, first identity or theorem, 107, 121 

second identity or symmetrical theorem, 107, 121 

theorem in space, (see Divergence theorem) 
Green’s theorem in the plane, 106, 108-115 

as special case of Stokes’ theorem, 106, 110 

as special case of the divergence theorem, 106, 

110, 111 
for multiply-connected regions, 112-114 
for simply-connected regions, 108-110 


Hamilton-Cayley theorem, 210 
Hamilton’s principle, 205 
Heat, 126, 127 
specific, 126 
Heat equation, 126, 127, 161 
in elliptic cylindrical coordinates, 155 
in spherical coordinates, 161 
Heat flow, steady-state, 127 
Helix, circular, 45 
Hyperbola, 87 
Hyperplane, 176 
Hypersphere, 176 
Hypersurface, 176 
Hypocycloid, 132 


Independence, of origin, 9 
of path of integration, 83, 89, 90, 111, 114, 129, 130 
Independent, linearly, 10, 15 
Index, dummy or umbral, 167 
free, 167 
Inertial systems, 53 
Initial point of a vector, 1 
Inner multiplication, 169, 182 
Inner product, 169, 182 
Integral operator form for V, 107, 123 
Integrals, of vectors, 82-105 
definite, 82 
indefinite, 82 
line, (see Line integrals) 
ordinary, 82 
surface, (see Surface integrals) 
theorems on, (see Integral theorems) 
volume, (see Volume integrals) 
Integral theorems, 107, 120, 121, 124, 125, 130, 
(see also Stokes’ theorem and Divergence theorem) 
Integration, (see Integrals, of vectors) 
Intrinsic derivative, 174, 202, 211 
Invariance, 58, 59, 76, 77, 81, (see also Invariant) 
Invariant, 59, 168, 190, (see also Invariance) 
Inverse of a matrix, 170 
Irrotational field, 72, 73, 90 


Jacobian, 79, 133, 146, 147, 148, 159, 161, 162, 175, 202-3 
Kepler’s laws, 86, 87, 102 


Kinematics, 38, (see also Dynamics and Mechanics) 
Kinetic energy, 94, 204 
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Kronecker delta, 168, 179, 180 
Kronecker’s symbol, 77, 208 


Lagrangean, 205 

Lagrange’s equations, 196, 205 

Laplace’s equation, 65, 127, 134 
in parabolic cylindrical coordinates, 154, 155 

Laplace transforms, 162 

Laplacian operator (V?) , 58, 64, 81, 200 
in curvilinear coordinates, 137, 150, 151 
in cylindrical coordinates, 153, 154, 201 
in parabolic cylindrical coordinates, 154, 155, 211 
in spherical coordinates; 154, 201 
invariance of, 81 
tensor form of, 174, 200 

Laws of vector algebra, 2, 18 

Lemniscate, 132 

Length, of a vector, 171, 172, 190 

Light rays, 63 

Light, velocity of, 81 

Linearly dependent vectors, 10, 15 

Line element, 170, 187-189 

Line, equation of, 9, 12 
parametric equations of, 12 
sink, 13 
source, 13 
symmetric form for equation of, 9 

Line integrals, 82, 87-94, 111 
circulation in terms of, 82, 131 
evaluation of, 87-89, 111 
Green’s theorem and evaluation of, 112 
independence of path, 83, 89, 90, 111, 114, 129, 130 
work expressed in terms of, 82, 88 

Lorentz-Fitzgerald contraction, 213 

Lorentz transformation, 213 


Magnitude, of a vector, 1 
Main diagonal, 169 
Mapping, 162 
Matrices, 169, 170, 185, 186, (see also Matrix) 
addition of, 170 
conformable, 170 
equality of, 170 
operations with, 170 
Matrix, 73, 169, (see also Matrices) 
algebra, 170 
column, 169 
determinant of, 170, 209 
elements of, 169 
inverse of, 170, 209, 210 
main or principal diagonal of, 169 
null, 169 
order of, 169 
principal diagonal of, 169 
row, 169 
singular, 170 
square, 169 
transpose of, 170, 210 
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Maxwell’s equations, 72, 81 
in tensor form, 206 
Mechanics, 38, 56, (see also Dynamics) 
fluid, 82 
Metric coefficients, 148 
Metric form, 148 
Metric tensor, 170, 171, 187-189 
Mixed tensor, 167, 168 
Moebius strip, 99 
Moment of force, 25, 26, 50 
Momentum, 38 
angular, 50, 51, 56 
Motion, absolute, 53 
Motion, of fluid, (see Fluid motion) 
of planets, 85-87 
Moving and fixed systems, observers in, 51-53 
Moving trihedral, 38 
Multiplication, (see Product) 
Multiply-connected region, 110, 112-114 


Nabla, (see Del) 
Negative direction, 89 
Newton’s law, 38, 50, 53 
in tensor form, 203 
of universal gravitation, 86 
Normal plane, 38, 48 
Normal, principal, 38, 45, 47, 48, 50 
bi-, 38, 45, 47, 48 
Normal, to a surface, 49, 50, 56, 61 
positive or outward drawn, 49, 83 
Null matrix, 169 
Null vector, 2 


Oblate spheroidal coordinates, 140, 145, 160, 161 
Operations, with tensors, 169, 179-184 
Operator, del, 57, (see also Del) 
Laplacian, (see Laplacian operator) 
time derivative, in fixed and moving systems, 
51, 52 
Order, of a matrix, 169 
of a tensor, 167% 
Orientable surface, 99 
Origin, of a vector, 1 
independence of vector equation on, 9 
Orthocenter, 33 
Orthogonal coordinates, special, 137-141 
bipolar, 140, 160 
cylindrical, 137, 138, (see Cylindrical coordinates) 
ellipsoidal, 140, 160 
elliptic cylindrical, 139, 155, 160, 161, 211 
oblate spheroidal, 140, 145, 160, 161 
parabolic cylindrical, 138, (see also Parabolic 
cylindrical coordinates) 
paraboloidal, 139, 160, 161, 211 
prolate spheroidal, 139, 160, 161 
spherical, 137, 138, (see Spherical coordinates) 
toroidal, 141 


Orthogonal curvilinear coordinate systems, 49, 135, 
191 
special, 137-141 
Orthogonal transformation, 59 
Osculating plane, 38, 48 
Outer multiplication, 169 
Outer product, 169 
Outward drawn normal, 49, 83 


Parabola, 87, 138 
Parabolic cylindrical coordinates, 138, 144, 145, 154 
155, 160, 161, 211 
arc length in, 144 
Christoffel’s symbols in, 211 
curl in, 161 
divergence in, 161 
gradient in, 161, 211 
Jacobian in, 161 
Laplacian in, 154, 155, 211 
Schroedinger’s equation in, 161 
volume element in, 145 
Paraboloidal coordinates, 139, 160, 161, 211 
Parallelogram, area of, 17, 24 
Parallelogram law of vector addition, 2, 4 
Parametric equations, of a curve, 39, 40 
of a line, 12 
of a surface, 48, 49 
Periods, of planets, 102 
Permutation symbols and tensors, 173, 174, 211 
Physical components, 172, 200, 201, 205, 211 
Plane, distance from origin to, 21 
equation of, 15, 21, 28 
normal, 38, 48 
osculating, 38, 48 
rectifying, 38, 48 
tangent, 49, 50, 61 
vector perpendicular to, 28 
vectors in a, (see Coplanar vectors) 
Planets, motion of, 85-87 
Point function, scalar and vector, 3 
Poisson’s equation, 134 
Polar coordinates, 98 
Position vector, 3 
Positive direction, 89, 106, 113 
Positive normal, 83 
Potential energy, 94 
Potential, scalar, 73, 81, 83, 91, 92 
vector, 81 
Principal diagonal, 169 
Principal normal, 38, 45, 47, 48, 50 
Product, box, 17 
cross, (see Cross product) 
dot, (see Dot product) 
inner, 169, 182 
of a vector by a Scalar, 2 
of determinants, 159 
of matrices, 170 


Product, 
of tensors, 169 
outer, 169, 181 
scalar, 182, (see also Dot product) 
vector, (see Cross product) 
Projectile, 102 
Projection, of a vector, 18, 20 
of surfaces, 95, 96 
Prolate spheroidal coordinates, 139, 160, 161 
Proper vector, 2 
Pythagorean theorem, 10 


Quadratic form, fundamental, 148 
Quantum mechanics, 161 
Quotient law, 169, 184 


Radius, of curvature, 38, 45, 46, 50 
of torsion, 38, 45 

Radius vector, 3 

Rank, of a tensor, 167 

Rank zero tensor, 168 

Real forces, 53 


Reciprocal sets or systems of vectors, 17, 30, 31 


34, 136, 147 
Reciprocal tensors, 171 
Rectangular component vectors, 3 
Rectangular coordinate systems, 2 
Rectifying plane, 38, 48 
Region, multiply-connected, 110, 112-114 
simply-connected, 110, 113, 114 
Relative acceleration, 53 
Relative tensor, 175, 202, 203, 212 
Relative velocity, 52 
Relativity, theory of, 148, 207, 213 
Resultant of vectors, 2, 4, 5, 6, 10 
Riemann-Christoffel tensor, 207, 212 
Riemannian space, 171, 172 
geodesics in, 172, 196, 197 
Right-handed coordinate systems, 2, 3 
localized, 38 
Rigid body, motion of, 59 
velocity of, 26, 33 
Rot, (see Curl) 
Rotating coordinate systems, 51, 52 
Rotation, invariance under, (see Invariance) 
of axes, 58, 76, 77 
pure, 59 
Row matrix or vector, 169 


Scalar, 1, 4, 168 
field, 3, 12, 168 
function of position, 3 
point function, 3 
potential, 73, 81, 83, 91, 92 
product, 182, (see also Dot product) 
triple products, (see Triple products) 
variable, 35 
Scale factors, 135 
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Schroedinger’s equation, 161 
Simple closed curve, 82, 106 
area bounded by, 111 
Simply-connected region, 110, 113, 114 
Sines, law of, for plane triangles, 25 
for spherical triangles, 29, 30 
Singular matrix, 170 
Singular points, 141 
Sink, 13, 67, 120 
Sink field, 13, (see also Sink) 
Solenoidal field, 67, 73, 120, 126 
Solid angle, 124, 125 
Sound rays, 63 
Source, 13, 67, 120 
Source field, 13, (see also Source) 
Space curves, 35 
acceleration along, 35, 39, 40, 50, 56 
arc length of, 37, 56, 136, 148 
binormal of, 38, 45, 47, 48 
curvature of, 38, 45, 47, 113 
principal normal of, 38, 45, 47, 48, 50 
radius of curvature of, 38, 45, 46, 50 
radius of torsion of, 38, 45 
tangent to, 37, 38, 40, 45, 47, 48, 50 
Space integrals, (see Volume integrals) 
Spaces, Euclidean, 170 
Riemannian, 171 
Space, N dimensional, 166 
Special theory of relativity, 213 
Speed, 4 
angular, 26, 43, 52 
Spherical coordinates, 137, 138, 141, 147, 160, 161 
arc length in, 144 
Christoffel’s symbols in, 195, 211 
conjugate metric tensor in, 189 
continuity equation in, 212 
covariant components in, 177, 178 
curl in, 154 
divergence in, 161, 200, 201 
geodesics in, 211 
gradient in, 161 
heat equation in, 161 
Jacobian in, 161 
Laplacian in, 154, 201 
metric tensor in, 187 
velocity and acceleration in, 160, 212 
volume element in, 144, 145 
Spheroidal coordinates, oblate, 140, 145, 160, 161 
prolate, 139, 160, 161 
Stationary scalar field, 3 
Stationary-state, (see Steady-state) 
Steady-state, heat flow, 127 
scalar field, 3 
vector field, 3 
Stokes’ theorem, 106, 110, 127-131 
Green’s theorem as special case of, 110 
proof of, 127-129 
tensor form of, 212 
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Subtraction, of tensors, 169 
of vectors, 2 
Summation convention, 167, 175, 176, 207 
Superscripts, 166 
Surface, area of, 104, 105, 162 
Surface curvilinear coordinates, 48, 49, 56, 155 
arc length in, 56, 148 
Surface integrals, 83, 94-99 
defined as limit of a sum, 94, 95 
evaluation of, 83 
Surfaces, 37 
angle between, 63 
arc length on, 56 
coordinate, 135 
one-sided, 99 
orientable, 99 
outward drawn normal to, 83 
two-sided, 83 
Symmetric form, of equation of a line, 9 


Tangent, to space curve, 37, 38, 40, 45, 47, 48, 50 
Tangent plane, 49, 50, 61 
Tensor analysis, 73, 137, 158, 166-217 
Tensor, absolute, 175 
associated, 171, 190, 191, 210 
Cartesian, 210 
conjugate, 171 
contravariant, (see Contravariant components) 
covariant, (see Covariant components) 
curvature, 207 
density, 175, 203 
field, 168 
fundamental, 171 
metric, 170 
mixed, 167, 168 
order of, 167 
rank of, 167 
reciprocal, 171 
relative, 175, 202, 203, 212 
skew-symmetric, 168, 169 
symmetric, 168 
Tensors, fundamental operations with, 169, 179-184 
Terminal point or Terminus, 1, 2, 5,11 
Thermal conductivity, 126 
Toroidal coordinates, 141 
Torque, 50, 51 
Torsion, 38, 45, 47, 213 
radius of, 38, 45 
Transformation, affine, 59, 210, 213 
of coordinates, 58, 59, 76, 135, 166 
orthogonal, 59 
Translation, 59 
Transpose, of a matrix, 170, 210 
Triad, 38 
Triadic, 73 
Triangle, area of, 24, 25 
Triangle law of vector addition, 4 
Trihedral, moving, 38 


Triple products, 17, 26-31 
Twisted cubic, 55 


Umbral index, 167 
Unit dyads, 73 
Unit matrix, 169 
Unit vectors, 2, 11 
rectangular, 2, 3 


Variable, 35, 36 
Vector, area, 25, 83 
column, 169 
equations, 2, 9 
field, 3, 12, 13, 168 
function of position, 3 
magnitude of a, 1, 10 
null, 2 
operator V, (see Del) 
point function, 3 
position, 3 
potential, 81 
product, (see Cross product) 
radius, 3 
row, 169 
time derivative of a, 51, 52 
triple product, (see Triple products) 
Vectors, 1, 4 
addition of, 2, 4 
algebra of, 1, 2 
analytical representation of, 1 
angle between, 19, 172, 190 
base, 7, 8, 136 
collinear, (see Collinear vectors) 
component, 3, 7, 8 
contravariant components of, 136, 156, 157, 167 
coplanar, (see Coplanar vectors) 
covariant components of, 136, 157, 158, 167 
differentiation of, 35-56 
equality of, 1 
graphical representation of, 1, 4 
initial point of, 1 
origin of, 1 
reciprocal, 17 
resultant of, 2, 4, 5, 6, 10 
terminal point of, 1 
terminus of, 1 
unit, 2 
unitary, 136 
Velocity, along a space curve, 35, 39, 40 
angular, 26, 43, 52 
areal, 85, 86 
linear, 26 
of a fluid, 179 
of a particle, 42, 52, 203, 204 
of light, 81 
relative to fixed and moving observers, 52, 53 
Volume, elements of, 136, 137, 159 
in curvilinear coordinates, 136, 137 
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Volume, Wave equation, 72 

in general coordinates, 159 Weight, of a tensor, 175 

of parallelepiped, 17, 26 Work, 21, 82, 88, 89, 90, 91 
Volume integrals, 83, 99-101 as a line integral, 88, 89, 90, 91 


defined as limit of a sum, 99, 100 
Vortex field, 72 Zero vector, 2 


Catalog 


if you are interested in alist of SCHAUM'S 
OUTLINE SERIES send your name 
and address, requesting your free catalog, to 


SCHAUM’S OUTLINE SERIES, Dept. C 
McGRAW-HILL BOOK COMPANY 
1221 Avenue of Americas 

New York, N.Y. 10020 


Master vector analysis with this “ 
simple-to-use study guide. It will 
help you cut study time, hone 
problem-solving skills, and achieve 
your personal best on exams! 


Students love Schaum's Outlines because they produce results. Each year 
hundreds of thousarxis of students improve their test scores and final grades 
with these indispensable study guides 


Get the edge on your classmates. Use Schaum's! 


if you don't have a lot of time but want to excel in class, this book helps 
you: 


Brush up before tests 

Find answers fast 

Study quickly and more effectively 

Get the big picture without spending hours poring over lengthy 
textbooks 


Schaum's Outlines give you the information your teachers expect you to 
know in a handy and succinct format—without overwhelming you with 
unnecessary detail. You get a complete overview of the subject. Plus, you 
get plenty of practice exercises to test your skill. Compatible with any 
classroom text, Schaum's let you study al your own pace and remind you of 
&& the important facts you need to remember—tast! And Schaum's are so 
complete, they're perfect for preparing for graduate or professional exams 


inside, you will find 
* Coverage of all course fundamentals for vector analysis, and a) intro- 
Guction to tensor analysis 
¢ Theories, concepts, and definitions 
* 480 fully worked problems 
* Hundreds of additional practice problems 


if you want top grades and a thorough understanding of vector analysis, this 
powerful study tool is the best tutor you can have! 


Chapters include: Vectors and Scalars « The Dot and Cross Product « Vector 
Differentiation » Gradient, Divergence and Curl * Vector integration + The 


Divergence Theorem, Stokes’ Theorem, and Related integral Theorems « 
Curvilinear Coordinates ¢ Tensor Analysis 


McGraw-Hill x2 


( Dormer of The McGraw Hi Compare 


$14.95 U.S.A 


ISBN 0-07-0b0228-xX 


Mt im 9000 
9*780070"%6 81 ’ . 


SCHAUM'S 


oul/2nés 


OVER 30 MILLION SOLD 


Related Titles in 
Schaum’s Outlines 
Mathematics & Statistics 


A bullet (@) next to a tith 
mcdicates that a Schaum's 
Electronic Tutor és also 


i 
avadabk 


